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Preface 

I t h a s a l m o s t b e e n t e n y e a r s s ince t h i s b o o k w a s first p u b l i s h e d . A s we a r e 
al l a w a r e , m u c h h a s b e e n c h a n g e d in t h e financial l a n d s c a p e d u r i n g t h e p a s t 
d e c a d e , a n d espec ia l ly d u r i n g t h e p a s t t w o y e a r s af ter t h e financial t s u n a m i 
of 2 0 0 8 . I t is i n d e e d a g o o d t i m e t o r e t h i n k a n d reflect n o t o n l y o n o n e ' s life, 
b u t a l so o n t h e s u b j e c t of t i m e ser ies a n d f inance . 

T h e s e c o n d e d i t i o n is a r e s u l t of s o m e of t h e s e ref lec t ions . T h e m a i n goa l s 
of p r e p a r i n g t h i s s e c o n d e d i t i o n a r e t o u p d a t e m a n y of t h e c o n c e p t s a n d n e w 
d e v e l o p m e n t s in t i m e ser ies a n d finance a n d t o c o r r e c t s o m e of t h e m i s p r i n t s 
t h a t a p p e a r e d in t h e p r e v i o u s e d i t i o n . T h e u n d e r l y i n g ph i lo sophy , howeve r , 
r e m a i n s t h e s a m e , t h a t is , t o p r o v i d e a t e x t t h a t is succ inc t a n d p r a c t i c a l for 
b o t h a c a d e m i c i a n s a n d p r a c t i t i o n e r s . 

T h e b o o k h a s b e e n e x t e n d e d f rom t h i r t e e n c h a p t e r s t o fifteen c h a p t e r s . 
T h e t w o n e w c h a p t e r s a r e C h a p t e r 14, M a r k o v C h a i n M o n t e C a r l o M e t h o d s 
for B a y e s i a n t i m e ser ies a n d C h a p t e r 15, S t a t i s t i c a l A r b i t r a g e . B o t h a r e 
of t o p i c s of i n t e n s e i n t e r e s t a m o n g a c a d e m i c i a n s a n d financial p r a c t i t i o n e r s . 
T h e i r i nc lus ion w o u l d m a k e t h e b o o k m o r e u p - t o - d a t e a n d hopefu l ly e n t e r t a i n 
a b r o a d e r s p e c t r u m of r e a d e r s . U p o n m a n y r e q u e s t s f rom u s e r s of t h e first 
e d i t i o n , a n e w c h a p t e r o n s o l u t i o n s t o se l ec ted exerc i ses h a s a lso b e e n p r e p a r e d 
so a s t o m a k e t h e b o o k m o r e access ib le t o i n s t r u c t o r s a n d s t u d e n t s a l ike . A 
s u m m a r y of t h e s e c o n d e d i t i o n is: 

• T o u p d a t e a n d c o r r e c t t h e m i s p r i n t s a n d d a t a s e t s u s e d t h r o u g h o u t t h e 
b o o k . 

x/x 
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• To p r o v i d e n o t on ly t h e S P L U S c o m m a n d s , b u t a l so t o s u p p l e m e n t w i t h 
t h e R c o m m a n d s . A s S P L U S a n d R a r e v e r y s imi la r , o n l y e s sen t i a l 
f ea tu re s a r e p o i n t e d o u t in t h i s ed i t i on . T h e r e is n o p o i n t in r e p e a t i n g 
t h e s a m e a n a l y s i s w i t h b o t h S P L U S a n d R if t h e t w o s e t s of c o m m a n d s 
a r e v i r t u a l l y i den t i ca l . I t r u s t t h e r e a d e r s c a n d i s t i n g u i s h t h e i r o b v i o u s 
differences. B u t t o t h e e x t e n t t h a t is poss ib le , I t r i e d t o h igh l igh t t h e 
s u b t l e differences t h r o u g h o u t t h e t e x t w h e n t h e s i t u a t i o n a r i ses . 
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Preface to the First Edition 

T h i s t e x t b o o k evo lved in c o n j u n c t i o n w i t h t e a c h i n g a c o u r s e in t i m e ser ies 
a n a l y s i s a t C a r n e g i e Me l lon U n i v e r s i t y a n d t h e C h i n e s e U n i v e r s i t y of H o n g 
K o n g . Fo r t h e p a s t s eve ra l y e a r s , I h a v e b e e n invo lved in d e v e l o p i n g a n d 
t e a c h i n g t h e financial t i m e ser ies a n a l y s i s c o u r s e for t h e M a s t e r s of Sc ience in 
C o m p u t a t i o n a l F i n a n c e P r o g r a m a t C a r n e g i e M e l l o n Un ive r s i t y . T h e r e a r e 
t w o u n i q u e f e a t u r e s of t h i s p r o g r a m t h a t differ f rom t h o s e of a t r a d i t i o n a l 
s t a t i s t i c s c u r r i c u l u m . 

F i r s t , s t u d e n t s in t h e p r o g r a m h a v e diversif ied b a c k g r o u n d s . M a n y of t h e m 
h a v e w o r k e d in t h e finance w o r l d in t h e p a s t , a n d s o m e h a v e h a d e x t e n s i v e 
t r a d i n g e x p e r i e n c e s . O n t h e o t h e r h a n d , a s u b s t a n t i a l n u m b e r of t h e s e s t u -
d e n t s h a v e a l r e a d y c o m p l e t e d t h e i r A h . D . d e g r e e s in t h e o r e t i c a l d i sc ip l ines 
s u c h a s p u r e m a t h e m a t i c s or t h e o r e t i c a l phys i c s . T h e c o m m o n d e n o m i n a t o r 
b e t w e e n t h e s e t w o g r o u p s of s t u d e n t s is t h a t t h e y al l w a n t t o a n a l y z e d a t a 
t h e w a y a s t a t i s t i c i a n d o e s . 

S e c o n d , t h e c o u r s e is d e s i g n e d t o b e fast p a c e d a n d conc i se . O n l y s ix w e e k s 
of t h r e e - h o u r l e c t u r e s a r e d e v o t e d t o cove r ing t h e first n i n e c h a p t e r s of t h e 
t e x t . Af te r c o m p l e t i n g t h e c o u r s e , s t u d e n t s a r e e x p e c t e d t o h a v e a c q u i r e d a 
w o r k i n g k n o w l e d g e of m o d e r n t i m e ser ies t e c h n i q u e s . 

G i v e n t h e s e f ea tu r e s , offering a ful l -blown t h e o r e t i c a l t r e a t m e n t w o u l d b e 
n e i t h e r a p p r o p r i a t e n o r feasible . O n t h e o t h e r h a n d , offering c o o k b o o k - s t y l e 
i n s t r u c t i o n w o u l d n e v e r fulfill t h e i n t e l l e c t u a l cu r io s i t y of t h e s e s t u d e n t s . T h e y 
w a n t t o a t t a i n a n i n t e l l e c tua l level b e y o n d t h a t r e q u i r e d for r o u t i n e a n a l y s i s 
of t i m e ser ies d a t a . U l t i m a t e l y , t h e s e s t u d e n t s h a v e t o a c q u i r e t h e k n a c k of 

xxi 
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k n o w i n g t h e c o n c e p t u a l u n d e r p i n n i n g s of t i m e ser ies m o d e l i n g i n o r d e r t o ge t 
a b e t t e r u n d e r s t a n d i n g of t h e e v e r - c h a n g i n g d y n a m i c s of t h e financial w o r l d . 
C o n s e q u e n t l y , f inding a n a p p r o p r i a t e t e x t w h i c h m e e t s t h e s e r e q u i r e m e n t s 
b e c o m e s a v e r y c h a l l e n g i n g t a s k . 

A s a r e s u l t , a s e t of l e c t u r e n o t e s t h a t b a l a n c e s t h e o r y a n d a p p l i c a t i o n s , 
p a r t i c u l a r l y w i t h i n t h e financial d o m a i n , h a s b e e n d e v e l o p e d . T h e c u r r e n t t e x t 
is t h e c o n s e q u e n c e of severa l i t e r a t i o n s of t h e s e l e c t u r e n o t e s . I n deve lop ing 
t h e b o o k a n u m b e r of f ea tu re s h a v e b e e n e m p h a s i z e d . 

• T h e first s e v e n c h a p t e r s cover t h e s t a n d a r d t o p i c s in s t a t i s t i c a l t i m e 
ser ies , b u t a t a m u c h h i g h e r a n d m o r e succ inc t level . T e c h n i c a l d e t a i l s 
a r e left t o t h e re fe rences , b u t i m p o r t a n t i dea s a r e e x p l a i n e d in a con-
c e p t u a l m a n n e r . B y i n t r o d u c i n g t i m e ser ies in t h i s way, b o t h s t u d e n t s 
w i t h a s t r o n g t h e o r e t i c a l b a c k g r o u n d a n d t h o s e w i t h s t r o n g p r a c t i c a l 
m o t i v a t i o n s ge t exc i t ed a b o u t t h e s u b j e c t e a r ly o n . 

• M a n y r ecen t d e v e l o p m e n t s in n o n s t a n d a r d t i m e ser ies t e c h n i q u e s , s u c h 
as u n i v a r i a t e a n d m u l t i v a r i a t e G A R C H , s t a t e s p a c e m o d e l i n g , c o i n t e g r a -
t i o n s , a n d c o m m o n t r e n d s , a r e d i scussed a n d i l l u s t r a t e d w i t h r e a l finance 
e x a m p l e s in t h e l a s t s ix c h a p t e r s . A l t h o u g h m a n y of t h e s e r ecen t de -
v e l o p m e n t s h a v e found a p p l i c a t i o n s in financial e c o n o m e t r i c s , t h e y a r e 
less well u n d e r s t o o d a m o n g p r a c t i t i o n e r s of f inance . I t is h o p e d t h a t 
t h e g a p b e t w e e n a c a d e m i c d e v e l o p m e n t a n d p r a c t i c a l d e m a n d s c a n b e 
n a r r o w e d t h r o u g h a s t u d y of t h e s e c h a p t e r s . 

• T h r o u g h o u t t h e b o o k I h a v e t r i e d t o i n c o r p o r a t e e x a m p l e s f rom finance 
as m u c h as poss ib le . T h i s is d o n e s t a r t i n g in C h a p t e r 1, w h e r e a n e q u i t y -
s ty le t i m i n g m o d e l is u s e d t o i l l u s t r a t e t h e p r i ce o n e m a y h a v e t o p a y 
if t h e t i m e c o r r e l a t i o n c o m p o n e n t is ove r looked . T h e s a m e a p p r o a c h 
e x t e n d s t o l a t e r c h a p t e r s , w h e r e a K a l m a n filter t e c h n i q u e is u s e d t o 
e s t i m a t e p a r a m e t e r s of a f ixed- income t e r m - s t r u c t u r e m o d e l . B y g iv ing 
t h e s e e x a m p l e s , t h e r e l evance of t i m e ser ies in f inancia l a p p l i c a t i o n s c a n 
b e f i rmly a n c h o r e d . 

• To t h e e x t e n t pos s ib l e , a l m o s t a l l of t h e e x a m p l e s a r e i l l u s t r a t e d t h r o u g h 
S P L U S p r o g r a m s , w i t h d e t a i l e d a n a l y s e s a n d e x p l a n a t i o n s of t h e S P L U S 
c o m m a n d s . R e a d e r s wil l b e ab l e t o r e p r o d u c e t h e a n a l y s e s b y r e p l i c a t i n g 
s o m e of t h e e m p i r i c a l w o r k s a n d t e s t i n g a l t e r n a t i v e m o d e l s so a s t o 
fac i l i t a te a n u n d e r s t a n d i n g of t h e s u b j e c t . Al l d a t a a n d c o m p u t e r c o d e s 
u s e d in t h e b o o k a r e m a i n t a i n e d in t h e S t a t l i b W e b s i te a t C a r n e g i e 
Mel lon U n i v e r s i t y a n d t h e W e b p a g e a t t h e C h i n e s e U n i v e r s i t y of H o n g 
K o n g a t 

http://www.sta.cuhk.edu.hk/datal/staff/nhchan/tsbook.html. 

Seve ra l ve r s ions of t h e s e l e c t u r e n o t e s h a v e b e e n u s e d in a t i m e se r i e s 
c o u r s e g iven a t C a r n e g i e M e l l o n U n i v e r s i t y a n d t h e C h i n e s e U n i v e r s i t y of 

http://www.sta.cuhk.edu.hk/datal/staff/nhchan/tsbook.html
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e d g e d . L a s t , b u t n o t l eas t , I w o u l d l ike t o t h a n k m y wife, P a t C h a o , w h o s e 
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1 
Introduction 

1.1 B A S I C D E S C R I P T I O N 

T h e s t u d y of t i m e ser ies is c o n c e r n e d w i t h t i m e c o r r e l a t i o n s t r u c t u r e s . I t h a s 
d ive r se a p p l i c a t i o n s r a n g i n g f rom o c e a n o g r a p h y t o finance. T h e c e l e b r a t e d 
C A P M m o d e l a n d t h e s t o c h a s t i c vo la t i l i t y m o d e l a r e e x a m p l e s of financial 
m o d e l s t h a t c o n t a i n a t i m e ser ies c o m p o n e n t . W h e n we t h i n k of a t i m e se r ies , 
we u s u a l l y t h i n k of a co l lec t ion of va lues {Xt : t = 1 , . . . , n } in w h i c h t h e 
s u b s c r i p t t i n d i c a t e s t h e t i m e a t w h i c h t h e d a t u m Xt is o b s e r v e d . A l t h o u g h 
in tu i t i ve ly c lear , a n u m b e r of n o n s t a n d a r d f e a t u r e s of Xt c a n b e e l a b o r a t e d . 

U N E Q U A L L Y SPACED DATA (MISSING VALUES) . F o r e x a m p l e , if t h e se r ies 
is a b o u t da i l y r e t u r n s of a secur i ty , va lues a r e n o t ava i l ab le d u r i n g n o n t r a d i n g 
d a y s s u c h a s h o l i d a y s . 

C O N T I N U O U S - T I M E SERIES . I n m a n y p h y s i c a l p h e n o m e n a , t h e u n d e r l y i n g 
q u a n t i t y of i n t e r e s t is g o v e r n e d b y a c o n t i n u o u s l y evo lv ing m e c h a n i s m a n d t h e 
d a t a o b s e r v e d s h o u l d b e m o d e l e d b y a c o n t i n u o u s t i m e ser ies X{t). I n finance, 
we c a n t h i n k of t i ck -by - t i ck d a t a as a c lose a p p r o x i m a t i o n t o t h e c o n t i n u o u s 
e v o l u t i o n of t h e m a r k e t . 

A G G R E G A T I O N . T h e ser ies o b s e r v e d m a y r e p r e s e n t a n a c c u m u l a t i o n of u n -
d e r l y i n g q u a n t i t i e s over a p e r i o d of t i m e . F o r e x a m p l e , da i l y r e t u r n s c a n b e 
t h o u g h t of a s t h e a g g r e g a t i o n of t i ck -by - t i ck r e t u r n s w i t h i n t h e s a m e day . 

R E P L I C A T E D SERIES . T h e d a t a m a y r e p r e s e n t r e p e a t e d m e a s u r e m e n t s of 
t h e s a m e q u a n t i t y a c r o s s different s u b j e c t s . F o r e x a m p l e , we m i g h t m o n i t o r 
t h e t o t a l week ly s p e n d i n g of e a c h of a n u m b e r of c u s t o m e r s of a s u p e r m a r k e t 
c h a i n over t i m e . 
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2 INTRODUCTION 

M U L T I P L E T I M E SERIES . I n s t e a d of b e i n g a o n e - d i m e n s i o n a l s ca l a r , Xt c a n 
b e a vec to r w i t h e a c h c o m p o n e n t r e p r e s e n t i n g a n i n d i v i d u a l t i m e ser ies . F o r 
e x a m p l e , t h e r e t u r n s of a po r t fo l io t h a t cons i s t of ρ equ i t i e s c a n b e e x p r e s s e d 
a s X t = (Xu, · · ·, XptYi w h e r e e a c h Xu, i = 1 , . . . , p, r e p r e s e n t s t h e r e t u r n s of 
e a c h e q u i t y in t h e po r t fo l io . I n t h i s ca se , we wil l b e i n t e r e s t e d n o t on ly in t h e 
se r ia l c o r r e l a t i o n s t r u c t u r e s w i t h i n e a c h equi ty , b u t a l so t h e c ro s s - co r r e l a t i on 
s t r u c t u r e s a m o n g different equ i t i e s . 

N O N L I N E A R I T Y , NONSTATIONARITY, AND H E T E R O G E N E I T Y . M a n y of t h e 
t i m e ser ies e n c o u n t e r e d in p r a c t i c e m a y b e h a v e non l inea r ly . S o m e t i m e s t r a n s -
f o r m a t i o n m a y h e l p , b u t we of ten h a v e t o b u i l d e l a b o r a t e m o d e l s t o a c c o u n t 
for such n o n s t a n d a r d f e a t u r e s . For e x a m p l e , t h e a s y m m e t r i c b e h a v i o r of s t o c k 
r e t u r n s m o t i v a t e s t h e s t u d y of G A R C H m o d e l s . 

A l t h o u g h t h e s e f ea tu re s a r e i m p o r t a n t , in t h i s b o o k w e d e a l p r i m a r i l y w i t h 
s t a n d a r d s c a l a r t i m e ser ies . O n l y af ter a t h o r o u g h u n d e r s t a n d i n g of t h e t ech -
n i q u e s a n d difficulties invo lved in a n a l y z i n g a r e g u l a r l y s p a c e d sca l a r t i m e 
ser ies will we b e a b l e t o t a c k l e s o m e of t h e n o n s t a n d a r d f ea tu re s . 

I n c lass ica l s t a t i s t i c s , w e u s u a l l y a s s u m e t h e X ' s t o b e i n d e p e n d e n t . I n 
a t i m e ser ies c o n t e x t , t h e X ' s a r e u s u a l l y ser ia l ly c o r r e l a t e d , a n d o n e of t h e 
ob j ec t i ve s in t i m e ser ies a n a l y s i s is t o m a k e u s e of t h i s se r ia l c o r r e l a t i o n s t r u c -
t u r e t o h e l p u s b u i l d b e t t e r m o d e l s . T h e fol lowing e x a m p l e i l l u s t r a t e s t h i s 
p o i n t in a conf idence i n t e r v a l c o n t e x t . 

E x a m p l e 1.1 Let Xt be generated by the follomng model: 

Xt = μ + at 
e a t - u at ~ N ( 0 , 1 ) i . i .d. 

Clearly, E(Xt) = μ and v a r X t 1 + Θ2. Thus, 

c o v ( X t , Xt-k) = E(Xt - μ)(Χ^ ~ μ) 

E ( a t - eat-i)(at-k -

{ |fc| = i , 
{ 1 + 0 2 , jfc = 0, 

0 , o t h e r w i s e . 

Let X = (Σ,^-ι Xt)/n. By means of the formula 

va r ( η-

1 

t = i 

η 

t = l j=l 
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Table 1.1 Lengths of Confidence Intervals for η = 50 

θ L{9) 

- 1 L ( - l ) = ( 4 - ^ ) 1 / 2 ^ 2 

- 0 . 5 1.34 
0 1 

0.5 0.45 
1 0 .14 

it is easily seen that 

σγ = va r X 

λη(1 + θ2)-^(η-1)θ 

η \ η 

2 20 
( 1 - 0 ) ' + — 

Therefore, Χ ~ Ν ( μ , σ ^ ) . Hence, an approximate 9 5 % confidence interval 
(CI) for μ is 

Χ ± 2σ%τ = X± — 
x φ ι 

(1 - ef + ^ 
η 

1/2 

7 / 0 = 0, ί/iis C7 becomes 

X± 

coinciding with the independent identically distributed (i.i.d.) case. The dif-
ference in the CIs between 0 = 0 and 0 ^ 0 can be expressed as 

Ηθ) = ( l - 0 ) 2 + -
η 

-,1/2 

TaMe 1.1 gives numerical values of the differences for η = 5 0 . F o r example, 
if θ — I and if we were to use a CI of zero for 0, the wrongly constructed CI 
would be much longer than it is supposed to be. The time correlation structure 
given by the model helps to produce better inference in this situation. • 

E x a m p l e 1.2 As a second example, we consider the equity-style timing model 
discussed in Kao and Shumaker ( 1999) . In this article the authors try to 
explain the spread between value and growth stocks using several fundamental 
quantities. Among them, the most interesting variable is the earnings-yield 
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Fig. 1.1 Equity-style t iming. 

gap reported in Figure 4 of their paper. This variable explains almost 30% 
of the variation of the spread between value and growth and suggests that the 
earnings-yield gap might be a highly informative regressor. Further descrip-
tion of this data set is given in their article. We repeat this particular analysis, 
but taking into account the time order of the observations. The data between 
January 7 9 to June 9 7 are stored in the file eygap. dat on the Web page for 
this book, which can be found at 

http://www.sta.cuhk.edu.hk/datal/staff/nhchan/tshook.html 

For the time being, we restrict our attention to reproducing Figure 4 of Kao 
and Shumaker ( 1 9 9 9 ) . The plot and S P L U S / R commands are as follows: 

>eyield<-read.table("eygap.dat",header=T) 

>plot(eyield[,2],eyield[,3],xlab="Earnings-Yield Gap", 
+ ylab="Return Differential") 

>title("Scatterplot of Style Spreads (Subsequent 

+ 12-month Value Return - Growth Return) 
+ against Earnings-Yield Gap, Jan 79- Jun 97",cex=0.6) 

>identify(eyield[,2],eyield[,3],eyield[,l],cex=0.5) 

As illustrated in Figure 1 . 1 , the scattergram can be separated into two 
clouds, those belonging to the first two years of data and those belonging to 
subsequent years. When time is taken into account, it seems that finding 

http://www.sta.cuhk.edu.hk/datal/staff/nhchan/tshook.html
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an R2 = 0.3 depends crucially on the data cloud between 79 and 80 at the 
lower right-hand corner of Figure 1 .1. Accordingly, the finding of such a high 
explanatory power from the earnings-yield gap seems to be spurious. This 
example demonstrates that important information may be missing when the 
time dimension is not taken properly into account. • 

1.2 S I M P L E D E S C R I P T I V E T E C H N I Q U E S 

I n g e n e r a l , a t i m e ser ies c a n b e d e c o m p o s e d in to a m a c r o s c o p i c c o m p o n e n t 
a n d a m i c r o s c o p i c c o m p o n e n t . T h e m a c r o s c o p i c c o m p o n e n t c a n u s u a l l y b e 
d e s c r i b e d t h r o u g h a t r e n d or seasona l i ty , w h e r e a s t h e m i c r o s c o p i c c o m p o n e n t 
m a y r e q u i r e m o r e s o p h i s t i c a t e d m e t h o d s t o d e s c r i b e i t . I n t h i s s ec t i on we d e a l 
w i t h t h e m a c r o s c o p i c c o m p o n e n t t h r o u g h s o m e s i m p l e d e s c r i p t i v e t e c h n i q u e s 
a n d defer t h e s t u d y of t h e m i c r o s c o p i c c o m p o n e n t t o l a t e r c h a p t e r s . C o n s i d e r 
in g e n e r a l t h a t t h e t i m e ser ies {Xt} is d e c o m p o s e d i n t o a t i m e t r e n d p a r t Tt, 
a s e a s o n a l p a r t St, a n d a m i c r o s c o p i c p a r t g i v e n b y t h e no i se Nt- F o r m a l l y , 

Xt = Tt + St + Nt 

= μι + Nt. (1 .1) 

1.2.1 Trends 

S u p p o s e t h a t t h e s e a s o n a l p a r t is a b s e n t a n d we h a v e o n l y a s i m p l e t i m e t r e n d 
s t r u c t u r e , so t h a t Tt c a n b e e x p r e s s e d a s a p a r a m e t r i c func t ion of t, Tt = a+0t, 
for e x a m p l e . T h e n Tt c a n b e ident i f ied t h r o u g h severa l s i m p l e dev ices . 

L E A S T SQUARES M E T H O D . W e c a n use t h e l eas t s q u a r e s (LS) p r o c e d u r e 
t o e s t i m a t e Tt eas i ly [i.e., find a a n d β s u c h t h a t J2{Xt — Tt)2 is m i n i m i z e d ] . 
A l t h o u g h t h i s m e t h o d is c o n v e n i e n t , t h e r e a r e severa l d r a w b a c k s . 

1. W e n e e d t o a s s u m e a fixed t r e n d for t h e e n t i r e s p a n of t h e d a t a se t , 
w h i c h m a y n o t b e t r u e in g e n e r a l . I n rea l i ty , t h e fo rm of t h e t r e n d m a y 
a l so b e c h a n g i n g over t i m e a n d we m a y n e e d a n a d a p t i v e m e t h o d t o 
a c c o m m o d a t e t h i s c h a n g e . A n i m m e d i a t e e x a m p l e is t h e da i l y p r i c e of 
a g iven s tock . F o r a fixed t i m e s p a n , t h e p r i ces c a n b e m o d e l e d p r e t t y 
sa t i s f ac to r i ly t h r o u g h a l i nea r t r e n d . B u t e v e r y o n e k n o w s t h a t t h e fixed 
t r e n d will g ive d i s a s t r o u s p r e d i c t i o n s in t h e long r u n . 

2. F o r t h e L S m e t h o d t o b e effective, we c a n o n l y d e a l w i t h a s i m p l e 
r e s t r i c t e d fo rm of Tt. 

F I L T E R I N G . I n a d d i t i o n t o u s i n g t h e L S m e t h o d , we c a n filter or s m o o t h 
t h e ser ies t o e s t i m a t e t h e t r e n d , t h a t is, u s e a s m o o t h e r o r a m o v i n g a v e r a g e 
filter, s u c h a s 

s 

Yt = Sm{Xt) = Σ arXt+r-
r=-q 
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W e c a n r e p r e s e n t t h e r e l a t i o n s h i p b e t w e e n t h e o u t p u t Yt a n d t h e i n p u t Xt a s 

Xt - » I filter I S m ( X t ) = Yt. 

T h e w e i g h t s {ar} of t h e n i t e r s a r e u s u a l l y a s s u m e d t o b e s y m m e t r i c a n d 
n o r m a l i z e d (i .e. , ar = a _ r a n d £ a r = 1 ) . A n o b v i o u s e x a m p l e is t h e s i m p l e 
m o v i n g a v e r a g e filter g iven b y 

3 r= — q 

T h e l e n g t h of t h i s filter is d e t e r m i n e d b y t h e n u m b e r q. W h e n q = 1 we h a v e 
a s imp le t h r e e - p o i n t m o v i n g a v e r a g e . T h e w e i g h t s d o n o t h a v e t o b e t h e s a m e 
a t each p o i n t , howeve r . A n e a r l y e x a m p l e of u n e q u a l w e i g h t s is g iven b y t h e 
S p e n c e r 15-po in t filter, i n t r o d u c e d b y a n E n g l i s h a c t u a r y , S p e n c e r , in 1904. 

T h e i d e a is t o u s e t h e 15 -po in t filter t o a p p r o x i m a t e t h e filter t h a t p a s s e s 
t h r o u g h a cub i c t r e n d . Specifically, def ine t h e w e i g h t s {aT} a s 

ar = 0, I r | > 7, 
( a 0 , o i , . . . , a T ) = 3±o(74, 6 7 , 4 6 , 2 1 , 3 , - 5 , - 6 , - 3 ) . 

I t c a n eas i ly b e s h o w n t h a t t h e S p e n c e r 15 -po in t filter d o e s n o t d i s t o r t a c u b i c 
t r e n d ; t h a t is , for Tt = at3 + bf +ct + d, 

7 7 

arTt+r + ^2 arNt+r 

r=—7 r=—7 

7 
— ^2 arTt+r 

r = - 7 

= Tt. 

I n gene ra l , i t c a n b e s h o w n t h a t a l i nea r filter w i t h w e i g h t s {ar} p a s s e s a 
p o l y n o m i a l of d e g r e e k in t, 2 ^ i = 0 Cj i \ w i t h o u t d i s t o r t i o n if a n d o n l y if t h e 
we igh t s {ar} sa t is fy t w o c o n d i t i o n s , a s d e s c r i b e d n e x t . 

P r o p o s i t i o n 1.1 Tt = J2rarTt+r, for all kth-degree polynomials Tt = Co + 
cit + h Cktk if and only if 

r = —s 
s 

^ r>ar = 0, for j = l,...,k. 

T h e r e a d e r is a s k e d t o p r o v i d e a p roo f of t h i s r e s u l t in t h e exerc i ses . U s i n g t h i s 
r e s u l t , i t is s t r a i g h t f o r w a r d t o verify t h a t t h e S p e n c e r 15 -po in t filter p a s s e s a 
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cub i c p o l y n o m i a l w i t h o u t d i s t o r t i o n . For t h e t i m e b e i n g , le t u s i l l u s t r a t e t h e 
m a i n i d e a o n h o w a filter w o r k s b y m e a n s of t h e s i m p l e ca se of a l i nea r t r e n d 
w h e r e Xt = Tt + Nt, Tt = a + βί. C o n s i d e r a p p l y i n g a (2q + l ) - p o i n t m o v i n g 
a v e r a g e filter ( s m o o t h e r ) t o Xt : 

Yt = Sm(Xt) = - ^ y Σ X ^ 

r=-q 

= 2αΤΪ Σ [a + 0(t + r)]+Nt+r 

^ r=—q 
=• α + βί 

if 2^ργ Σ ' = _ , Nt+r — 0. I n o t h e r w o r d s , if we u s e Yt t o e s t i m a t e t h e t r e n d , 
it d o e s a p r e t t y g o o d j o b . W e u s e t h e n o t a t i o n Yt = Sm(Xt) = Tt a n d 
R e s ( X t ) — Xt — Tt = Xt - Sm(Xt) = Nt. I n t h i s case we h a v e w h a t is k n o w n 
a s a l o w - p a s s filter [i.e., a filter t h a t p a s s e s t h r o u g h t h e low-f requency p a r t 
( t h e s m o o t h p a r t ) a n d filters o u t t h e h igh - f r equency p a r t , Nt]. I n c o n t r a s t , 
we c a n c o n s t r u c t a h i g h - p a s s filter t h a t f i l ters o u t t h e t r e n d . O n e d r a w b a c k 
of a l o w - p a s s filter is t h a t we c a n o n l y u s e t h e m i d d l e s e c t i o n of t h e d a t a . If 
e n d - p o i n t s a r e n e e d e d , we h a v e t o modi fy t h e filter accord ing ly . F o r e x a m p l e , 
c o n s i d e r t h e filter 

oo 

Sm{Xt) = Y i a { l - a y X t - j , 
3=0 

w h e r e 0 < α < 1. K n o w n a s t h e e x p o n e n t i a l s m o o t h i n g t e c h n i q u e , t h i s p l a y s 
a c r u c i a l ro le in m a n y e m p i r i c a l s t u d i e s . E x p e r i e n c e s u g g e s t s t h a t α is c h o s e n 
b e t w e e n 0.1 a n d 0 .3 . F i n d i n g t h e b e s t filter for a specific t r e n d w a s o n c e a n 
i m p o r t a n t t o p i c in t i m e ser ies . T a b l e s of w e i g h t s w e r e c o n s t r u c t e d for different 
k i n d s of l ower -o rde r t r e n d s . F u r t h e r d i scuss ion of t h i s p o i n t c a n b e f o u n d in 
K e n d a l l a n d O r d (1990) . 

D I F F E R E N C I N G . T h e p r e c e d i n g m e t h o d s a i m a t e s t i m a t i n g t h e t r e n d b y 
a s m o o t h e r Tt. I n m a n y p r a c t i c a l a p p l i c a t i o n s , t h e t r e n d m a y b e k n o w n in 
a d v a n c e , so it is of less i m p o r t a n c e t o e s t i m a t e i t . I n s t e a d , we m i g h t b e 
i n t e r e s t e d in r e m o v i n g i t s effect a n d c o n c e n t r a t e o n a n a l y z i n g t h e m i c r o s c o p i c 
c o m p o n e n t . I n t h i s case it will b e m o r e d e s i r a b l e t o e l i m i n a t e o r a n n i h i l a t e 
t h e effect of a t r e n d . W e c a n d o t h i s b y look ing a t t h e r e s i d u a l s R e s ( X t ) = 
Xt — Sm(Xt). A m o r e c o n v e n i e n t m e t h o d , however , will b e t o e l i m i n a t e t h e 
t r e n d f rom t h e ser ies d i rec t ly . T h e s i m p l e s t m e t h o d is di f ferencing. L e t Β b e 
t h e backsh i f t o p e r a t o r s u c h t h a t BXt = Xt-ι- Define 

AXt = (1 - B)Xt = Xt - Xt-!, 
&Xt = ( 1 - B ) ) 4 j = l ,2 

If Xt=Tt+ Nt, w i t h Tt = ΣΡί=ο VjtJ, t h e n 6JXt = j\aa + A>Nt a n d Tt is 
e l i m i n a t e d . T h e r e f o r e , d i f ferencing is a fo rm of h i g h - p a s s filter t h a t filters o u t 
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t h e low-f requency s igna l , t h e t r e n d Tt, a n d p a s s e s t h r o u g h t h e h i g h - f r e q u e n c y 
p a r t , Nt. I n p r inc ip l e , we c a n e l i m i n a t e a n y p o l y n o m i a l t r e n d b y differencing 
t h e ser ies e n o u g h t i m e s . B u t t h i s m e t h o d suffers o n e d r a w b a c k in p r a c t i c e . 
E a c h t i m e we difference t h e ser ies , we lose o n e d a t a p o i n t . C o n s e q u e n t l y , i t 
is n o t a d v i s a b l e t o difference t h e d a t a t o o of ten. 

L O C A L CURVE F I T T I N G . If t h e t r e n d t u r n s o u t t o b e m o r e c o m p l i c a t e d , 
loca l c u r v e s m o o t h i n g t e c h n i q u e s b e y o n d a s i m p l e m o v i n g a v e r a g e m a y b e 
r e q u i r e d t o o b t a i n g o o d e s t i m a t e s . S o m e c o m m o n l y u s e d m e t h o d s a r e sp l ine 
c u r v e fitting a n d n o n p a r a m e t r i c r eg ress ion . I n t e r e s t e d r e a d e r s c a n find a luc id 
d i scuss ion a b o u t s p l i n e s m o o t h i n g i n Digg le ( 1 9 9 0 ) . 

1.2.2 Seasonal Cycles 

W h e n t h e s e a s o n a l c o m p o n e n t S t is p r e s e n t in e q u a t i o n ( 1 . 1 ) , t h e m e t h o d s of 
Sec t ion 1 .2 .1 h a v e t o b e modi f i ed t o a c c o m m o d a t e t h i s seasona l i ty . B r o a d l y 
s p e a k i n g , t h e s e a s o n a l c o m p o n e n t c a n b e e i t h e r a d d i t i v e or m u l t i p l i c a t i v e , 
a c c o r d i n g t o t h e fol lowing f o r m u l a t i o n s : 

A g a i n , d e p e n d i n g o n t h e goa l , we c a n e i t he r e s t i m a t e t h e s e a s o n a l p a r t b y 
s o m e k ind of s e a s o n a l s m o o t h e r or e l i m i n a t e i t f rom t h e d a t a b y a s e a s o n a l 
dif ferencing o p e r a t i o n . A s s u m e t h a t t h e s e a s o n a l p a r t h a s a p e r i o d of d ( i .e. , 

(A) M o v i n g a v e r a g e m e t h o d . W e first e s t i m a t e t h e t r e n d p a r t b y a m o v i n g 
a v e r a g e filter r u n n i n g over a c o m p l e t e cyc le so t h a t t h e effect of t h e 
s e a s o n a l i t y is a v e r a g e d o u t . D e p e n d i n g o n w h e t h e r d is o d d o r even , we 
p e r f o r m o n e of t h e fol lowing t w o s t e p s : 

1 . If d = 2q, le t ft = $ {%Xt-q + Xt-q+i +·•· + Xt+q-i + \Xt+q) 
for t = q + 1 , . . . , η - q. 

2 . If d = 2q + 1, le t Ά = \ Y?r=_qXt+r for t = q + 1 , . . . , η - q. 

After e s t i m a t i n g T T , filter i t o u t f rom t h e d a t a a n d e s t i m a t e t h e s e a s o n a l 
p a r t f rom t h e r e s i d u a l Xt —Tt. Seve ra l m e t h o d s a r e ava i l ab le t o a t t a i n 
t h i s l a s t s t e p , t h e m o s t c o m m o n b e i n g t h e m o v i n g a v e r a g e m e t h o d . 
I n t e r e s t e d r e a d e r s a r e r e fe r red t o B r o c k w e l l a n d D a v i s ( 1 9 9 1 ) for fu r the r 
d i scuss ions a n d i l l u s t r a t i o n s of t h i s m e t h o d . W e i l l u s t r a t e t h i s m e t h o d 
by m e a n s of a n e x a m p l e in Sec t ion 1.4. 

(B) S e a s o n a l d i f ferencing. O n t h e o t h e r h a n d , we c a n a p p l y s e a s o n a l dif-
ferencing t o e l i m i n a t e t h e s e a s o n a l effect. C o n s i d e r t h e d t h differencing 
of t h e d a t a Xt — Xt-d- T h i s dif ferencing e l i m i n a t e s t h e effect of St i n 
e q u a t i o n ( 1 . 1 ) . A g a i n , w e h a v e t o b e c a u t i o u s a b o u t differencing t h e 
d a t a s e a s o n a b l y s ince we will lose d a t a p o i n t s . 

Tt + St + Nt, a d d i t i v e case , 
TtStNt, m u l t i p l i c a t i v e case . 

St+d = St, Σ*=ι Sj = 0 ) . 
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Y e a r 

Fig. 1.2 Time series plots. 

1.3 T R A N S F O R M A T I O N S 

If t h e d a t a e x h i b i t a n i nc rea se in v a r i a n c e over t i m e , we m a y n e e d t o t r a n s f o r m 
t h e d a t a be fo re a n a l y z i n g t h e m . T h e B o x - C o x t r a n s f o r m a t i o n s c a n b e a p p l i e d 
h e r e . E x p e r i e n c e s u g g e s t s , however , t h a t log is t h e m o s t c o m m o n l y f o u n d 
t r a n s f o r m a t i o n . O t h e r t y p e s of t r a n s f o r m a t i o n s a r e m o r e p r o b l e m a t i c , w h i c h 
c a n l ead t o s e r ious difficulties in t e r m s of i n t e r p r e t a t i o n s a n d fo r eca s t i ng . 

1.4 E X A M P L E 

I n t h i s s e c t i o n w e i l l u s t r a t e t h e i dea of u s i n g d e s c r i p t i v e t e c h n i q u e s t o a n a l y z e 
a t i m e ser ies . F i g u r e 1.2 s h o w s a t i m e ser ies p l o t of t h e q u a r t e r l y o p e r a t i n g 
r e v e n u e s of W a s h i n g t o n W a t e r P o w e r C o m p a n y , 1 9 8 0 - 1 9 8 6 , a n e l ec t r i c a n d 
n a t u r a l g a s u t i l i t y s e r v i n g e a s t e r n W a s h i n g t o n a n d n o r t h e r n I d a h o . W e s t a r t 
b y p l o t t i n g t h e d a t a . Seve ra l conc lus ions c a n b e d r a w n b y i n s p e c t i n g t h e p l o t . 

• A s c a n b e seen , t h e r e is a s l igh t i n c r e a s i n g t r e n d . T h i s a p p e a r s t o d r o p 
a r o u n d 1 9 8 5 - 1 9 8 6 . 

• T h e r e is a n a n n u a l ( 1 2 - m o n t h ) cyc le t h a t is p r e t t y c lea r . R e v e n u e s a r e 
a l m o s t a l w a y s lowes t in t h e t h i r d q u a r t e r ( J u l y - S e p t e m b e r ) a n d h i g h e s t 
in t h e first q u a r t e r ( J a n u a r y - M a r c h ) . P e r h a p s in t h i s p a r t of t h e c o u n t r y 
t h e r e is n o t m u c h d e m a n d ( a n d h e n c e n o t m u c h r e v e n u e ) for e l ec t r i ca l 
p o w e r in t h e s u m m e r (for a i r c o n d i t i o n i n g , s a y ) , b u t w i n t e r s a r e co ld 
a n d t h e r e is a lo t of d e m a n d ( a n d r e v e n u e ) for n a t u r a l g a s a n d e lec t r i c 
h e a t a t t h a t t i m e . 
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^ W a s h i n g t o n W a t e r P o . 
O p e r a t i n g r R e v e n u e s : 19i 

r C o 
1 9 8 6 

Fig. 1.3 Annual box plots. 

• F i g u r e 1.3 s h o w s b o x p l o t s for e a c h y e a r ' s o p e r a t i n g r e v e n u e s . T h e 
m e d i a n s s e e m t o r ise f rom y e a r t o y e a r a n d t h e n fall b a c k a f te r t h e t h i r d 
yea r . T h e i n t e r q u a r t i l e r a n g e ( I Q R ) ge t s l a rge r a s t h e m e d i a n g rows a n d 
ge t s sma l l e r a s t h e m e d i a n falls back ; t h e r a n g e d o e s t h e s a m e . M o s t of 
t h e b o x p l o t s a r e s y m m e t r i c o r v e r y s l igh t ly pos i t ive ly skewed . T h e r e 
a r e n o ou t l i e r s . 

• I n F i g u r e 1.3 we c a n d r a w a s m o o t h c u r v e c o n n e c t i n g t h e m e d i a n s of 
each y e a r ' s q u a r t e r l y o p e r a t i n g r e v e n u e s . W e h a v e a l r e a d y d e s c r i b e d 
t h e longer cyc le a b o u t t h e m e d i a n s ; t h i s p a t t e r n r e p e a t s o n c e over t h e 
seven-yea r p e r i o d g r a p h e d . T h i s l o n g e r - t e r m cycle is q u i t e difficult t o 
see in t h e o r ig ina l t i m e ser ies p l o t . 

A s s u m e t h a t t h e d a t a s e t h a s b e e n s t o r e d in t h e file n a m e d washpower. dat. 
T h e S P L U S p r o g r a m t h a t g e n e r a t e s t h i s a n a l y s i s is l i s t ed as follows. I n t h e 
ca se of R , r e p l a c e t h e c o m m a n d " r t s " in S P L U S b y t h e c o m m a n d " t s " . T h e 
r e s t of t h e c o m m a n d s in R a r e e x a c t l y t h e s a m e . R e a d e r s a r e e n c o u r a g e d t o 
w o r k t h r o u g h t h e s e c o m m a n d s t o ge t a c q u a i n t e d w i t h t h e S P L U S / R p r o g r a m . 
F u r t h e r e x p l a n a t i o n s of t h e s e c o m m a n d s c a n b e found in t h e b o o k s of K r a u s e 
a n d O l s o n (1997) a n d V e n a b l e s a n d R i p l e y (1999). 

>wash<-rts(scan(''washpower.dat''),start=1980,freq=4) 

>wash.ma<-filter(wash,c(1/3,1/3,1/3)) 

>leg.names<-c('Data','Smoothed Data') 

>ts.plot(wash,wash.ma,lty=c(1,2), 

+ main='Washington Water Power Co 

Continue string: Operating Revenues: 1980-1986', 

+ ylab='Thousands of Dollars',xlab='Year') 
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> l e g e n d ( l o c a t o r ( 1 ) , l e g . n a m e s , l t y = c ( 1 , 2 ) ) 
> w a s h . m a t < - m a t r i x ( w a s h , n r o w = 4 ) 
> b o x p l o t ( a s . d a t a . f r a m e ( w a s h . m a t ) , n a m e s = a s . c h a r a c t e r ( s e q ( 1 9 8 0 , 
+ 1 9 8 6 ) ) , b o x c o l = - l , m e d c o l = l , m a i n = ' W a s h i n g t o n W a t e r P o w e r Co 
C o n t i n u e s t r i n g : O p e r a t i n g R e v e n u e s : 1 9 8 0 - 1 9 8 6 ' , 
+ y l a b = ' T h o u s a n d s of D o l l a r s ' ) 

T o assess t h e seasona l i ty , we p e r f o r m t h e fol lowing s t e p s in t h e m o v i n g 

a v e r a g e m e t h o d . 

1. E s t i m a t e t h e t r e n d t h r o u g h o n e c o m p l e t e cycle of t h e ser ies w i t h η = 
28 , d = 4, a n d q = 2 t o fo rm Xt - ft : t = 3 , . . . , 26 . T h e ft is d e n o t e d 
b y w a s h s e a . ma in t h e p r o g r a m . 

2. C o m p u t e t h e a v e r a g e s of t h e d e v i a t i o n s {Xt — Tt} over t h e e n t i r e s p a n of 
t h e d a t a . T h e n e s t i m a t e t h e s e a s o n a l p a r t Si : i — 1 , . . . , 4 b y c o m p u t i n g 
t h e d e m e a n e d va lues of t h e s e a v e r a g e s . F ina l ly , for i = 1 , . . . , 4 le t 
Si+4j = Si : j = 1 , . . . , 6 . T h e e s t i m a t e d s e a s o n a l c o m p o n e n t Si is 
d e n o t e d b y w a s h . s e a in t h e p r o g r a m , a n d t h e d e s e a s o n a l i z e d p a r t of 
t h e d a t a Xt — St is d e n o t e d b y w a s h . n o s e a . 

3 . T h e t h i r d s t e p involves r e e s t i m a t i n g t h e t r e n d f rom t h e d e s e a s o n a l i z e d 
d a t a w a s h . n o s e a . T h i s is a c c o m p l i s h e d b y a p p l y i n g a filter o r a n y 
c o n v e n i e n t m e t h o d t o r e e s t i m a t e t h e t r e n d b y Tt, w h i c h is d e n o t e d b y 
w a s h . m a 2 in t h e p r o g r a m . 

4. F ina l ly , check t h e r e s i d u a l Xt-Tt — St, w h i c h is d e n o t e d b y w a s h . r e s in 
t h e p r o g r a m , t o d e t e c t f u r t h e r s t r u c t u r e s . T h e S P L U S / R c o d e follows. 

> w a s h s e a . m a < - f i l t e r ( w a s h , c ( l / 8 , r e p ( l / 4 , 3 ) , 1 / 8 ) ) 
> w a s h . s e a < - c ( 0 , 0 , 0 , 0 ) 
> f o r d i n 1 : 2 H 
+ f o r ( j i n 1 : 6 ) { 
+ w a s h . s e a [ i ] < - w a s h . s e a [ i ] + 
+ ( w a s h [ i + 4 * j ] [ [ 1 ] ] - w a s h s e a . m a [ i + 4 * j ] [ [ 1 ] ] ) 
+ } 
+ } 
> f o r d i n 3 : 4 ) { 
+ f o r ( j i n 1 : 6 ) { 
+ w a s h . s e a [ i ] < - w a s h . s e a [ i ] + 
+ ( w a s h [ i + 4 * ( j - l ) ] [ [ l ] ] - w a s h s e a . m a [ i + 4 * ( j - l ) ] [ [ 1 ] ] ) 

+ } 
+ } 
> w a s h . s e a < - ( w a s h . s e a - m e a n ( w a s h . s e a ) ) / 6 
> w a s h . s e a l < - r e p ( w a s h . s e a , 7 ) 
> w a s h . n o s e a < - w a s h - w a s h . s e a 
> w a s h . m a 2 < - f i l t e r ( w a s h . n o s e a , c ( 1 / 8 , r e p ( 1 / 4 , 3 ) , 1 / 8 ) ) 
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1 9 8 0 1 9 8 2 1 9 8 4 1 9 8 6 
T i m e 

Fig. 1.4 Moving average method of seasonal decomposition. 

> wash.res<-wash-wash.ma2-wash.sea 

> write(wash.seal, file='out.dat') 

> wash.seatime<-rts(scan('out.dat'),start=1980,freq=4) 

This step converts a non-time series object into a time 

'/, series object. 

> ts.plot(wash,wash.nosea,wash.seatime) 

F i g u r e 1.4 gives t h e t i m e ser ies p l o t , w h i c h c o n t a i n s t h e d a t a , t h e desea -
sona l i zed d a t a , a n d t h e s e a s o n a l p a r t . If n e e d e d , we c a n a l so p lo t t h e r e s i d u a l 
wash.res t o d e t e c t f u r t h e r s t r u c t u r e s . B u t it is p r e t t y c lea r t h a t m o s t of t h e 
s t r u c t u r e s in t h i s e x a m p l e h a v e b e e n ident i f ied. 

N o t e t h a t SPLUS / R a lso h a s i t s o w n s e a s o n a l d e c o m p o s i t i o n func t ion stl. 
D e t a i l s of t h i s c a n b e found w i t h t h e h e l p c o m m a n d . T o e x e c u t e i t , u se 

> wash.stl<-stl(wash, 'periodic') 
> dwash<-diff(wash,4) 

> ts.plot(wash,wash.stl$sea,wash.stl$rem,dwash) 

F i g u r e 1.5 g ives t h e p lo t of t h e d a t a , t h e d e s e a s o n a l p a r t , a n d t h e s e a s o n a l 
p a r t . C o m p a r i n g F i g u r e s 1.4 a n d 1.5 i n d i c a t e s t h a t t h e s e t w o m e t h o d s a c -
c o m p l i s h t h e s a m e t a s k of s e a s o n a l a d j u s t m e n t s . A s a final i l l u s t r a t i o n we c a n 
difference t h e d a t a w i t h four l ags t o e l i m i n a t e t h e s e a s o n a l effect. T h e p l o t of 
t h i s dif ferenced ser ies is a l so d r a w n in F i g u r e 1.5. 
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W a s h i n g t o n P o w e r C o . 

1 9 8 0 1 9 8 2 1 9 8 4 1 9 8 6 

Y e a r 

Fig. 1.5 SPLUS s t l seasonal decomposition. 

1.5 C O N C L U S I O N S 

I n t h i s c h a p t e r we s t u d i e d seve ra l d e s c r i p t i v e m e t h o d s t o ident i fy t h e m a c r o -
scop ic c o m p o n e n t ( t r e n d a n d s e a s o n a l i t y ) of a t i m e ser ies . M o s t of t h e t i m e , 
t h e s e c o m p o n e n t s c a n b e ident i f ied a n d i n t e r p r e t e d eas i ly a n d t h e r e is n o 
r e a s o n t o fit u n n e c e s s a r i l y c o m p l i c a t e d m o d e l s t o t h e m . F r o m n o w o n w e 
will a s s u m e t h a t t h i s p r e l i m i n a r y d a t a a n a l y s i s s t e p h a s b e e n c o m p l e t e d a n d 
we focus o n a n a l y z i n g t h e r e s i d u a l p a r t Nt for m i c r o s c o p i c s t r u c t u r e s . T o 
a c c o m p l i s h t h i s goa l , we n e e d t o b u i l d m o r e s o p h i s t i c a t e d m o d e l s . 

1.6 E X E R C I S E S 

1. (a) S h o w t h a t a l i nea r filter { a , } p a s s e s a n a r b i t r a r y p o l y n o m i a l of 
d e g r e e k w i t h o u t d i s t o r t i o n , t h a t is , 

i 

for al l / c th -degree p o l y n o m i a l s m t = co + c i H Ι - ε ^ ί * if a n d o n l y 
if 

y ^ a j = 1, a n d ^ jra.j = 0 for r = 1 , k . 

3 3 

(b) S h o w t h a t t h e S p e n c e r 15 -po in t m o v i n g a v e r a g e filter d o e s n o t 
d i s t o r t a cub i c t r e n d . 
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2. If mt = Y^k=oCktk,t = 0 , ± 1 , . . . , s h o w t h a t Amt is a p o l y n o m i a l of 
deg ree (ρ — 1) in t a n d h e n c e A p + 1 m t = 0. 

3 . I n S P L U S , ge t ho ld of t h e yea r ly a i r l ine p a s s e n g e r d a t a s e t b y a s s ign ing 
it t o a n o b j e c t . Y o u c a n use t h e c o m m a n d 

x < - r t s ( s c a n ( ' a i r l i n e . d a t ' ) , f r e q = 1 2 , s t a r t = 1 9 4 9 ) 

T h e d a t a a r e n o w s t o r e d in t h e o b j e c t x, wh i ch fo rms t h e t i m e ser ies 
{Xt}- T h i s d a t a se t cons i s t s of m o n t h l y t o t a l s ( in t h o u s a n d s ) of i n t e r n a -
t i o n a l a i r l i ne p a s s e n g e r s f rom J a n u a r y 1949 t o D e c e m b e r 1960 [detai ls 
c a n b e found in B r o c k w e l l a n d D a v i s (1991)] . I t is s t o r e d u n d e r t h e 
file a i r l i n e . d a t o n t h e W e b p a g e for t h i s b o o k . 

(a) D o a t i m e ser ies p l o t of t h i s d a t a s e t . A r e t h e r e a n y o b v i o u s t r e n d s ? 

(b) I s i t n e c e s s a r y t o t r a n s f o r m t h e d a t a ? If a t r a n s f o r m a t i o n is needed , 
w h a t w o u l d y o u s u g g e s t ? 

(c) D o a y e a r l y r u n n i n g m e d i a n for t h i s d a t a se t . S k e t c h t h e b o x p l o t s 
for each y e a r t o d e t e c t a n y o t h e r t r e n d s . 

(d) F i n d a t r e n d e s t i m a t e b y u s i n g a m o v i n g a v e r a g e filter. P l o t t h i s 
t r e n d . 

(e) E s t i m a t e t h e s e a s o n a l c o m p o n e n t Sk, if any. 

(f) C o n s i d e r t h e d e s e a s o n a l i z e d d a t a dt = Xt — St,t — 1, . . . , n . R e e s -
t i m a t e a t r e n d f rom {dt} b y a p p l y i n g a m o v i n g a v e r a g e filter t o 
{dt}; ca l l i t m t , say. 

(g) P l o t t h e r e s i d u a l s rt = Xt — mt — St. D o e s i t look like a w h i t e no i se 
s e q u e n c e ? If n o t , c a n y o u m a k e a n y s u g g e s t i o n s ? 



2 
Probability Models 

2.1 I N T R O D U C T I O N 

I n t h e n e x t t h r e e c h a p t e r s , we d i s cus s s o m e t h e o r e t i c a l a s p e c t s of t i m e ser ies 
m o d e l i n g . T o g a i n a b e t t e r u n d e r s t a n d i n g of t h e m i c r o s c o p i c c o m p o n e n t {Nt}, 
b a s i c p r o b a b i l i t y t h e o r i e s of s t o c h a s t i c p roce s se s h a v e t o b e i n t r o d u c e d . T h i s 
is d o n e in t h e p r e s e n t c h a p t e r , a n d C h a p t e r s 3 a n d 4 d e a l w i t h c o m m o n l y 
u s e d A R I M A m o d e l s a n d t h e i r b a s i c p r o p e r t i e s . I n C h a p t e r 5 , t w o e x a m p l e s 
i l l u s t r a t i n g i dea s of t h e s e c h a p t e r s a r e g iven in d e t a i l w i t h S P L U S c o m m a n d s . 
R e a d e r s w h o w a n t t o b e c o m e a c q u a i n t e d i m m e d i a t e l y w i t h se r ies m o d e l f i t t i ng 
w i t h S P L U S m a y w a n t t o r ev i ew s o m e of t h e s e e x a m p l e s a t t h i s p o i n t . 

A l t h o u g h o n e m a y a r g u e t h a t i t is sufficient for a p r a c t i t i o n e r t o a n a l y z e a 
t i m e ser ies w i t h o u t w o r r y i n g a b o u t t h e t e c h n i c a l d e t a i l s , we feel t h a t b a l a n c e d 
l e a r n i n g b e t w e e n t h e o r y a n d p r a c t i c e w o u l d b e m u c h m o r e benef ic ia l . S ince 
t i m e ser ies a n a l y s i s is a v e r y fast m o v i n g field, t o p i c s of i m p o r t a n c e t o d a y 
m a y b e c o m e p a s s e in a few y e a r s . T h u s i t is v i t a l for u s t o a c q u i r e s o m e b a s i c 
u n d e r s t a n d i n g of t h e t h e o r e t i c a l u n d e r p i n n i n g s of t h e s u b j e c t so t h a t w h e n 
n e w i d e a s e m e r g e , we c a n c o n t i n u e l e a r n i n g o n o u r o w n . 

2.2 S T O C H A S T I C P R O C E S S E S 

D e f i n i t i o n 2.1 A collection of random variables {X(t) : t £ TZ} is called a 
s t o c h a s t i c p r o c e s s . 

15 
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I n g e n e r a l , {X(t) : 0 < t < 0 0 } a n d {Xt : ί = 1 , 2 , . . . , n } a r e u s e d t o define 
a c o n t i n u o u s - t i m e a n d a d i s c r e t e - t i m e s t o c h a s t i c p r o c e s s , r e spec t ive ly . R e c a l l 
t h a t all t h e X's a r e def ined o n a g iven p r o b a b i l i t y s p a c e (Cl,!F,P). T h u s , 

Xt — Xt(u) : Ω —> for a fixed t. 

O n t h e o t h e r h a n d , for a g i v e n ω € Ω, Xt(w) c a n b e c o n s i d e r e d a s a func t ion 
of t a n d a s such , t h i s f u n c t i o n is ca l led a s a m p l e func t ion , a r ea l i z a t i on , o r a 
s a m p l e p a t h of t h e s t o c h a s t i c p r o c e s s . Fo r a different ω, i t will c o r r e s p o n d t o a 
different s a m p l e p a t h . T h e co l lec t ion of al l s a m p l e p a t h s is ca l led a n e n s e m b l e . 
All t h e t i m e ser ies p l o t s we h a v e seen a r e b a s e d o n a s ingle s a m p l e p a t h . 
Accord ing ly , t i m e ser ies a n a l y s i s is c o n c e r n e d w i t h finding t h e p r o b a b i l i t y 
m o d e l t h a t g e n e r a t e s t h e t i m e ser ies o b s e r v e d . 

T o d e s c r i b e t h e u n d e r l y i n g p r o b a b i l i t y m o d e l , we c a n cons ide r t h e j o i n t 
d i s t r i b u t i o n of t h e p r o c e s s ; t h a t is, for a n y g iven se t of t i m e s ( ί ι , . . . , ί η ) , 
cons ide r t h e j o in t d i s t r i b u t i o n of (-Xtu • • · >Xtn), ca l led t h e finite-dimensional 
d i s t r i b u t i o n . 

D e f i n i t i o n 2 . 2 Let Τ be the set of all vectors {t = ( i i , . . . , f „ ) ' G Tn : h < 
• ·· < t n , η = 1 , 2 , . . . } . Then the ( f i n i t e - d i m e n s i o n a l ) d i s t r i b u t i o n f u n c -
t i o n s of the stochastic process {Xt,t £ T} are the functions {Ff(-),t € T } 
defined for t = ( f i , . . . , tn)' by 

Ft(x) = P{Xtl < x u . . . , X t r i <x„), x = {x1,...,xn)' &Rn. 

T h e o r e m 2 . 1 (Kolmogorov's Consistency Theorem) The probability distri-
bution functions {Ff(-),t e T } are the distribution functions of some stochas-
tic process if and only if for any η € { 1 , 2 , . . . } , t = (ti,...,tn)' € Τ and 
1 < i < n, 

l im Ft(x) = Ft{i)(x(i)), (2.1) 
Xi—>oo v ' 

where t(i) and x(i) are the (n — l)-component vectors obtained by deleting the 
i t h components of t and x, respectively. 

T h i s t h e o r e m e n s u r e s t h e e x i s t e n c e of a s t o c h a s t i c p r o c e s s t h r o u g h spec -
if icat ion of t h e co l lec t ion of al l f i n i t e -d imens iona l d i s t r i b u t i o n s . C o n d i t i o n 
(2.1) e n s u r e s a c o n s i s t e n c y w h i c h r e q u i r e s t h a t e a c h finite-dimensional d i s t r i -
b u t i o n s h o u l d h a v e m a r g i n a l d i s t r i b u t i o n s t h a t co inc ide w i t h t h e lower finite-
d i m e n s i o n a l d i s t r i b u t i o n func t ions specified. 

D e f i n i t i o n 2 . 3 {Xt} is said to be s t r i c t l y s t a t i o n a r y if for all n, for all 
( t i , . . . , tn), and for all τ, 

{Xti, · · · , Xtn) — (Xti+T, • • · , Xtn+r)i 

where = denotes equality in distribution. 
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In tu i t ive ly , s t a t i o n a r i t y m e a n s t h a t t h e p r o c e s s a t t a i n s a c e r t a i n t y p e of 
s t a t i s t i c a l e q u i l i b r i u m a n d t h e d i s t r i b u t i o n of t h e p r o c e s s d o e s n o t c h a n g e 
m u c h . I t is a v e r y r e s t r i c t i v e c o n d i t i o n a n d is of ten difficult t o verify. W e 
n e x t i n t r o d u c e t h e i dea of c o v a r i a n c e a n d a w e a k e r fo rm of s t a t i o n a r i t y for a 
s t o c h a s t i c p r o c e s s . 

D e f i n i t i o n 2 . 4 Let {Xt : t € T} be a stochastic process such that v&r(Xt) < 
oo for all t e T. Then the a u t o c o v a r i a n c e f u n c t i o n 7 χ ( · , - ) of {Xt} is 
defined by 

D e f i n i t i o n 2 . 5 {Xt} is said to be w e a k l y s t a t i o n a r y ( s e c o n d - o r d e r s t a -
t i o n a r y , w i d e - s e n s e s t a t i o n a r y ) if 

(i) E(Xt) = μ for all t. 

(ii) cov (Xt, Xt+τ) = Ί{τ) for all t and for all τ. 

Unles s o t h e r w i s e s t a t e d , we a s s u m e t h a t all m o m e n t s , E |A" t | f c , ex i s t w h e n e v e r 
t h e y a p p e a r . A c o u p l e of c o n s e q u e n c e s c a n b e d e d u c e d i m m e d i a t e l y f rom 
t h e s e def in i t ions . 

1 . T a k e τ — 0 , c o v ( X t , Xt) = 7 ( 0 ) for al l t. T h e m e a n s a n d v a r i a n c e s of a 
s t a t i o n a r y p r o c e s s a l w a y s r e m a i n c o n s t a n t . 

2 . S t r i c t s t a t i o n a r i t y imp l i e s w e a k s t a t i o n a r i t y . T h e conve r se is n o t t r u e 
in g e n e r a l e x c e p t in t h e case of a n o r m a l d i s t r i b u t i o n . 

D e f i n i t i o n 2 . 6 Let {Xt} be a stationary process. Then 

(i) 7 ( 7 - ) = cov(Xt, Xt+T) is called the a u t o c o v a r i a n c e f u n c t i o n . 

(ii) ρ(τ) = 7 ( 7 · ) / 7 ( 0 ) is called the a u t o c o r r e l a t i o n f u n c t i o n . 

For s t a t i o n a r y p roces se s , we e x p e c t t h a t b o t h 7( · ) a n d ρ( · ) t a p e r off t o ze ro 
fair ly r ap id ly . T h i s is a n i n d i c a t i o n of w h a t is k n o w n a s t h e s h o r t - m e m o r y 
b e h a v i o r of t h e ser ies . 

7 x ( r , s ) = cov(Xr,Xs) = E[(Xr - EXr)(Xs - EXS)}, r,s e T. 

2 . 3 E X A M P L E S 

1. Xt a r e i.i .d. r a n d o m va r i ab l e s . T h e n 

0 , o t h e r w i s e . 

W h e n e v e r a t i m e ser ies h a s t h i s c o r r e l a t i o n s t r u c t u r e , it is k n o w n a s a 
w h i t e no ise s e q u e n c e a n d t h e w h i t e n e s s will b e c o m e a p p a r e n t w h e n we 
s t u d y t h e s p e c t r u m of t h i s p r o c e s s . 
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2. L e t Y b e a r a n d o m v a r i a b l e s u c h t h a t va r Υ = σ 2 . L e t Y\ = Υ-χ = • • • = 
Yt = --. = Y. T h e n 

p(r) = 1 for al l r . 

H e n c e t h e p r o c e s s is s t a t i o n a r y . However , t h i s p r o c e s s differs s u b s t a n -
t i a l l y f rom {Xt} in e x a m p l e 1. F o r {Xt}, k n o w i n g i t s v a l u e a t o n e t i m e 
t h a s n o t h i n g t o d o w i t h t h e o t h e r va lues . For {Yt}, k n o w i n g Y\ g ives 
t h e va lues of a l l t h e o t h e r Yt's. F u r t h e r m o r e , 

— (Χι + (- Xn) ~* Έ,Χχ = μ b y t h e law of l a rge n u m b e r s . 
η 

B u t (Yi + · • • + Yn)/n = Y. T h e r e is a s m u c h r a n d o m n e s s in t h e n t h 
s a m p l e a v e r a g e a s t h e r e is in t h e first o b s e r v a t i o n for t h e p r o c e s s {Yt}-
T o p r e v e n t s i t u a t i o n s l ike t h i s , w e i n t r o d u c e t h e fol lowing def in i t ion. 

D e f i n i t i o n 2 . 7 / / the sample average formed from a sample path of a 
process converges to the underlying parameter of the process, the process 
is called e r g o d i c . 

For e r g o d i c p roces se s , we d o n o t n e e d t o o b s e r v e s e p a r a t e i n d e p e n d e n t 
r e p l i c a t i o n s of t h e e n t i r e p r o c e s s in o r d e r t o e s t i m a t e i t s m e a n v a l u e 
or o t h e r m o m e n t s . O n e sufficiently l ong s a m p l e p a t h w o u l d e n a b l e u s 
t o e s t i m a t e t h e u n d e r l y i n g m o m e n t s . I n t h i s b o o k , al l t h e t i m e ser ies 
s t u d i e d a r e a s s u m e d t o b e e r g o d i c . 

3 . Le t Xt = Acos9t + BsinOt, Α,Β ~ ( Ο , σ 2 ) i.i .d. S ince EXt = 0, i t 
follows t h a t 

cov(Xt+h,Xt) = E(Xt+hXt) 
= E ( A c o s 0 ( t + h) + B s i n 0 ( i + h))(A cos θί + Β s inf l t ) 
= σ2cosOh. 

H e n c e t h e p r o c e s s is s t a t i o n a r y . 

2.4 S A M P L E C O R R E L A T I O N F U N C T I O N 

I n p r a c t i c e , 7(1-) a n d p ( r ) a r e u n k n o w n a n d t h e y h a v e t o b e e s t i m a t e d f rom 
t h e d a t a . T h i s l e a d s t o t h e fol lowing def in i t ion . 

D e f i n i t i o n 2 . 8 Let {Xt} be a given time series and X be its sample mean. 
Then 

(i) Ck = Σ*=ι(Χι ~ X)(Xt+k — X)/n *s known as the s a m p l e a u t o -
c o v a r i a n c e f u n c t i o n of Xt. 

(it) rfc = Ck/Co is called the s a m p l e a u t o c o r r e l a t i o n f u n c t i o n (ACF). 
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T h e p l o t rk v e r s u s A; is k n o w n a s a c o r r e l o g r a m . B y def in i t ion , TO = 1. 
I n tu i t i ve ly , Ck a p p r o x i m a t e s 7(fc) a n d rk a p p r o x i m a t e s p(k). O f c o u r s e , s u c h 
a p p r o x i m a t i o n s re ly o n t h e e r g o d i c i t y of t h e p r o c e s s . L e t u s i n s p e c t t h e A C F 
of t h e fol lowing e x a m p l e s . I n t h e exerc i se , r e a d e r s a r e a s k e d t o m a t c h t h e 
s a m p l e A C F w i t h t h e g e n e r a t i n g t i m e ser ies . 

1. Fo r a r a n d o m ser ies (e.g. , Yi 's a r e i . i .d . ) , it c a n b e s h o w n t h a t for e a c h 
fixed k, a s t h e s a m p l e size η t e n d s t o infinity, 

rk ~ A N ( 0 , l / n ) ; 

t h a t is , t h e r a n d o m v a r i a b l e s ^Jn rk c o n v e r g e in d i s t r i b u t i o n t o a s t a n -
d a r d n o r m a l r a n d o m v a r i a b l e a s η —+ oo. 

R e m a r k . A s t a t i s t i c Tn is s a id t o b e Α Ν ( μ η , σ2) ( a s y m p t o t i c n o r m a l l y 
d i s t r i b u t e d w i t h m e a n μη a n d v a r i a n c e σ2) if (Tn — μη)/ση c o n v e r g e s in 
d i s t r i b u t i o n t o a s t a n d a r d n o r m a l r a n d o m v a r i a b l e a s t h e s a m p l e s ize η 
t e n d s t o infinity. Fo r e x a m p l e , le t X\,..., Xn b e i.i .d. r a n d o m v a r i a b l e s 
w i t h E ( X i ) = μ a n d v a r ( X i ) = σ 2 > 0. L e t Xn = ( £ " = 1 XJ/n a n d 

τ = Χ η - μ 
n σ/φη 

T h e n b y t h e c e n t r a l l imi t t h e o r e m , Tn conve rges in d i s t r i b u t i o n t o a 
s t a n d a r d n o r m a l r a n d o m v a r i a b l e a s η —• oo [i.e., Xn is s a id t o h a v e a n 
AN (μ, σ2/η)]. I n t h i s case , μη = μ a n d σ2 = σ2/η. 

2. Yt =Y, rk = 1. 

3 . A s t a t i o n a r y ser ies o f ten e x h i b i t s s h o r t - t e r m c o r r e l a t i o n (or s h o r t - m e m o r y 
b e h a v i o r ) , a l a rge va lue of p\ followed b y a few s m a l l e r c o r r e l a t i o n s w h i c h 
s u b s e q u e n t l y ge t s m a l l e r a n d sma l l e r . 

4 . I n a n a l t e r n a t i n g ser ies , rk a l t e r n a t e s b e t w e e n p o s i t i v e a n d n e g a t i v e 
va lues . A t y p i c a l e x a m p l e of s u c h a ser ies is a n A R ( 1 ) m o d e l w i t h a 
n e g a t i v e coefficient, Yt = —(f>Yt-i + Zt, w h e r e φ is a p o s i t i v e p a r a m e t e r 
a n d Zt a r e i.i .d. r a n d o m va r i ab l e s . 

5. If s e a s o n a l i t y e x i s t s in t h e se r ies , i t wil l b e ref lected i n t h e A C F . I n 
p a r t i c u l a r , if Xt = a c o s i a ; , i t c a n b e s h o w n t h a t rk — cos few. 

6. I n t h e n o n s t a t i o n a r y ser ies case , rk d o e s n o t t a p e r off for l a r g e v a l u e s of 
fc. T h i s is a n i n d i c a t i o n of n o n s t a t i o n a r i t y a n d m a y b e c a u s e d b y m a n y 
fac to r s . 

N o t i c e t h a t t h e e x a m p l e s a b o v e s u g g e s t t h a t we c a n " ident i fy" a t i m e ser ies 
t h r o u g h i n s p e c t i o n of i t s A C F . A l t h o u g h t h i s s o u n d s p r o m i s i n g , i t is n o t a 
p r o c e d u r e t h a t is a l w a y s free of e r ro r . W h e n we c a l c u l a t e t h e A C F of a n y 
g iven ser ies w i t h a fixed s a m p l e size n , we c a n n o t p u t t o o m u c h conf idence in 
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2.5 E X E R C I S E S 

1. G i v e n a s e a s o n a l ser ies of m o n t h l y o b s e r v a t i o n s {Xt}, a s s u m e t h a t t h e 
s e a s o n a l f ac to r s {St} a r e c o n s t a n t s so t h a t St = St-12 for all t a n d 
a s s u m e t h a t {Zt} is a w h i t e no i se s e q u e n c e . 

(a) W i t h a g loba l l i nea r t r e n d a n d a d d i t i v e seasona l i ty , w e h a v e Xt = 
a+ βί + St + Zt. S h o w t h a t t h e o p e r a t o r Δ12 = 1 — B12 a c t i n g o n 
Xt r e d u c e s t h e ser ies t o s t a t i o n a r i t y . 

(b) W i t h a g loba l l i nea r t r e n d a n d m u l t i p l i c a t i v e seasona l i ty , we h a v e 
Xt — (a + 0t)St + Zt. D o e s t h e o p e r a t o r Δ12 r e d u c e Xt t o s t a t i o n -
a r i t y ? If n o t , find a dif ferencing o p e r a t o r t h a t d o e s . 

2. If {Xt = A c o s i w : t = 1 , . . . , n} w h e r e A is a fixed c o n s t a n t a n d ω is a 
c o n s t a n t in ( Ο , π ) , s h o w t h a t rk —* cos few a s η —> oo. H i n t : Y o u n e e d 
t o u s e t h e d o u b l e - a n g l e a n d s u m m a t i o n f o r m u l a s for a t r i g o n o m e t r i c 
func t ion . 

3 . Le t Zt ~ N ( 0 , 1 ) i.i .d. M a t c h e a c h of t h e fol lowing t i m e ser ies w i t h i t s 
c o r r e s p o n d i n g c o r r e l o g r a m in F i g u r e 2 . 1 . 

( a ) Xt - Zt. 

(b) Xt = - 0 . 3 X t _ i + Zt. 

(c) X t = 8 Ϊ η ( π / 3 ) t + Zt. 

(d) Xt = Z t - 0 . 3 Z t - 1 . 

(e) Xt = 2-3t + Zt. 

t h e va lues of rk for l a rge fc's, s ince fewer p a i r s of (Xt,Xt-k) will b e ava i l ab le 
for c o m p u t i n g rk w h e n k is l a rge . O n e ru l e of t h u m b is n o t t o e v a l u a t e rk 

for k > n / 3 . S o m e a u t h o r s e v e n a r g u e t h a t o n l y r k s for k = O ( l o g n ) s h o u l d 
b e c o m p u t e d . I n a n y case , p r e c a u t i o n s m u s t b e t a k e n . F u r t h e r m o r e , if t h e r e 
is a t r e n d in t h e d a t a , Xt = Tt + Nt, t h e n Xt b e c o m e s n o n s t a t i o n a r y (check 
t h i s w i t h t h e def in i t ion) a n d t h e i d e a of i n s p e c t i n g t h e A C F of Xt b e c o m e s 
q u e s t i o n a b l e . I t is t he r e fo r e i m p o r t a n t t o d e t r e n d t h e d a t a before i n t e r p r e t i n g 
t h e i r A C F . 



Fig. 2.1 Correlograms for Exercise 3. 



3 
Autoregressive Moving 

Average Models 

3 . 1 I N T R O D U C T I O N 

Severa l c o m m o n l y u s e d p r o b a b i l i s t i c m o d e l s for t i m e ser ies a n a l y s i s a r e i n t r o -
d u c e d in t h i s c h a p t e r . I t is a s s u m e d t h a t t h e ser ies b e i n g s t u d i e d h a v e a l r e a d y 
b e e n d e t r e n d e d b y m e a n s of t h e m e t h o d s i n t r o d u c e d in p r e v i o u s c h a p t e r s . 
R o u g h l y s p e a k i n g , t h e r e a r e t h r e e k i n d s of m o d e l s : t h e m o v i n g a v e r a g e m o d e l 
( M A ) , t h e a u t o r e g r e s s i v e m o d e l ( A R ) , a n d t h e a u t o r e g r e s s i v e m o v i n g a v e r a g e 
m o d e l ( A R M A ) . T h e y a r e u s e d t o d e s c r i b e s t a t i o n a r y t i m e ser ies . I n a d d i t i o n , 
s ince c e r t a i n k i n d s of n o n s t a t i o n a r i t y c a n b e h a n d l e d b y m e a n s of d i f ferencing, 
we a lso s t u d y t h e c lass of a u t o r e g r e s s i v e i n t e g r a t e d m o v i n g a v e r a g e m o d e l s 
( A R I M A s ) . 

3 . 2 M O V I N G A V E R A G E M O D E L S 

L e t {Zt} b e a s e q u e n c e of i n d e p e n d e n t i den t i ca l ly d i s t r i b u t e d r a n d o m var i -
ab l e s w i t h m e a n ze ro a n d v a r i a n c e σ 2 , d e n o t e d b y Zt ~ i . i .d . (0 , σ 2 ) . If w e 
r e q u i r e {Zt} o n l y t o b e u n c o r r e l a t e d , n o t necessa r i ly i n d e p e n d e n t , t h e n {Zt} 
is s o m e t i m e s k n o w n as a w h i t e no ise s e q u e n c e , d e n o t e d b y Zt ~ \ Υ Ν ( 0 , σ 2 ) . 
In tu i t ive ly , t h i s m e a n s t h a t t h e s e q u e n c e {Zt} is r a n d o m w i t h n o s y s t e m -
a t i c s t r u c t u r e s . T h r o u g h o u t t h i s b o o k we u s e {Zt} t o r e p r e s e n t a w h i t e 
no i se s e q u e n c e in t h e loose sense ; t h a t is , {Zt} ~ W N ( 0 , σ 2 ) c a n m e a n ei-
t h e r {Zt} ~ i.i.d.(0,CT2) or t h a t {Zt} a r e u n c o r r e l a t e d r a n d o m v a r i a b l e s w i t h 
m e a n ze ro a n d v a r i a n c e σ 2 . B y fo rming a w e i g h t e d a v e r a g e of Zt, we e n d u p 
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w i t h a m o v i n g a v e r a g e ( M A ) t i m e ser ies m o d e l a s follows: 

Yt = Zt + e1Zt-1 + --- + eqZt-q, W N ( 0 , < x 2 ) . (3 .1) 

T h i s is ca l l ed a m o v i n g a v e r a g e m o d e l of o r d e r q, Μ Α ( ς ) . I t h a s m a n y a t -
t r a c t i v e f ea tu r e s , i n c l u d i n g s i m p l e m e a n a n d a u t o c o v a r i a n c e s t r u c t u r e s . 

P r o p o s i t i o n 3 . 1 Let {Yt} be the MA(q) model given in (3.1). Then: 

(i) EYt = 0. 

(ii) v a r Y t = ( l + 0 2 + - - - + 0 2 ) C T

2 . 

(Hi) 

0, \k\>q, 

c o v ( Y t , r t + f e ) = { 2 " H f e l 
»=0 

P r o o f 

cov(Yt,Yt+k) = E(YtYt+k) 

= E(Zt + ••• + eqZt-q)(Zt+k + ••• + e q Z t + k - q ) 

9 - 1 * 1 

= σ 2 Σ 0A+\k\, w h e r e θ 0 = 1· • 

O b s e r v e t h a t 

p(k) 

i = 0 

r 9 

Σ θα+^ιΣθΙ \k\<q, fc^O, 
i=0 i = 0 

1, fc = 0, 
^ 0, o t h e r w i s e . 

H e n c e , for a n M A ( g ) m o d e l , i t s A C F v a n i s h e s af ter l ag q. I t is c lear ly a 
s t a t i o n a r y m o d e l . I n fact , it c a n b e s h o w n t h a t a n MA(q) m o d e l is s t r i c t l y 
s t a t i o n a r y . 

E x a m p l e 3 . 1 Consider an M A ( 1 ) model Yt = Zt - Q\Zt-\. Its correlation 
function satisfies 

( 1, k = 0, 
Pv(k) = \ 1 * 1 = 1 , 

y 0 , o t h e r w i s e . 

Consider another M A ( 1 ) model: 
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then 
px(k)=pY(k). • 

B o t h {Xt} a n d {Yt} h a v e t h e s a m e c o v a r i a n c e f u n c t i o n . W h i c h o n e is 
p r e f e r a b l e , {Xt} o r {Yt} ? T o a n s w e r t h i s q u e s t i o n , e x p r e s s {Zt} b a c k w a r d in 
t e r m s of t h e d a t a . For t h e d a t a se t {Yt}, t h e r e s i d u a l {Zt} c a n b e w r i t t e n a s 

Zt = Yt + etft-^Yt + e^Yt-i + eiZt-i) 

= Ft + 0 i Y t - i + 0 ^ - 2 + · · · (3 .2) 

F o r t h e d a t a se t {Xt}, t h e r e s i d u a l {Zt} c a n b e w r i t t e n a s 

Zt = Xt + ^-Zt-i = • • • = Xt + ^-Xt-i + + · · · • (3-3) 
t/l (71 C/j 

If \θι\ < 1, e q u a t i o n (3.2) conve rges a n d e q u a t i o n (3.3) d ive rges . W h e n we 
w a n t t o i n t e r p r e t t h e r e s i d u a l s Zt, it is m o r e d e s i r a b l e t o d e a l w i t h a c o n v e r g e n t 
e x p r e s s i o n , a n d c o n s e q u e n t l y , e x p r e s s i o n (3.2) is p r e f e r ab l e . I n t h i s ca se , t h e 
M A ( 1 ) m o d e l {Yt} is s a id t o b e i nve r t i b l e . 

I n g e n e r a l , le t {Yt} b e a n MA(q) m o d e l g iven b y Yt = 6(B)Zt, w h e r e 
Θ(Β) = 1 + θιΒ + ··· + eqBq w i t h BZt = Zt-\. T h e c o n d i t i o n for {Yt} t o b e 
i n v e r t i b l e is g iven b y t h e fol lowing t h e o r e m . 

T h e o r e m 3 . 1 An MA(q) model {Yt} is invertible if the roots of the equation 
Θ(Β) — 0 all lie outside the unit circle. 

P r o o f . T h e M A ( 1 ) case i l l u s t r a t e s t h e idea . • 

R e m a r k . If a c o n s t a n t m e a n μ is a d d e d s u c h t h a t Yt — μ + 9(B)Zt, t h e n 
EYt = μ b u t t h e a u t o c o v a r i a n c e func t ion r e m a i n s u n c h a n g e d . 

3.3 A U T O R E G R E S S I V E M O D E L S 

A n o t h e r c a t e g o r y of m o d e l s t h a t is c o m m o n l y u s e d is t h e c lass of a u t o r e -
gress ive ( A R ) m o d e l s . A n A R m o d e l h a s t h e i n t u i t i v e a p p e a l t h a t i t c losely 
r e s e m b l e s t h e t r a d i t i o n a l r eg res s ion m o d e l . W h e n we r e p l a c e t h e p r e d i c t o r in 
t h e c lass ica l r eg re s s ion m o d e l b y t h e p a s t ( l agged) va lues of t h e t i m e se r ies , 
w e h a v e a n A R m o d e l . I t is t he r e fo r e r e a s o n a b l e t o e x p e c t t h a t m o s t of t h e 
s t a t i s t i c a l r e s u l t s d e r i v e d for c lass ica l r eg res s ion c a n b e g e n e r a l i z e d t o t h e A R 
case w i t h few m o d i f i c a t i o n s . T h i s is i n d e e d t h e case , a n d it is for t h i s r e a s o n 
t h a t A R m o d e l s h a v e b e c o m e o n e of t h e m o s t u s e d l inea r t i m e ser ies m o d -
els . F o r m a l l y , a n A R ( p ) m o d e l {Yt} c a n b e w r i t t e n a s <f>(B)Yt = Zt, w h e r e 
φ(Β) = (1-φ1Β Φρβη, BYt = Yt-i, so t h a t 

Yt = φιΥί-ι + • • • + φΡΥί-ρ + Zt. 
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•Throughout this book, an asterisk indicates a technical section that may be browsed 
casually without interrupting the flow of ideas. 

Formal ly , we h a v e t h e fol lowing def in i t ions . 

D e f i n i t i o n 3 . 1 {Yt} is said to be an A R ( p ) process if. 

(i) {Yt} is stationary. 

(ii) {Yt} satisfies φ(Β)Υί = Zt for all t. 

D e f i n i t i o n 3 . 2 {Yt} is said to be an A R ( p ) p r o c e s s w i t h m e a n μ if {Yt — 
μ} is an A R ( p ) process. 

3.3.1 Duality between Causality and Stationarity* 

T h e r e s e e m s t o b e confus ion a m o n g different b o o k s r e g a r d i n g t h e n o t i o n of 
s t a t i o n a r i t y a n d c a u s a l i t y for A R ( A R M A in g e n e r a l ) m o d e l s . W e clarify t h i s 
a m b i g u i t y in t h i s s ec t ion . 

M a i n Q u e s t i o n : Is it t r u e t h a t a n A R ( p ) a l w a y s ex i s t s? 

T o a n s w e r t h i s q u e s t i o n , cons ide r t h e s i m p l e A R ( 1 ) ca se , w h e r e 

Yt=ct)Yt-l + Zt, Zt~WN(0,a2). (3.4) 

I t e r a t i n g t h i s e q u a t i o n , Yt = Zt + 4>Zt-\ + • · • + $kJrXYt-k-\- T h i s l eads t o 
t h e fol lowing q u e s t i o n . 

Q u e s t i o n 1 . C a n we find a s t a t i o n a r y p r o c e s s t h a t sat isf ies e q u a t i o n (3 .4)? 

F i r s t , if s u c h a p r o c e s s {Yt} d id ex i s t , w h a t w o u l d i t l ook l ike? 

• S ince {Yt} sat isf ies (3 .4 ) , i t m u s t h a v e t h e following form: 

k 

i=0 

• A s s u m e for t h e t i m e b e i n g t h a t \φ\ < 1. S ince {Yt} is s t a t i o n a r y , EY2 = 
c o n s t a n t for al l t. In p a r t i c u l a r , d e n o t e \\Yt\\2 = EY2; we h a v e 

k „ 2 π „ 2 

| | η - Σ ^ Ζ * - ί Ι Ι = < A 2 f c + 2 F * - f c - i | | ^ 0 a s f c ^ o o . 

H e n c e , Yt = S j = o ¥%t-i m L2- For t h i s n e w l y def ined p r o c e s s Yt = 5 Z j = o ftZt-j, 
we h a v e t h e fol lowing p r o p e r t i e s : 
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(i) Yt sat isf ies (3.4) for al l t. 

(ii) EYt = 0, va r Yt = σ 2 / ( 1 - φ2). 

(iii) 

cov(Yt,Yt+k) = cov I ^ ( ^ ' Z t - j . ^ ^ Z t + f c - i 
\ j = 0 1=0 

oo 

= a 2 ^ ^ ^ a V / ( l - , t 2 ) . 

j = o 

T h e r e f o r e , t h e newly def ined {Yt} is s t a t i o n a r y a n d t h e a n s w e r t o Q u e s t i o n 1 
is t h a t t h e r e ex i s t s a s t a t i o n a r y A R ( 1 ) p r o c e s s {Yt} t h a t sat isf ies (3 .4) . 

Q u e s t i o n 2 . H o w a b o u t t h e a s s u m p t i o n t h a t \φ\ > 1? 

T h i s a s s u m p t i o n is i m m a t e r i a l , s ince it is n o t n e e d e d o n c e we h a v e e s t a b -
l i shed t h e c o r r e c t fo rm of {Yt}- A l t h o u g h w h e n \φ\ > 1, t h e p r o c e s s {Yt} is n o 
longer c o n v e r g e n t , we c a n r e w r i t e (3.4) a s follows. S ince Yj+i = φΥί + Zt+i, 
d i v i d i n g b o t h s ides b y φ, we h a v e 

Yt = h r t + 1 - ±zt+1. (3 .5) 
Φ Φ 

R e p l a c i n g t b y f + 1 in (3 .5 ) , we a r r i v e a t Yt+ι — (Yt+2-Zt+2)/Φ- S u b s t i t u t i n g 
t h i s e x p r e s s i o n i n t o (3.5) a n d i t e r a t i n g f o r w a r d o n t, we h a v e 

Yt = — τ Ζ ί + ι + -jYt+i 
Φ Φ 

= -\Zt+l + \{^Yt+2~\Zt+2 

1 1 1 
_ ·• · - - - Ζ ί + 1 - — Ζ ί + 2 + _ y t + f c + 1 . 

T h e r e f o r e , Yt = ~Υ^-\Φ~^Zt+j, is t h e s t a t i o n a r y s o l u t i o n of (3 .4 ) . T h i s 
p r o c e s s , {Zt}, is , however , u n n a t u r a l s ince it d e p e n d s o n f u t u r e va lues of 
{Yt}, w h i c h a r e u n o b s e r v a b l e . W e h a v e t o i m p o s e a f u r t h e r c o n d i t i o n . 

C a u s a l C o n d i t i o n : A useful A R p r o c e s s s h o u l d d e p e n d o n l y o n i t s h i s t o r y 
[i.e., {Zk : k = — o o , . . . ,t}], n o t o n f u t u r e va lues . Fo rma l ly , if t h e r e ex i s t s a 
s e q u e n c e of c o n s t a n t s {V>i} w i t h IV'il < 0 0 such t h a t Yt = Y^O^%Zt-i, 
t h e p r o c e s s {Yt} is s a id t o b e c a u s a l ( s t a t i o n a r y in o t h e r b o o k s ) . 

Q u e s t i o n 3 . W o u l d t h e c a u s a l c o n d i t i o n b e t o o r e s t r i c t i v e ? 

L e t {Yt} b e t h e s t a t i o n a r y s o l u t i o n of t h e n o n c a u s a l A R ( 1 ) Yt = φΥί-ι + 
Zt, \φ\ > 1. W e k n o w t h a t Yt = Y^jLi ~Φ~^Zt+j is a s t a t i o n a r y s o l u t i o n t o 
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(3 .4) , a l be i t n o n c a u s a l . Howeve r , it c a n b e s h o w n t h a t {Yt} a l so sat isf ies 

Yt = (ff^Yt-i + Zt, Zt~(0,a2) 

for a newly def ined noise {Zt} ~ i . i .d . (0 , σ2) (see E x e r c i s e 1) . C o n s e q u e n t l y , 
w i t h o u t loss of genera l i ty , we c a n s i m p l y cons ide r c a u s a l p roces ses ! For t h e 
A R ( 1 ) ca se , t h e c a u s a l exp re s s ion is Yj = Σ°?=0 (jJZt-j. 

3.3.2 Asymptot ic Stationarity 

T h e r e is a n o t h e r s u b t l e t y a b o u t t h e A R ( 1 ) p r o c e s s . S u p p o s e t h a t t h e p r o c e s s 
d o e s n o t g o b a c k t o t h e r e m o t e p a s t b u t s t a r t s f rom a n in i t i a l va lue Yq. T h e n 

Yt = Zt + 4>Zt-\ + Φ2Ζ%-2 + ••• + Φ'-ιζ1 + φ*Υ0. 

If Yq is a r a n d o m v a r i a b l e t h a t is i n d e p e n d e n t of t h e s e q u e n c e {Zt} s u c h 
t h a t Ε Υ 0 φ 0, t h e n E Y T = φιΕΥο. I n t h i s case , t h e p r o c e s s {Yt} is n o t e v e n 
s t a t i o n a r y . T o c i r c u m v e n t t h i s p r o b l e m , a s s u m e t h a t Yq is i n d e p e n d e n t of t h e 
s e q u e n c e {Zt} w i t h E Y q = 0. C o n s i d e r t h e v a r i a n c e of Y T : 

va r Y, = σ2 (ΐ + φ* + ... + φ*«-ν")+φ**νΒΙγ0 

a s t —y oo , | 0 | < 1. 
(1-Φ2) 

E v e n w i t h EYo = 0, t h e p r o c e s s {Yt} is n o n s t a t i o n a r y s ince i t s v a r i a n c e is 
c h a n g i n g over t i m e . I t is o n l y s t a t i o n a r y w h e n t is l a rge ( i .e . , i t is s t a t i o n a r y in 
a n a s y m p t o t i c sense ) . W i t h fixed in i t i a l va lues , t h e A R m o d e l is n o t s t a t i o n a r y 
in t h e r i g o r o u s sense ; i t is o n l y a s y m p t o t i c a l l y s t a t i o n a r y . I t is for t h i s r e a s o n 
t h a t w h e n a n A R m o d e l is s i m u l a t e d , we h a v e t o d i s c a r d t h e in i t i a l c h u n k of 
t h e d a t a so t h a t t h e effect of Yq is negl ig ib le . 

3.3.3 Causality Theorem 

Reca l l t h a t a p roces s is s a id t o b e c a u s a l if it c a n b e e x p r e s s e d a s p r e s e n t a n d 
p a s t va lues of t h e no i se p r o c e s s , {Zt, Zt-\, Zt-2, • • •}• Fo rma l ly , we h a v e t h e 
fol lowing def in i t ion: 

D e f i n i t i o n 3 . 3 A process {Yt} is said to be c a u s a l if there exists a sequence 
of constants {ipjYs such that Yt — Υ^οΨί^-ί Σ ) ° 1 0 l^j'l < ° ° -

For a n A R ( p ) m o d e l φ(Β)Υί = Zt, we w r i t e 

oo 

Yt = φ-1{Β)Ζί = i/>(B)Zt = J ^ Z t - i , (3 .6) 
i=0 
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w h e r e ψο — 1. U n d e r w h a t c o n d i t i o n s w o u l d t h i s e x p r e s s i o n b e wel l d e n n e d 
[i.e., w o u l d t h e A R ( p ) m o d e l b e causa l ] ? T h e a n s w e r t o t h i s q u e s t i o n is g iven 
b y t h e fol lowing t h e o r e m . 

T h e o r e m 3 . 2 An AR(p) process is causal if the roots of the characteristic 
polynomial φ(ζ) = 1 — φ\ζ — • • • — φρζρ are all lying outside the unit circle 
[i.e., {ζ : φ(ζ) = 0} C {z : \z\ > 1}]. 

P r o o f . L e t t h e r o o t s of φ(ζ) b e ζι,..., ζρ. N o t e t h a t s o m e of t h e m m a y b e 
e q u a l . B y t h e a s s u m p t i o n g iven , we c a n a r r a n g e t h e i r m a g n i t u d e s in i n c r e a s i n g 
o r d e r so t h a t 1 < \ζι\ < • • • < \ζρ\. W r i t e \ζι \ = 1 + e for s o m e e > 0. Fo r z 
s u c h t h a t | z | < 1 + e, φ(ζ) ψ 0. C o n s e q u e n t l y , t h e r e is a p o w e r ser ies e x p a n s i o n 
for φ[ζ)~λ for | z | < 1 + e; t h a t is, 

is a c o n v e r g e n t ser ies for | z | < 1 + e. N o w choose 0 < δ < e a n d s u b s t i t u t e 
ζ = 1 + δ i n t o e q u a t i o n (3 .7) . T h e n 

(3.7) 

T h e r e f o r e , t h e r e ex i s t s a c o n s t a n t Μ > 0 so t h a t for al l i 

\φί(1 + δγ\ < M ; 

t h a t is, for al l i, 
<Μ(1 + δ)~\ 

H e n c e , IV'il < 0 0 · A s a r e su l t , t h e p r o c e s s 

is well def ined a n d h e n c e c a u s a l . • 

3.3.4 Covariance Structure of A R M o d e l s 

G i v e n a c a u s a l A R ( p ) m o d e l , we h a v e 

oo 

(3.8) 
t = 0 
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E x a m p l e 3 . 2 For an A R ( 1 ) model Yt = φΥί-ι + Zt, we have ψί = φ1, so 

that φ ) = - Φ2) <™d P(k) = Φ*. • 

A l t h o u g h we c a n u s e e q u a t i o n (3 .8) t o find t h e c o v a r i a n c e func t ion of a 
g iven A R ( p ) m o d e l , i t r e q u i r e s so lv ing ^ ' s in t e r m s of 0 ' s a n d it is o f ten 
difficult t o find a n expl ic i t f o rmula . W e c a n finesse t h i s difficulty by t h e 
fol lowing o b s e r v a t i o n . L e t {Yt} b e a g iven s t a t i o n a r y a n d c a u s a l A R ( p ) m o d e l . 
M u l t i p l y Yt t h r o u g h o u t by Yt-k'-

YtYt-k = ΦιΥι-iYt-k + ••• + ΦρΥ^ρΥ^ + ZtYt-k-

T a k i n g e x p e c t a t i o n s y ie lds 

7(fc) = φ ι φ - 1) + · · · + φ ρ ^ - ρ). 

D i v i d i n g t h i s e q u a t i o n b y 7 ( 0 ) , we ge t 

p(k) = φιρ^ - 1) Η h <App(fc - p) for al l k. 

W e a r r i v e a t a set of difference e q u a t i o n s , t h e Y u l e - W a l k e r e q u a t i o n s , w h o s e 
g e n e r a l s o l u t i o n s a r e g iven b y 

p{k) = A ^ + --- + A p ^ \ k \ 

w h e r e { 7 ^ } a r e t h e s o l u t i o n s of t h e c o r r e s p o n d i n g c h a r a c t e r i s t i c e q u a t i o n of 
t h e A R ( p ) p roces s , 

1 - φχζΡ'1 φρζρ = 0. 

E x a m p l e 3 . 3 Let {Yt} be an A R ( 2 ) model such that Yt = 0 i V t - i + 0 2 ^ - 2 + 
Zt- The characteristic equation is 1 — φ\ζ — φιζ2 = 0 with solutions 

l- (-φ! ±Tj<ft+4<h) , i = 1,2. 
"' 2φ 

According to Theorem 3 .2, the condition \πι\ > 1, i = 1 ,2, guarantees that 
{Yt} be causal. This condition can be shown to be equivalent to the following 
three inequalities: 

φ!+φ2 < 1 , 

φ Ύ - φ 2 > - 1 , (3.9) 

l f c | < l . 
To see why this is the case, let the A R ( 2 ) process be causal so that the 

characteristic polynomial φ(ζ) = 1 — φχζ — φ^ζ2 has roots outside the unit 
circle. In particular, none of the roots of φ(ζ) = 0 lies between [—1,1] on the 
real line. Since φ(ζ) is a polynomial, it is continuous. By the intermediate 
value theorem, φ(1) and φ(—1) must have the same sign. Otherwise, there 
exists a root ο}φ(ζ) = 0 between [—1,1]. Furthermore, φ(0) has the same sign 
as φ(1) and φ(-1). Now, φ(0) = 1 > 0, so φ(1) > 0 and φ(-ί) > 0 . Hence, 

φ(1) = 1 - φι - φ2 > 0; 



AUTOREGRESSIVE MODELS 31 

that is, 

Φ2 + Φΐ< 1. 

Also, 

0 ( - l ) = l + 0 i - 0 2 > O ; 

that is, 

02 - Φι < 1· 

To show that |<fo| < 1, let a and β be the roots of φ(ζ) = 0 so that \a\ > 1 
and \β\ > 1 due to causality. According to the roots of a quadratic polynomial, 
we have 

«β = ^ -

\Φ2\ = 

02 
1 

W\ 
1 

ΜΙ0Ι 
< i , 

showing that causality for an A R ( 2 ) model is equivalent to ( 3 .9 ) . 
Given φι and 0 2 , we can solve for πι and π2 · Furthermore, if the two 

roots are real and distinct, we can obtain a general solution of p(k) by means 
of solving a second-order difference equation. Details of this can be found 
in Brockwell and Davis ( 1991 ) . The main feature is that the solution p(k) 
consists of a mixture of damped exponentials. In Figure 3 . 1 , plots of the ACF 
for an A R ( 2 ) model for different values of φι and 02 are displayed. Notice 
that when the roots are real (in quadrants 1 and 2), the ACF of an A R ( 2 ) 
model behaves like an A R ( 1 ) model. It is either exponentially decreasing, as 
in quadrant 1, or alternating, as in quadrant 2. On the other hand, when the 
roots are complex conjugate pairs, the ACF behaves like a damped sine wave, 
as in quadrants 3 and 4 . In this case, the A R ( 2 ) model displays what is known 
as pseudoperiodic behavior. • 

T o s u m m a r i z e , r e l a t i o n s h i p s b e t w e e n c a u s a l i t y a n d inve r t i b i l i t y of a n A R 
m o d e l 0 ( B ) Y t = %t a n d a n M A m o d e l Yt = 9(B)Zt c a n b e r e p r e s e n t e d a s 
follows: 

φ(Β) = φ(Β)~ Yt Yt π(Β) = Θ(Β) - ι 

C a u s a l I n v e r t i b l e 
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Fig. 3.1 ACF of an AR(2) model. 

3.4 A R M A M O D E L S 

A l t h o u g h b o t h t h e M A a n d A R m o d e l s h a v e t h e i r o w n a p p e a l , we m a y h a v e 
t o u s e a r e l a t ive ly l ong A R o r long M A m o d e l t o c a p t u r e t h e c o m p l e x s t r u c -
t u r e of a t i m e ser ies . T h i s m a y b e c o m e u n d e s i r a b l e s ince we u s u a l l y w a n t 
t o fit a p a r s i m o n i o u s m o d e l ; a m o d e l w i t h r e l a t ive ly few u n k n o w n p a r a m e -
t e r s . To ach ieve t h i s goa l , we c a n c o m b i n e t h e A R a n d M A p a r t s t o fo rm a n 
a u t o r e g r e s s i v e m o v i n g a v e r a g e ( A R M A ) m o d e l . 

D e f i n i t i o n 3 . 4 {Yt} is said to be an A R M A ( p , ? ) process if. 

(i) {Yt} is stationary. 

(ii) For all t, φ{Β)Υί = 9(B)Zt, where Zt ~ W N ( 0 , σ2). 

D e f i n i t i o n 3 . 5 {Yt} is called an A R M A ( p , q) w i t h m e a n μ if [Yt - μ} is 
an A R M A ( p , q). 

G i v e n t h e d i scuss ions a b o u t c a u s a l i t y a n d inver t ib i l i ty , it is p r u d e n t t o 
a s s u m e t h a t a n y g iven A R M A m o d e l is c a u s a l a n d inve r t i b l e . Specifically, let 

<&B)Yt=e{B)Zu 

w i t h 
φ(Β) = \ - φ 1 Β φρΒΡ, 
Θ(Β) = 1-θιΒ 6qB\ 
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w h e r e φ(Β) a n d Θ(Β) h a v e n o c o m m o n r o o t s , w i t h φ(Β) b e i n g c a u s a l [i.e., 
φ(Β) sa t isf ies T h e o r e m 3.2] a n d Θ(Β) b e i n g i n v e r t i b l e [i.e., Θ(Β) sa t isf ies T h e -
o r e m 3.1]. U n d e r t h e s e a s s u m p t i o n s , {Yt} is s a id t o b e a c a u s a l a n d i n v e r t i b l e 
A R M A ( p , q) m o d e l . I n t h i s case , 

Y^W)Zt = m ) Z t ' Zt 

π(Β) - Φ^Β 

θΓβ) zt. 

E x a m p l e 3 . 4 Let Yt - φΥί-ι = Zt - 9Zt-\ be an A R M A ( 1 , 1 ) model with 
φ = 0.5 and θ = 0 . 3 . Then 

φ(Β) = (1-0.3Β)φ~1{Β) 
= ( 1 - 0 . 3 Β ) ( 1 + 0 . 5 Β + ( 0 . 5 ) 2 £ 2 + · · - ) 
= 1 + 0 . 2 Β + 0 . 1 Β 2 + 0 . 0 5 Β 3 + - · -

Hence, ψί = 0.2 χ (Ο .δ )*" 1 , i = 1 , 2 , . . . , ψ0 = 1. Also, iXi = 0.2 χ ( 0 . 3 ) ί _ 1 , ι = 
1 , 2 , . . . , πο = 1 · Therefore, 

oo . oo 

i=0 

(0.5)* 

t = 0 

• 
T h e usefu lness of A R M A m o d e l s lies in t h e i r p a r s i m o n i o u s r e p r e s e n t a t i o n . 

A s in t h e A R a n d M A cases , p r o p e r t i e s of A R M A m o d e l s c a n u s u a l l y b e 
c h a r a c t e r i z e d b y t h e i r a u t o c o r r e l a t i o n func t ions . T o t h i s e n d , a l uc id d i s c u s -
s ion of t h e v a r i o u s p r o p e r t i e s of t h e A C F of s i m p l e A R M A m o d e l s c a n b e 
f o u n d o n p a g e 84 of B o x , J e n k i n s , a n d Re inse l (1994) . F u r t h e r , s ince t h e 
A C F r e m a i n s u n c h a n g e d w h e n t h e p r o c e s s c o n t a i n s a c o n s t a n t m e a n , a d d i n g 
a c o n s t a n t m e a n t o t h e e x p r e s s i o n of a n A R M A m o d e l w o u l d n o t a l t e r a n y 
c o v a r i a n c e s t r u c t u r e . As a r e su l t , d i s cus s ions of t h e A C F p r o p e r t i e s of a n 
A R M A m o d e l u s u a l l y a p p l y t o m o d e l s w i t h ze ro m e a n s . 

3.5 A R I M A M O D E L S 

Since we u s u a l l y p r o c e s s a t i m e ser ies before a n a l y z i n g it (e .g. , d e t r e n d i n g ) , i t 
is n a t u r a l t o c o n s i d e r a g e n e r a l i z a t i o n of A R M A m o d e l s , t h e A R I M A m o d e l . 
Le t Wt = (1 - B)dYt a n d s u p p o s e t h a t Wt is a n A R M A ( p , < j ) , φ(Β)Ψι = 
9(B)Zt. T h e n φ{Β)(\ - B)dYt = 9(B)Zt. T h e p r o c e s s {Yt} is s a i d t o b e 
a n A R I M A ( p , d, q), A R I M A a u t o r e g r e s s i v e i n t e g r a t e d m o v i n g a v e r a g e m o d e l . 
Usua l ly , d is a s m a l l i n t ege r ( < 3 ) . I t is p r u d e n t t o t h i n k of di f ferencing a s a 
k i n d of d a t a t r a n s f o r m a t i o n . 
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(1 - φΒ)(1 - B)Yt = Zt - eZt-i. 

E x a m p l e 3 . 5 Let Yt = a + βϊ + Nt, so that (1 - B)Yt = β + Zt, where 
Zt = Nt — Nt-i- Thus, (1 — B)Yt satisfies an M A ( 1 ) model, although a non-
invertible one. Further, the original process {Yt} is an A R I M A ( 0 , 1 , 1 ) model, 
and as such, it is noncausal since it has a unit root. • 

E x a m p l e 3 . 6 Consider an A R I M A ( 0 , 1 , 0 ) , a random walk model: 

Yt = Yt-ι + Zt. 

If Yo = 0, then Yt = Σΐ=ι ^i, which implies that va r Yt = to2. Thus, in 
addition to being noncausal, this process is also nonstationary, as its variance 
changes with time. • 

A s a n o t h e r i l l u s t r a t i o n of A R I M A m o d e l , le t Pt d e n o t e t h e p r i ce of a s t o c k 
a t t h e e n d of d a y t. Define t h e r e t u r n o n t h i s s t o c k a s rt = (Pt-Pt-\)/Pt-ι- A 
s i m p l e T a y l o r ' s e x p a n s i o n of t h e log func t ion l e ads t o t h e fol lowing e q u a t i o n : 

Pt - Pt-i 

ι P ' 
= L O S - 5 — 

= l o g P t - l o g P t _ ! . 

T h e r e f o r e , if we let Yt = log Pt, a n d if we bel ieve t h a t t h e r e t u r n o n t h e s t o c k 
follows a w h i t e no i se p r o c e s s (i .e. , w e m o d e l rt = Zt), t h e d e r i v a t i o n a b o v e 
s h o w s t h a t t h e log of t h e s t o c k p r ice follows a n A R I M A ( 0 , 1 , 0 ) , r a n d o m w a l k 
m o d e l . I t is b e c a u s e of t h i s t h a t m a n y e c o n o m i s t s a t t e m p t t o m o d e l t h e r e t u r n 
o n a n e q u i t y ( s tock , b o n d , e x c h a n g e r a t e , e tc . ) a s a r a n d o m wa lk m o d e l . 

I n p r a c t i c e , t o m o d e l poss ib ly n o n s t a t i o n a r y t i m e ser ies d a t a , we m a y a p p l y 
t h e fol lowing s t e p s : 

1. L o o k a t t h e A C F t o d e t e r m i n e if t h e d a t a a r e s t a t i o n a r y . 

2. If n o t , p r o c e s s t h e d a t a , p r o b a b l y b y m e a n s of differencing. 

3 . Af ter d i f ferencing, fit a n A R M A ( p , q) m o d e l t o t h e differenced d a t a . 

Reca l l t h a t in a n A R I M A ( p , d, q) m o d e l , t h e p r o c e s s {Yt} sat isf ies t h e e q u a -
t i o n φ(Β)(1 - B)dYt = 9(B)Zt. I t is ca l l ed i n t e g r a t e d b e c a u s e of t h e fact t h a t 
{Yt} c a n b e r ecove red b y s u m m i n g ( i n t e g r a t i n g ) . T o see t h i s , cons ide r t h e 
fol lowing e x a m p l e . 

E x a m p l e 3 . 7 Let {Yt} be an A R I M A ( 1 , 1 , 1 ) model that follows 
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Then Wt = (1 - B)Yt = Yt- Yt-i- Therefore, 

t t 
Y^wk = Y^{Yk-yfe_!) = Y t - Y 0 = Yt if Y0 = o. 
fc=l fc=l 

Hence, Yt is recovered from Wt by summing, hence integrated. The differenced 
process {Wt} satisfies an A R M A (1,1) model. • 

3.6 S E A S O N A L A R I M A 

S u p p o s e t h a t {Yt} e x h i b i t s a s e a s o n a l t r e n d , i n t h e sense t h a t Yt ~ Yt-s ~ 
Υ 4 _ 2 8 · · • · T h e n Yt n o t on ly d e p e n d s on Yt-\, Yt-2, b u t a l so y t _ s , Yt-2a, 
T o m o d e l t h i s , cons ide r 

φ{Β)ΦΡ{Β°){1 - B)d(l - Bs)DYt = e(B)GQ(Bs)Zt, (3 .10) 

w h e r e 
φ{Β) = 1 - 0 ! Β φρΒΡ, 
Θ{Β) = 1-θχΒ OgB", 

ΦΡ{Β8) = Ι-ΦχΒ3 ΦρΒ"", 

eQ(Bs) = Ι-θχΒ* QqBSQ. 

S u c h {Yt} is u s u a l l y d e n o t e d b y S A R I M A ( p , d, q) χ (P,D,Q)S. Of c o u r s e , we 
c o u l d e x p a n d t h e r i g h t - h a n d s ide of (3.10) a n d e x p r e s s {Yt} in t e r m s of a 
h i g h e r - o r d e r A R M A m o d e l (see t h e fol lowing e x a m p l e ) . B u t we prefer t h e 
S A R I M A f o r m a t , d u e t o i t s n a t u r a l i n t e r p r e t a t i o n . 

E x a m p l e 3 . 8 Let us consider the structure of an S A R I M A ( 1 , 0 , 0 ) x ( 0 , 1 , 1 ) 1 2 

time series {Yt}, which is expressed as 

( 1 - φΒ)(1 - B12)Yt = Z t - ΘΖ^2, ( 1 - Β12 -φΒ + 0 S 1 3 ) r t = Z t - 0 Z t _ i 2 , 

so that 

Yt = Yt-12 + Φ (Yt-i - I t - i a ) + Z t - SZt-l2. (3 .11) 

Notice that Yt depends on Yt-12, Yt-i, Yt-13 as well as Zt-i2- If {Yt} repre-
sents monthly observations over a number of years, we can tabulate the data 
using two-way A N O V A as follows: 

1994 1995 1996 
January Υχ Yi3 Y 2 5 

December Y\2 Y24 Y36 

For example, Y 2 6 = f(Y25,Yi4,Yn) + •·•· In this case there is an A R M A 
structure for successive months in the same year and an A R M A structure for 
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the same month in different years. Note also that according to ( 3 .11 ) , Yt also 
follows an A R M A ( 1 3 , 1 2 ) model, with many of the intermediate A R and M A 
coefficients being restricted to zeros. Since there is a natural interpretation 
for an S A R I M A model, we prefer a S A R I M A parameterization over a long 
A R M A parameterization whenever a seasonal model is considered. • 

3.7 E X E R C I S E S 

1. D e t e r m i n e w h i c h of t h e following p r o c e s s e s a r e c a u s a l a n d / o r i nve r t ib l e : 

( a ) Yt + 0 . 2 Υ « _ ! - 0 .48Yt_2 = Zt. 

(b) Yt + 1 .9Y t _i + 0 . 8 8 Υ 4 _ 2 = Zt + 0 . 2 Z t _ i + 0 . 7 Z t _ 2 . 

(c) Yt+Q.6Yt-2 = Zt + 1.2Zt-1. 

(d) Y t + 1 . 8Y t _ 1 + 0 . 8 1 Y t - 2 = Z t . 

(e) Yt + 1 . 6 y t - i = Z t - 0 . 4 Z t _ ! + 0 . 0 4 Z t _ 2 . 

2. Le t {Yt : t — 0 , ± 1 , . . . } b e t h e s t a t i o n a r y s o l u t i o n of t h e n o n c a u s a l 
A R ( 1 ) e q u a t i o n 

Yt = M-! + Zt, \φ\>1, { Z t } ~ W N ( 0 , a 2 ) . 

Show t h a t {Yt} a l so sat isf ies t h e c a u s a l A R ( 1 ) e q u a t i o n 

Yt = φ - ^ - ι + Wt, {Wt} ~ W N ( 0 , σ 2 ) 

for a s u i t a b l y c h o s e n w h i t e no ise p r o c e s s {Wt}. D e t e r m i n e σ2. 

3 . Show t h a t for a n M A ( 2 ) p r o c e s s w i t h m o v i n g a v e r a g e p o l y n o m i a l θ(ζ) = 
1 — Θ\Ζ — # 2 z 2 t o b e i nve r t i b l e , t h e p a r a m e t e r s ( # i , 0 2 ) m u s t lie in t h e 
t r i a n g u l a r r e g i o n d e t e r m i n e d b y t h e i n t e r s e c t i o n of t h e t h r e e r eg ions 

0 2 + 0i < 1, 

0 2 - 0i < 1, 

| 0 2 | < 1. 

4. Le t Yt b e a n A R M A ( p , q) p l u s no i se t i m e ser ies def ined b y 

Yt=Xt + wt, 

w h e r e {Wt} ~ W N ( 0 , σ 2 ) , {Xt} is t h e A R M A ( p , q) t i m e ser ies sa t i s fy ing 

φ(Β)Χί = 6{B)Zt, {Zt} ~ W N ( 0 , σ2

ζ), 

a n d E(WaZt) = 0 for al l s a n d t. 
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(a ) S h o w t h a t {Yt} is s t a t i o n a r y a n d find i t s a u t o c o v a r i a n c e f u n c t i o n 
in t e r m s of a n d t h e A C F of {Xt}-

(b) S h o w t h a t t h e p r o c e s s Ut = <t>{B)Yt is r - c o r r e l a t e d , w h e r e r = 
m a x ( p , q), a n d h e n c e it is a n M A ( r ) p r o c e s s . C o n c l u d e t h a t {Yt} 
is a n A R M A ( p , r ) p r o c e s s . 

5 . C o n s i d e r t h e t i m e ser ies Yt = Asinust+Zt, w h e r e A is a r a n d o m v a r i a b l e 
w i t h m e a n ze ro a n d v a r i a n c e 1, ω is a fixed c o n s t a n t b e t w e e n (0 , π ) , a n d 
Zt ~ W N ( 0 , σ 2 ) , w h i c h is u n c o r r e l a t e d w i t h t h e r a n d o m v a r i a b l e A. 
D e t e r m i n e if {Yt} is w e a k l y s t a t i o n a r y . 

6. S u p p o s e t h a t Yt = ( — 1 ) ' Ζ , w h e r e Ζ is a fixed r a n d o m v a r i a b l e . G i v e 
n e c e s s a r y a n d sufficient c o n d i t i o n ( s ) o n Ζ so t h a t {Yt} will b e w e a k l y 
s t a t i o n a r y . 

(a) C a l c u l a t e t h e c o r r e l a t i o n func t ion p(k) of Yt. 

(b ) S u p p o s e t h a t p ( l ) — 0.4. W h a t va lue ( s ) of θ will g ive r i se t o s u c h 
a va lue of p ( l ) ? W h i c h o n e w o u l d y o u pre fe r? G ive a one - l i ne 
e x p l a n a t i o n . 

(c) I n s t e a d of a n M A ( 1 ) m o d e l , s u p p o s e t h a t Yt sat isf ies a n inf in i te 
M A e x p r e s s i o n a s follows: 

w h e r e C is a fixed c o n s t a n t . S h o w t h a t Yt is n o n s t a t i o n a r y . 

(d) If {Yt} in e q u a t i o n (3 .12) is differenced (i .e. , Xt = Yt — Yt-i), s h o w 
t h a t Xt is a s t a t i o n a r y M A ( 1 ) m o d e l . 

(e) F i n d t h e a u t o c o r r e l a t i o n func t ion of {Xt}-

8. C o n s i d e r t h e t i m e ser ies 

Yt = OAYt-i + 0 . 4 5 F t _ 2 + Zt + Zt-i + 0 . 2 5 Z t _ 2 , 

w h e r e Zt ~ W N ( 0 , C T 2 ) . 

(a) E x p r e s s t h i s e q u a t i o n in t e r m s of t h e backsh i f t o p e r a t o r B; t h a t 
is , w r i t e it a s a n e q u a t i o n in B, a n d d e t e r m i n e t h e o r d e r (p, d, q) 
of t h i s m o d e l . 

(b) C a n y o u s impl i fy t h i s e q u a t i o n ? W h a t is t h e o r d e r a f te r s implif i -
c a t i o n ? 

(c) D e t e r m i n e if t h i s m o d e l is c a u s a l a n d / o r i nve r t i b l e . 

(d) If t h e m o d e l is c a u s a l , find t h e g e n e r a l fo rm of t h e coefficients 's 

(e) If t h e m o d e l is i nve r t i b l e , find t h e g e n e r a l fo rm of t h e coefficients 

7. L e t Yt = Z t - eZt-i, Zt ~ W N ( 0 , a 2 ) . 

Yt = Zt + C(Zt-i+Zt-2 + - - - ) , (3 .12) 

so t h a t Yt = Σ]*ίο i^jZt-j-

7rj ' s so t h a t Zt = Σ 



4 
Estimation in the Time 

Domain 

4.1 I N T R O D U C T I O N 

L e t {Yt} b e a n A R I M A ( p , d, q) m o d e l t h a t h a s t h e fo rm 

φ(Β)(1 - B)d(Yt - μ ) = e{B)Zt, Zt ~ W N ( 0 , C T 2 ) . 

T h e u n k n o w n p a r a m e t e r s in t h i s m o d e l a r e (μ, φι,..., φρ, θι,..., 6q, σ 2 ) ' a n d 
t h e u n k n o w n o r d e r s (p,d,q). W e sha l l d i scuss t h e e s t i m a t i o n of t h e s e p a r a m -
e t e r s f rom a t i m e - d o m a i n p e r s p e c t i v e . S ince t h e o r d e r s of t h e m o d e l , (p, d, q), 
c a n b e d e t e r m i n e d (a t l eas t r o u g h l y ) b y m e a n s of i n s p e c t i n g t h e s a m p l e A C F , 
let u s s u p p o s e t h a t t h e o r d e r s (p, d, q) a r e k n o w n for t h e t i m e b e i n g . A s in 
t r a d i t i o n a l r eg res s ions , seve ra l s t a t i s t i c a l p r o c e d u r e s a r e ava i l ab le t o e s t i m a t e 
t h e s e p a r a m e t e r s . T h e first o n e is t h e c lass ica l m e t h o d of m o m e n t s . 

4.2 M O M E N T E S T I M A T O R S 

T h e s i m p l e s t t y p e of e s t i m a t o r s a r e t h e m o m e n t e s t i m a t e s . If E F t — μ, w e 
s i m p l y e s t i m a t e μ b y Υ = (l/n) Σ Γ = ι ^* a n a - P r o c e e d t o a n a l y z e t h e d e m e a n e d 
ser ies Xt = Yt — Ϋ. For t h e c o v a r i a n c e a n d c o r r e l a t i o n func t ions , we m a y u s e 
t h e s a m e i d e a t o e s t i m a t e 7(fc) b y 

1 n — k 

ck = -Y,{Yt-Y){Yt+k-Y). 
t = i 
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Similar ly , w e c a n e s t i m a t e p(k) b y 

Ck 

^ 0 

O n e d e s i r a b l e p r o p e r t y of rk is t h a t i t c a n b e s h o w n t h a t w h e n Yt ~ W N ( 0 , 1 ) , 
rfc ~ A N ( 0 , 1 / n ) . T h e r e f o r e , a 9 5 % C I of pk is g iven b y ±2/φη. Howeve r , 
t h i s m e t h o d b e c o m e s u n r e l i a b l e w h e n t h e lag, k, is big . A ru le of t h u m b is t o 
e s t i m a t e p(k) by rk for k < n / 3 or for k n o b igge r t h a n 0 ( l o g ( n ) ) . B e c a u s e of 
t h e e r g o d i c i t y a s s u m p t i o n , m o m e n t e s t i m a t o r s a r e v e r y useful in e s t i m a t i n g 
t h e m e a n or t h e a u t o c o v a r i a n c e s t r u c t u r e . E s t i m a t i o n s of t h e specific A R or 
M A p a r a m e t e r s a r e different , howeve r . 

4.3 A U T O R E G R E S S I V E M O D E L S 

G i v e n t h e s t r o n g r e s e m b l a n c e b e t w e e n a n A R ( p ) m o d e l a n d a r eg re s s ion 
m o d e l , it is n o t s u r p r i s i n g t o a n t i c i p a t e t h a t e s t i m a t i o n of a n A R ( p ) m o d e l is 
s t r a i g h t f o r w a r d . C o n s i d e r a n A R ( p ) p r o c e s s 

Yt = φΜ-ι + • • · + φρΥί-ρ + Zt. ( 4 . 1 ) 

T h i s e q u a t i o n b e a r s a s t r o n g r e s e m b l a n c e t o t r a d i t i o n a l r eg re s s ion m o d e l s . 
R e w r i t i n g t h i s e q u a t i o n in t h e fami l ia r r eg res s ion expres s ion , 

( Yt~l \ 
Υί = {φι,...,φρ)\ : \+Zt = Y't_^ + Zu 

V Yt-p J 
w h e r e φ = (φι,..., φρ)' a n d Yt-i = (Yt-i, • • • ,Yt~PY • T h e l eas t s q u a r e s 
e s t i m a t e ( L S E ) of φ is g iven b y 

\t=p+l } \ t = p + l / 

S t a n d a r d r eg res s ion a n a l y s i s c a n b e a p p l i e d h e r e w i t h s l ight mod i f i c a t i ons . 
F u r t h e r m o r e , if Zt ~ Ν ( 0 , σ 2 ) i.i .d., t h e n φ is a l so t h e m a x i m u m l ike l ihood 
e s t i m a t e ( M L E ) . I n t h e s i m p l e case t h a t ρ = 1, Yt — φΥί-ι + Zt, we h a v e 

Φ — ΣΓ=ρ+ι YtYt-i/ΣΓ=Ρ+ι Yt-v 
F u r t h e r , Zt — Yt — Y't-ιΦ l s t n e fitted r e s i d u a l a n d a l m o s t al l t e c h n i q u e s 

c o n c e r n i n g r e s i d u a l a n a l y s i s f rom c lass ica l r eg re s s ion c a n b e c a r r i e d over . F i -
nal ly , s t a n d a r d a s y m p t o t i c r e s u l t s s u c h as c o n s i s t e n c y a n d a s y m p t o t i c n o r -
m a l i t y a r e ava i lab le . 

T h e o r e m 4 . 1 



AUTOREGRESSIVE MODELS 41 

where denotes convergence in distribution of the corresponding random 

variables as the sample size η —> oo and 

( ( Y l ) \ 
ΓΡ = Ε (Yl,...,Yp) = 

\ \ Yp J ) 

7 ( 0 ) 
7 ( P ~ 1) \ 
7 ( P - 2) 

7 ( 0 ) / 

E x a m p l e 4 . 1 For an A R ( 1 ) model, we have y/n (φ - φ)-+ Ν ( 0 , σ 2 / 7 ( 0 ) ) , 

with 

7 ( 0 ) = va r Yt = φ2 va r Y t _ i + σ2 

= φ2

Ί{0) + σ2. 

Thus, 7 ( 0 ) = σ 2 / ( 1 - φ2) [i.e., φ ~ A N ( 0 , ( 1 - φ2)/η)\. • 

F r o m t h e p r e c e d i n g t h e o r e m , u s u a l in ference s u c h a s c o n s t r u c t i n g a p p r o x i -
m a t e d conf idence i n t e rva l s o r t e s t i n g s for φ c a n b e c o n d u c t e d . A l t e r n a t i v e l y , 
we c a n e v a l u a t e t h e Y u l e - W a l k e r ( Y - W ) e q u a t i o n v i a m u l t i p l y i n g e q u a t i o n 
(4.1) b y Yt-k a n d t a k i n g e x p e c t a t i o n s , 

7(fc) = & 7 ( f c - 1) + 
p(k) = (Aip(fc - 1) + • 

+ φ ν η ^ - ρ ) , 
+ φρρ(Ιΐ-ρ), k = l. 

I n m a t r i x n o t a t i o n , t h e s e e q u a t i o n s b e c o m e 

/ p (0 ) · · · p ( p - l ) \ 
/ P ( l ) \ 

V pip) ) 

p ( p - 2 ) 

v P(P-I) · · · p ( o ) y ν ^ / 

H e n c e , t h e Y u l e - W a l k e r e s t i m a t e s a r e t h e φ s u c h t h a t 

1 

Γ ρ - 1 

1 
Γ ρ - 1 
Γ ρ - 2 

1 

- 1 / Γ ! \ 

A g a i n , a s y m p t o t i c p r o p e r t i e s of t h e Y - W e s t i m a t e s c a n b e found . W h e n 
t h e s a m p l e s ize η is b ig a n d t h e o r d e r ρ is m o d e r a t e , c o m p u t a t i o n a l cos t 
c a n b e e n o r m o u s for i n v e r t i n g t h e m a t r i x R. I n p r a c t i c e , it w o u l d b e m u c h 
m o r e d e s i r a b l e t o solve t h e s e q u a n t i t i e s in r ea l t i m e (i .e. , in a r e c u r s i v e on -
l ine m a n n e r ) . T h e D u r b i n - L e v i n s o n ( D - L ) a l g o r i t h m offers s u c h a r e c u r s i v e 
s c h e m e . W e w o u l d n o t p u r s u e t h e d e t a i l s of t h i s a l g o r i t h m , b u t refer t h e 
i n t e r e s t e d r e a d e r t o t h e d i scuss ion g iven in B r o c k w e l l a n d D a v i s (1991) . I n 
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a n y case , m o s t of t h e c o m p u t e r r o u t i n e s , i n c l u d i n g t h o s e of S P L U S p r o g r a m s , 
u s e t h i s a l g o r i t h m t o e s t i m a t e t h e p a r a m e t e r s . R o u g h l y s p e a k i n g , we c a n 
classify t h e e s t i m a t i o n s t e p s a s follows: 

1. Use t h e D u r b i n - L e v i n s o n a l g o r i t h m t o e v a l u a t e t h e Y u l e - W a l k e r es t i -
m a t e s . 

2 . Use t h e Y u l e - W a l k e r e s t i m a t e s a s in i t i a l va lues t o c a l c u l a t e t h e m a x i -
m u m l ike l ihood e s t i m a t e s ( M L E ) of t h e p a r a m e t e r s . D e t a i l s of t h e M L E 
a r e g i v e n in S e c t i on 4 .6 . 

3 . To e s t i m a t e t h e s t a n d a r d e r r o r in t h e A R e q u a t i o n , use t h e e s t i m a t o r 

U t=p+l 

4.4 M O V I N G A V E R A G E M O D E L S 

C o n t r a r y t o t h e A R m o d e l , e s t i m a t i o n for a n M A m o d e l is m u c h m o r e t r i cky . 
T o i l l u s t r a t e t h i s p o i n t , c o n s i d e r t h e s i m p l e M A ( 1 ) m o d e l Yt = Zt — 9Zt-\. 
S u p p o s e t h a t we i n t e n d t o u s e a m o m e n t e s t i m a t o r for Θ. T h e n 

-Θ 

a n d 
-Θ 

η = 
ι + θ2 

T h u s , 

θ = ^ · 

T h i s e s t i m a t o r is n o n l i n e a r in n a t u r e . Such a n o n l i n e a r i t y p h e n o m e n o n is 
e v e n m o r e p r o m i n e n t for a n MA(q) m o d e l . I n g e n e r a l , i t wil l b e v e r y difficult 
t o e x p r e s s t h e 0j 's of a n MA(<j) m o d e l a s func t ions of r^s ana ly t i ca l ly . 

A l t e rna t i ve ly , if | θ | < 1, t h e n 

ZT = Yt + eZt-ι = Yt + 6Yt-i + 92Yt-2 + •••• 

Le t S(0) = ΣΓ=ι Ζ2- W e c a n find t h e θ s u c h t h a t S(0) is m i n i m i z e d , w h e r e 
ZT = Zt(6) impl ic i t ly . N o t e t h a t e v e n in t h i s s i m p l e M A ( 1 ) case , S(6) c a n -
n o t b e m i n i m i z e d ana ly t i ca l l y . I n p a r t i c u l a r , for g iven Yi,...,Yn a n d Θ, a n d 
c o n d i t i o n a l o n Zq = 0, set 

Zi = Yi, 
Z2 = Υ2 + ΘΖ1 = Υ2 + ΘΥ1, 

ZN — Υπ + ΘΖΗ-\, 
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a n d c o m p u t e 5 . ( 0 ) = Σ7=ι %t f ° r t n e g iven 0, w h e r e we u s e 5 . t o d e n o t e t h a t 
t h i s q u a n t i t y is e v a l u a t e d c o n d i t i o n a l o n t h e in i t i a l va lue Zo = 0. I n g e n e r a l , 
we c a n p e r f o r m a g r i d s e a r c h over (—1,1) t o find t h e m i n i m u m of 5 . ( 0 ) b y 
m e a n s of a n u m e r i c a l m e t h o d , t h e G a u s s - N e w t o n m e t h o d , say. T h i s is a l so 
k n o w n a s t h e c o n d i t i o n a l l eas t s q u a r e s ( C L S ) m e t h o d . Specifically, c o n s i d e r 

Z t ( 0 ) S Z t ( 0 * ) + (θ- θ η ^ - \ θ = β „ (4 .2) 

f rom a n in i t i a l p o i n t 0*. N o t e t h a t t h i s e q u a t i o n is l inear in 0, t h u s ΣΓ=ι ^t^fl) = 

5 . ( 0 ) c a n b e m i n i m i z e d a n a l y t i c a l l y t o ge t a n e w θ^. S u b s t i t u t e 0(i) for Θ* 
i n t o (4 .2) a g a i n a n d i t e r a t e t h i s p r o c e s s u n t i l i t conve rges . N o t e t h a t t h e 
q u a n t i t i e s 

~Ίβ~ = θ άθ + Z t ~ l { e ) ; ^ - = 0 

c a n b e e v a l u a t e d recurs ive ly . 
Fo r a g e n e r a l MA(q) m o d e l , a m u l t i v a r i a t e G a u s s - N e w t o n p r o c e d u r e c a n 

b e u s e d t o m i n i m i z e 5 . ( 0 ) v i a Zt = Yt + Q\Zt-\ + · · · + 9qZt-q s u c h t h a t 
Zo = Z _ i = • • • = Z i _ , = 0, w h e r e 0 = ( 0 i , . . .,6q)'. 

4.5 A R M A M O D E L S 

H a v i n g seen t h e in t r i cac ies in e s t i m a t i n g a n M A m o d e l , we n o w d i s c u s s t h e 
e s t i m a t i o n of a n A R M A m o d e l b y m e a n s of a s i m p l e A R M A ( 1 , 1 ) m o d e l . 

E x a m p l e 4 . 2 Let YT — <j>Yt-\ = Zt — 0 Z t _ i . Conditional on Zo = 0 = Yq, 
find (φ, 0) that minimizes 

η 
5 . ( 0 , 0 ) = Σ Ζ 2 ( φ , θ), 

t = i 

where 

Zt=Yt-4>Yt-i+eZt-i. Π 

Fo r a g e n e r a l A R M A ( p , q), we p e r f o r m a s imi l a r p r o c e d u r e t o find t h e es t i -
m a t e s b y so lv ing a n u m e r i c a l m i n i m i z a t i o n p r o b l e m . L e t Zt = Yt — 0 i Y t - i — 

φρΥ1-ρ + θ1Ζί-ι + · • - + eqZt-g. C o m p u t e Zt = Ζ^φ,θ), t=p+l,...,n 
a n d find t h e p a r a m e t e r s (φ, 0) t h a t m i n i m i z e 

η 

5 . ( 0 , 0 ) = Σ %2{Φ,Θ). 
ί=ρ+1 

F o r a n inve r t i b l e M A or A R M A m o d e l , t h e in i t i a l va lue s of Yq — Y _ i — 
Y\-p = • • • = Zo = · · · = Ζ χ _ ς = 0 h a v e l i t t l e effect o n t h e final p a r a m e t e r 
e s t i m a t e s w h e n t h e s a m p l e size is l a rge . 
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4.6 M A X I M U M L I K E L I H O O D E S T I M A T E S 

P r e v i o u s d i scuss ions focussed m a i n l y o n leas t s q u a r e s p r o c e d u r e , t h a t is, find-
i n g a n e s t i m a t e t h a t m i n i m i z e s s o m e f o r m s of t h e s u m of m e a n s q u a r e e r r o r s , 

Ζ2{φ, Θ). A n o t h e r c o m m o n l y u s e d s t a t i s t i c a l p r o c e d u r e in t h i s s i t u a t i o n 
is t h e m e t h o d of m a x i m u m l ike l ihood ( M L ) . I n g e n e r a l , t h e l ike l ihood p r o -
c e d u r e looks for t h e p a r a m e t e r va lue t h a t c o r r e s p o n d s m o s t c losely w i t h t h e 
d a t a o b s e r v e d . T o i l l u s t r a t e t h e l ike l ihood p r inc ip l e , cons ide r t h e following 
r e c a p t u r i n g e x a m p l e a d o p t e d f rom Fel ler (1968) . 

E x a m p l e 4 . 3 E s t i m a t i o n o f P o p u l a t i o n S i z e 
Suppose that a fund manager wants to launch a financial product in a new 

region. He wants to know the demand for the product and thus is interested in 
knowing the population size in this region. The manager decides to conduct a 
survey and interviews 1000 clients at random in the first round. During the 
interview, each of these clients is issued an identification code. After several 
months, the manager interviews another round of 1000 clients at random, and 
it is found that 100 clients in the second round were interviewed in the first 
round. What conclusion can be drawn concerning the size of the population 
in this region? To answer this question, define the following: 

η = unknown population size 
n\ = number of people interviewed in the first round 
r = number of people interviewed in the second round 
k — number of people in the second round who were 

identified in the first round 
qh(n) — probability that the second round interview contains exactly 

k people who were identified in the first round 

Using the hypergeometric distribution, it is seen that 

Qk(n) = 

ηι \ ( η — ni 
k I \ r — k 

In this example, we have n\ — r — 1000 and k = 100 . If η = 1900, substituting 
these numbers into the expression above, we get 

( 1 0 0 0 ! ) 2 

q w o { n ) ~ (10011900!) - 1 0 · 

With a population size of 1900 , it is virtually impossible that the same 100 
people interviewed in the first round would be interviewed again during the 
second round. For any given particular set of n\,r, and k, we may want to 
find the value of η that maximizes the probability qn(k) since for such an n, 
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our observed data would have the greatest probability. This is the key idea of 
the likelihood principle, and the value h is called the m a x i m u m l i k e l i h o o d 
e s t i m a t e . In other words, for a given set of data, the value η is among all 
possible values of η which is most consistent with the given set of data in terms 
of maximizing the likelihood. To compute the maximum likelihood, consider 
the ratio 

qk{n) (n-ni)(n~r) 
qk(n-

It can easily be seen that 

Qk(n) 

1) 

Qk{n 
> 1, 
< 1, 

ni - r + k)r 

if nk < n\r, 
if nk > n\r. 

This means that when η increases, the sequence qk{n) first increases and then 
decreases. It reaches its maximum when η is the largest integer before the 
number n\r/k. Thus, ή ~ n\rjk. In this example, the maximum likelihood 
estimate of the population size ή = 10,000. • 

R e c a l l t h a t if X\,..., Xn a r e i.i .d. r a n d o m v a r i a b l e s w i t h a c o m m o n p r o b -
ab i l i t y d e n s i t y func t ion f(x, Θ), t h e l ike l ihood e q u a t i o n is def ined a s 

L(x,e) = Y[f(xite). (4.3) 

i=l 

T h e m a x i m u m l ike l ihood e s t i m a t e Θ, of θ is o b t a i n e d b y f inding t h e va lue of 
θ t h a t m a x i m i z e s (4 .3 ) . I n o t h e r w o r d s , we w o u l d like t o find t h e va lue of 
t h e u n k n o w n p a r a m e t e r t h a t m a x i m i z e s t h e l ike l ihood ( p r o b a b i l i t y ) t h a t it 
h a p p e n s for a g iven se t of o b s e r v a t i o n s x\,... , x n . N o t i c e t h a t t h i s is a v e r y 
g e n e r a l p r o c e d u r e a n d t h e i.i.d. a s s u m p t i o n c a n b e r e l a x e d . Fo r a t i m e ser ies 
p r o b l e m , t h i s i d e a c a n st i l l b e a p p l i e d a n d w e sha l l i l l u s t r a t e t h i s i d e a t h r o u g h 
a n e x a m p l e . 

C o n s i d e r a n AR(1) m o d e l Yt = φΥι-\ + Zu Zt ~ Ν(0 , σ 2 ) , i .i .d. T h e j o i n t 
p r o b a b i l i t y d e n s i t y func t ion (pdf ) of (Z2, • • •, Zn) is g iven b y 

f(Z2 ,Zn) = 2πσ2 

(n-l)/2 
e x p 

-1 

2^2 
ί=2 

w h e r e Y2 = φΥχ + Z2,..., Yn = φΥη-\ + Zn. B y m e a n s of t h e t r a n s f o r m a t i o n 
of v a r i a b l e s m e t h o d a n d t h e fact t h a t t h e d e t e r m i n a n t of t h e J a c o b i a n of t h i s 
t r a n s f o r m a t i o n is 1, t h e j o i n t p d f of Y2,..., Yn c o n d i t i o n a l o n Y\ is g i v e n b y 

(n-l)/2 
f(Y2,...,Yn\Y1)= e x p 

Reca l l t h a t Y\ 
Since 

f(Yi) = 

1 

2πσ 2 

Ν(0 , σ 2/(1-^ 2)) if ZQ,Z. 

1 

2πσ 2 

1/2 
y/l - φ2 e x p 

2 ^ 2 ο 

t=2 

1,Ζ-2,. 

2 ^ 

< ^ t - i ) 2 

. a r e i . i .d. Ν(0 , σ 2 ) 

Φ2)Υ?] 
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t h e l ike l ihood func t ion is g iven b y 

ΗΦ) = f(Yi,...,Y„) 

= f(Y2,...,Yn\Y1)f(Y1) 
n/2 

- 1 

2^2 £ W - ^ - i ) 2 + ( l - ^ ) l i 
,i=2 

2 π σ 2 

n/2 
y/l — φ2 e x p 

' - 1 
2^2 5(0) 

w h e r e 5(0) = X ) " = 2 ( y t - 0Yt_i)2 + (1 - φ2)Υ?. T h e r e f o r e , t h e log- l ike l ihood 
func t ion b e c o m e s 

λ ( 0 , σ 2 ) = logL(0) 
71 7? 1 1 

= - - 1 ο ε 2 π - - 1 ο § σ 2 + - 1 ο § ( 1 - 0 2 ) - ^ 5 ( 0 ) . (4 .4) 

For a g iven 0, t h e log- l ike l ihood func t ion λ c a n b e m a x i m i z e d w i t h r e s p e c t 
t o σ 2 b y s e t t i n g dX/da2 = 0. So lv ing t h i s e q u a t i o n l e a d s t o σ 2 = 5(0)/η. 
F u r t h e r , s ince 

5(0) = 5 . ( 0 ) + ( 1 - 0 2 ) Κ Ί 2 , 

w h e r e 5.(0) = ΣΓ=2(^* — ΦΥ-ι)2, f° r m o d e r a t e t o l a rge n, t h e s e c o n d t e r m in 
t h i s exp re s s ion is negl ig ib le w i t h r e s p e c t t o 5.(0) a n d 5(0) = 5.(0). H e n c e for 
a l a rge s a m p l e size n, t h e va lue of φ t h a t m i n i m i z e s 5(0) a n d 5 . (0) a r e s imi la r , 
a n d m i n i m i z i n g t h e u n c o n d i t i o n a l s u m of s q u a r e s 5(0) over φ is t a n t a m o u n t 
t o m i n i m i z i n g t h e c o n d i t i o n a l s u m of s q u a r e s 5.(0). 

Similar ly , w h e n m a x i m i z i n g t h e full log- l ike l ihood A, t h e d o m i n a t i n g fac to r 
is 5(0) for l a rge η s ince | l o g ( l — 02) d o e s n o t involve n , e x c e p t in t h e ca se 
w h e n t h e m i n i m i z e r o c c u r s a t φ n e a r 1. T h i s is a n o t h e r r e a s o n w h y p r e c a u t i o n s 
n e e d t o b e t a k e n w h e n d e a l i n g w i t h a n o n s t a t i o n a r y o r n e a r l y n o n s t a t i o n a r y 
A R ( 1 ) m o d e l (i .e., w h e n φ = 1) . 

A s a c o m p r o m i s e b e t w e e n C L S a n d M L E , we find t h e e s t i m a t o r such t h a t 
5(0) is m i n i m i z e d . T h i s is k n o w n a s t h e u n c o n d i t i o n a l L S E . S t a r t i n g w i t h 
t h e m o s t p rec i se m e t h o d a n d c o n t i n u i n g in d e c r e a s i n g o r d e r of p rec i s ion , we 
c a n s u m m a r i z e t h e v a r i o u s m e t h o d s of e s t i m a t i n g a n A R ( 1 ) m o d e l a s follows: 

1. E x a c t l ike l ihood m e t h o d . F i n d φ s u c h t h a t λ(0, σ2) is m a x i m i z e d . T h i s 
is u s u a l l y n o n l i n e a r a n d r e q u i r e s n u m e r i c a l r o u t i n e s . 

2 . U n c o n d i t i o n a l l eas t s q u a r e s . F i n d φ s u c h t h a t 5(0) is m i n i m i z e d . 
A g a i n , n o n l i n e a r i t y d i c t a t e s t h e u s e of n u m e r i c a l r o u t i n e s . 

3 . C o n d i t i o n a l l eas t s q u a r e s . F i n d φ s u c h t h a t 5.(0) is m i n i m i z e d . T h i s 
is t h e s i m p l e s t case s ince φ c a n b e so lved ana ly t i ca l l y . 
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N o t i c e t h a t all t h r e e p r o c e d u r e s a r e a s y m p t o t i c a l l y e q u i v a l e n t . I n g e n e r a l , 
for a n A R M A Q D , q) m o d e l , we c a n use a n y o n e of t h e s e m e t h o d s in a s i m i l a r 
m a n n e r . T o find t h e u n c o n d i t i o n a l l eas t s q u a r e s , we n e e d t o find φ s u c h 
t h a t S(<£) is m i n i m i z e d . A s in t h e ca se of C L S , t h e expl ic i t f o rm for s u c h a n 
e s t i m a t o r is u s u a l l y c o m p l i c a t e d for a g e n e r a l A R M A m o d e l . 

F ina l ly , s imi l a r t o T h e o r e m 4 . 1 , t h e r e is a l so a c e n t r a l l imi t t h e o r e m for t h e 
M L E φ of a n A R M A ( p , q) m o d e l . W e refer r e a d e r s t o B r o c k w e l l a n d D a v i s 
(1991) for a g e n e r a l s t a t e m e n t a b o u t t h i s r e su l t , 

4.7 P A R T I A L A C F 

Reca l l t h a t we c a n ident i fy t h e o r d e r of a n M A m o d e l b y i n s p e c t i n g i t s 
A C F . W e n o w i n t r o d u c e a s imi l a r dev ice t o ident i fy t h e o r d e r of a n A R 
m o d e l . F o r a n y g iven k > 1, le t a co l l ec t ion of a s t a t i o n a r y t i m e ser ies , 
{Yt-k, Yt-k+i, • • • ι Yt-ii Yt} h e g iven . C o n s i d e r p r e d i c t i n g Yt l i n e a r l y b a s e d 
o n {Yt-ic+i, · · ·, Yt-i}- D e n o t e t h i s p r e d i c t o r by Yt- I n a m a t h e m a t i c a l con -
t e x t , t h i s m e a n s p r o j e c t i n g Yt l i nea r ly o n t o t h e s p a c e s p a n n e d b y t h e r a n d o m 
v a r i a b l e s {Yt-k+i,- • •, Yt-i}\ see, for e x a m p l e , B rockwe l l a n d D a v i s (1991) 
for f u r t h e r d i scuss ions u s i n g t h e H i l b e r t s p a c e f o r m u a l t i o n . I n o t h e r w o r d s , 
Yt = PiP{Yt_k+u...,Yt^}Yt. T h e n 

Yt = + • • • + Pk-iYt-k+i 

a n d 

Zt = Yt-PiYt-i Pk-iYt-k+i-

Al lowing t i m e t o t r a v e l b a c k w a r d , c o n s i d e r " p r e d i c t i n g " Yt-k l i nea r ly b a s e d 

o n {Yt-k+i, • • •, Yt-i}; we h a v e 

Yt-k = PlYt-k+l + · · · + Pk-lYt-l 

a n d 

Zt-k = Yt-k - 0iYt-k+i Pk-iYt-i. 

T h e r e a s o n t h a t t h e coefficients of t h e s e t w o p r e d i c t i o n s e n d u p b e i n g i d e n t i c a l 
is a c o n s e q u e n c e of t h e s t a t i o n a r i t y of t h e t i m e ser ies . S ince t h e s e coefficients 
c a n b e d e t e r m i n e d t h r o u g h t h e p r o j e c t i o n e q u a t i o n , w h i c h in t u r n d e p e n d s 
o n t h e c o v a r i a n c e s t r u c t u r e of t h e t i m e ser ies , it c a n b e s h o w n t h a t u n d e r t h e 
s t a t i o n a r i t y a s s u m p t i o n , t h e coefficients of t h e s e t w o p r e d i c t i o n s a r e e x a c t l y 
t h e s a m e . 

N o w , cons ide r t h e c o r r e l a t i o n coefficient b e t w e e n t h e s e t w o se t s of r e s i d u a l s , 
Zt a n d Zt-k- T h i s is def ined a s t h e p a r t i a l a u t o c o r r e l a t i o n coefficient ( P A C F ) 
of o r d e r k. I t c a p t u r e s t h e r e l a t i o n s h i p b e t w e e n Yt a n d Yt-k t h a t is n o t 
e x p l a i n e d b y t h e p r e d i c t o r s Yt-k+i, • • •, Yt-i ( i .e . , a f ter r eg r e s s ing Yt a n d Yt-k 
o n t h e i n t e r m e d i a t e o b s e r v a t i o n s Y t-fc+i> · · • 5 Yt-ι)· T h e P A C F is u s u a l l y 
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d e n o t e d b y e i t he r a(k) or <j)kk- N o t e t h a t = co r r (Zt-k,Zt) w i t h φη = 
p(l). Fo rmal ly , we define 

D e f i n i t i o n 4 . 1 The P A C F of a stationary time series is defined as 

Φη = 

φkk = co r r (Y" f e + 1 - Pa-p{Y2,..,Yk }Yk+i, Y\ - Psp{Y2,-,Yk}Yi), k>2, 

where Ps-P{Y2,...,Yk}Y denotes the projection of the random variable Y onto the 
closed linear subspace spanned by the random variables {Y2,..., Yk}-

E x a m p l e 4 . 4 Consider the simple case where we only have {Yi, Y2, Y 3 } . Then 

Ϋ3 = P1Y2 a n d Yi = p i Y 2 . 

Therefore, 

Now, 

Φ22 = co r r (Y 3 - piY2, Yi - piY2) 

€ ο ν ( Υ 3 - ρ ι Υ 2 ! Υ ι - ρ ι Υ 2 ) 
[var ( Y 3 - p i Y 2 ) v a r (Yj - p i Y 2 ) ] 1 / 2 " 

cov (Y 3 - P1Y2, Yi - p i Y2) = 72 - Ρ1Ί1 ~ Pill + Ρ1Ί0 
= 7 o ( P 2 - 2 p 2 + p?) 

= 7 o ( / > 2 - p ? ) 

(4.5) 

and 

va r (Y 3 - p i Y 2 ) = va r Y 3 - 2p i cov ( Y 3 , Y 2 ) + p\ va r Y 2 

= 7 o ( l - 2 p i p i + p 2 ) 

= 7 o ( l - p 2 ) -

Substituting these back to (4.5), we obtain 

, P2-PJ 
Φ22 = - j j " -

A s a consequence, for an AR(1) model, pk = φι*,φ22 =0. • 

I n gene ra l , for a n A R ( p ) m o d e l , it c a n eas i ly b e seen t h a t for η > ρ , 

Yn = Φ\Υη-ι Η + ΦρΥη-ρ- O n t h e o t h e r h a n d , Ϋ\ = h{Y2,..., Yn-i) for 

s o m e func t ion h. T h u s , cov (Zn, Z\) = cov (Y„ - Y n , Y1-Y1) = cov (Zn, Υχ — 
h(Y2,..., Y „ _ i ) ) . S ince {Yt} is a n A R ( p ) p roces s , t h e r a n d o m v a r i a b l e Yi — 
h(Y2,..., Y n - i ) c a n b e w r i t t e n a s g(Z\, Z2, • • •, Zn-i) for s o m e func t ion g. A s 
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Z n is u n c o r r e l a t e d w i t h Z\,..., Z „ _ i , i t is u n c o r r e l a t e d w i t h g(Z\,..., Zn), 
a n d c o n s e q u e n t l y , 

c o v ( Z n , Z i ) = cov (Zn,Yi - h(Y2, • • • ,Yn-i)) 

= cov ( Z n , g ( Z i , Z n ) ) 

= 0. 

H e n c e , we h a v e t h e fol lowing r e su l t . 

T h e o r e m 4 . 2 For an A R ( p ) , 0^fc = 0 for k > p. 

I n p r a c t i c e , we r e p l a c e t h e p ' s b y r ' s t o c a l c u l a t e t h e s a m p l e P A C F (j>kk. 
E q u i v a l e n t l y , i t c a n b e s h o w n t h a t f rom t h e Y u l e - W a l k e r e q u a t i o n s , 4>kj, j = 
1,... ,k; k = 1 ,2, c a n b e o b t a i n e d b y so lv ing t h e e q u a t i o n s 

P(0) P ( l ) 
p ( i ) P(0) 

P(fc - 1 ) 
P(fc - 2) 

P(0) 

0fci \ / p ( i ) \ 

V p(fc) / 

T h e r e f o r e , t h e P A C F c a n b e o b t a i n e d b y so lv ing for t h e l a s t coefficient in 
t h e Y u l e - W a l k e r e q u a t i o n . I n p a r t i c u l a r , t h e s a m p l e P A C F is o b t a i n e d b y 
r e p l a c i n g t h e p(A;)'s by t h e r ^ ' s in t h e Y u l e - W a l k e r e q u a t i o n . T h e p r o o f of 
t h i s fact c a n b e found in B r o c k w e l l a n d D a v i s (1991) . S imi l a r t o t h e s i t u a t i o n 
of t h e s a m p l e A C F r k , t h e r e is a l so a c e n t r a l l imi t t h e o r e m for t h e P A C F (f>kk-

T h e o r e m 4 . 3 For an A R ( p ) model, y/n <j>kk ~ A N ( 0 , 1 ) for k > p. 

A s a r e s u l t , we c a n use t h e s a m p l e P A C F , φ^, t o ident i fy t h e o r d e r of a n 
A R m o d e l in t h e s a m e w a y t h a t we u s e t h e s a m p l e A C F , rk, t o ident i fy t h e 
o r d e r of a n M A m o d e l . I t s h o u l d b e n o t e d , however , t h a t t h e r e is n o c l ea r 
p a t t e r n for t h e s a m p l e P A C F of a n M A m o d e l . 

4.8 O R D E R S E L E C T I O N S * 

A l t h o u g h we c a n u s e t h e A C F a n d t h e P A C F t o d e t e r m i n e t h e t e n t a t i v e 
o r d e r s ρ a n d q, it s e e m s m o r e d e s i r a b l e t o h a v e a s y s t e m a t i c o r d e r s e l ec t i on 
c r i t e r i o n for a g e n e r a l A R M A m o d e l . T h e r e a r e t w o c o m m o n l y u s e d m e t h o d s , 
t h e F P E (final p r e d i c t i o n e r r o r ) a n d t h e A I C (Aka ike ' s i n f o r m a t i o n c r i t e r i o n ) . 
B o t h m e t h o d s a r e b e s t i l l u s t r a t e d t h r o u g h a n A R m o d e l . 

T o cons ide r t h e F P E , s u p p o s e t h a t we a r e g iven a r e a l i z a t i o n X — (X\,..., 
Xn) of a n A R ( p ) m o d e l (p < n). Le t Y = (Y\,... ,Yn) b e a n i n d e p e n d e n t 

'Throughout this book, an asterisk indicates a technical section that may be browsed 
casually without interrupting the flow of ideas. 
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r e a l i z a t i o n of t h e s a m e p r o c e s s . L e t φι,...,φρ b e t h e M L E b a s e d o n X. 
C o n s i d e r t h e o n e - s t e p - a h e a d p r e d i c t o r of Yn+i u s i n g t h e s e 0 ' s , t h a t is, 

Yn+l = ΦΐΥη + · · · + φρΥη-ρ+1-

T h e n t h e M S E b e c o m e s 

M S E = E ( y n + 1 - y n + 1 ) 2 

= E ( y n + i — φι Yn — • • • — φρΥη_ρ+ι)2 

= E ^ y n + i — φ\Υη — • • • — φρΥη_ρ+ι 
\ 2 

-(φΐ - φι)Υη (Φρ~ Φρ)Υη-ρ+ΐ) 

= σ 2 + Ε ( ( 0 - φ)'(Υη+1-ίΥη+1^)Ιά=1(φ - φ)) , (4.6) 

w h e r e φ — (φι,..., φρ)' a n d φ = (φι,..., φρ)'. 
B e c a u s e Χ a n d Υ a r e i n d e p e n d e n t , t h e s e c o n d t e r m in e q u a t i o n (4.6) c a n 

b e w r i t t e n a s t h e p r o d u c t of t h e e x p e c t e d va lues , so t h a t 

M S E = σ2 + Ε((φ - φ)'Τρ(φ - φ)), 

w i t h Γ ρ = E(YiYj)p

iJ=1. R e c a l l t h a t ηι'2(φ - φ) ~ Α Ν ί Ο , σ 2 ^ 1 ) . U s i n g t h i s 
fact , we h a v e 

^ ( 0 - 0 ) T p / 2 r p / 2 ( 0 - 0 ) ^ ~ x

2 . 

H e n c e , 

M S E = a 2 + ^ = a 2 f l + P-) . 
η \ n) 

F u r t h e r , if σ 2 is t h e M L E for σ2, t h e n η σ 2 / σ 2 ~ Xn-P- R e p l a c i n g σ2 b y 
ησ2/(η — ρ) in t h e e x p r e s s i o n a b o v e , we h a v e 

F P E =a2 (ϊ±> 
\ n - p 

T h e r e f o r e , we w o u l d l ike t o find a ρ s u c h t h a t t h e F P E is m i n i m i z e d . 
N o t e t h a t t h e r i g h t - h a n d s ide of (4.7) cons i s t s of t w o q u a n t i t i e s : σ 2 a n d 
(n+p)/(n—p). W e c a n i n t e r p r e t t h i s e q u a t i o n a s follows: W h e n ρ i nc rea se s , 
σ2 d ec r ea se s b u t t h e q u a n t i t y (n + p)/(n— p) i nc reases . T h u s , m i n i m i z i n g t h e 
F P E c r i t e r i on a i m s a t s t r i k i n g a c o m p r o m i s e b e t w e e n t h e s e t w o q u a n t i t i e s , 
a n d t h e t e r m (n + p)/(n — p) p l a y s t h e ro le of a p e n a l t y t e r m w h e n t h e m o d e l 
c o m p l e x i t y ρ is i nc rea sed . 

A s e c o n d c o m m o n l y u s e d c r i t e r i o n is A k a i k e ' s i n f o r m a t i o n c r i t e r i o n ( A I C ) , 
b a s e d o n t h e K u l l b a c k - L e i b l e r i n f o r m a t i o n i n d e x . R o u g h l y s p e a k i n g , t h i s 
i n d e x quan t i f i e s a m e t r i c b e t w e e n t w o c o m p e t i n g m o d e l s . T h e key idea is t o 
def ine a n i n d e x a n d t o select a m o d e l t h a t m i n i m i z e s t h i s i ndex . 
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G i v e n a n A R M A ( p , q ) w i t h r e a l i z a t i o n {X\,... ,Xn}, le t β = {φ, θ) a n d 
σ 2 b e M L E s b a s e d o n {X\,...,Xn}- F u r t h e r , a s s u m e t h e X ' s t o b e n o r m a l l y 
d i s t r i b u t e d a n d le t {Yi,... ,Yn} b e a n i n d e p e n d e n t r e a l i z a t i o n of t h e s a m e 
p r o c e s s . C o n s i d e r t h e l ike l ihood ( log- l ike l ihood) func t ion 

L^'ff2) = ' e x p
 · έ Β χ « - « - ' - · + ^ Η ) 2 

- 2 logL(/3 ,CT 2 ) = η ^ 2 π - Γ - η ^ σ 2 + 5 χ ( / 3 ) / σ 2 , 

- 2 l o g L x 0 3 , a 2 ) = n l o g 2 ^ + n l o g < 7 2 + S x ( / 3 ) / < 7 2 

= η log 2π + η log σ2 + η . 

H e n c e , 

- 2 1 o g L j / ( / 9 , < r 2 ) = n \ o g 2 K + n\oga2+ 8υφ)/σ2 

= -2logLx(i3,a2) + Sy{J3)/a2-η. 

T a k i n g e x p e c t a t i o n s y ie lds 

E ( - 2 1 o g L y ( A ^ 2 ) ) = E(-2]ogLx0,d2)) + E(Sy0)/a3)-n 

= E ( K u l l b a c k - L e i b l e r i n d e x ) . 

T o e v a l u a t e t h i s e x p e c t a t i o n , we m a k e u s e of t h e fol lowing fac t s . T h e i r 
p roo f s c a n b e f o u n d in B r o c k w e l l a n d D a v i s (1991) . 

1. 

T h e r e f o r e , 

E(Sv0)) - E S „ 0 3 ) + σ 2 Ε ( 0 - β)'ν~ιφ - β)) 

a s 

0 - / 3 - A N ( 0 , η " 1 V ) a n d i J J k - ^ y - 1 . 
v 2 3βδβ' 

Since 

F u r t h e r , s ince \/η(β - β) h a s c o v a r i a n c e m a t r i x V, E(0 - β)'ν ^φ • 
β)) =P + Q- C o m b i n i n g al l t h e s e fac ts , we h a v e 

Ε(8υφ))^σ2(η + ρ + ς). 



5 2 ESTIMATION IN THE TIME DOMAIN 

2 . S ince n o 2 — 5 x ( / 3 ) ~ o 2 \ 2

n _ p _ q , w h i c h is i n d e p e n d e n t of β, 

E ( M ? M = ( b e c a u s e X is i n d e p e n d e n t of Y) y σ2 J Ε ( σ 2 ) 

a2(n+p + q) 

σ2(η — ρ — q — 2)/n 

E ( ^ ) ~ n - " [ ( ^ + P + 9 ) / ( " - P - 9 - 2 ) - 1 ] 

= 2n{p + q + \ ) / { n - p - q - 2 ) . 

3 . T h e r e f o r e , t h e K - L i n d e x c a n b e a p p r o x i m a t e d b y 

- 2 1 o g L X 0 3 , « 7 2 ) + 2 ( p + g ) n = A I C C 
rc - ρ - σ 

[i.e., E ( A I C C ( / 3 ) ) = E ( K - L i n d e x ) ] . 

Fo rma l ly , we h a v e t h e fol lowing def in i t ion for A k a i k e ' s i n f o r m a t i o n c r i t e r i on 
c o r r e c t e d ( A I C C ) a n d A k a i k e ' s i n f o r m a t i o n c r i t e r i o n ( A I C ) . 

D e f i n i t i o n 4 . 2 

AICC03) _ -ηο%υβ,ψ)+ψ±^, (4.8

\ η J η — ρ — q — 2 

A I C 0 3 ) = - 2 1 o g L x ( / 3 , ^ ^ ) + 2 ( p + g + l ) . (4 .9) 

T o u s e t h e s e c r i t e r i a , fit m o d e l s w i t h o r d e r s ρ a n d q s u c h t h a t e i t h e r A I C C 
or A I C is m i n i m i z e d . S ince we neve r k n o w t h e t r u e o r d e r for s u r e , in u s i n g 
A I C we s h o u l d n o t choose a m o d e l b a s e d o n t h e m i n i m a l va lue of A I C solely. 
W i t h i n a c l ass of c o m p e t i n g m o d e l s , a m i n i m u m va lue of ρ ± C m a y s t i l l b e 
l e g i t i m a t e w h e n o t h e r f ac to r s , s u c h a s p a r s i m o n y a n d w h i t e n e s s of r e s idua l s , 
a r e t a k e n i n t o c o n s i d e r a t i o n . 

A n o t h e r c o m m o n l y u s e d o r d e r se l ec t ion c r i t e r i o n is t h e B a y e s i a n in fo rma-
t i o n c r i t e r i o n ( B I C ) . I t a t t e m p t s t o c o r r e c t t h e over f i t t ing n a t u r e of t h e A I C . 
F o r a g iven A R M A ( p , q) se r ies {Xt}, i t is def ined a s follows. 

D e f i n i t i o n 4 . 3 

BIC( /3 ) = ( n - p - o ) l o g [ n a 2 / ( n - p - g ) ] + n ( l + l o g V ^ 7 r ) 

+ (p + q) log 

(£x2-na2)l{p + q) L i=i 

(4.10) 

where σ2 is the maximum likelihood estimate of the white noise sequence. 
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4.9 R E S I D U A L A N A L Y S I S 

Afte r a m o d e l h a s b e e n fitted, t h e n e x t s t e p t o check t h e m o d e l is t o p e r f o r m 
a r e s i d u a l a n a l y s i s . Specifically, le t t h e r e s i d u a l s b e d e n o t e d b y Zt = Yt - Yt-
T h e n p e r f o r m t h e fol lowing s t e p s : 

1. M a k e a t i m e ser ies p lo t of Zt-

2. P l o t t h e A C F of Zt. 

3. U n d e r t h e nul l h y p o t h e s i s t h a t Zt ~ W N ( 0 , 1 ) , i t c a n b e s h o w n t h a t 
t h e Tj (of Zt) ~ N ( 0 , 1 / n ) . A s a r u l e of t h u m b , o n e c a n u s e ±2/y/n 
t o d e t e r m i n e if t h e o b s e r v e d rj is s igni f icant ly different f rom ze ro . B u t 
r e m e m b e r t h a t o n l y s h o r t l ags of rj a r e m e a n i n g f u l . 

4. I n s t e a d of l o o k i n g a t t h e r / s ind iv idua l ly , cons ide r t h e q u a n t i t y 

h 

Q = n(n + 2)J2f2z(J)/(n-J): (4 .11) 

j = i 

w h e r e fz{j) is t h e s a m p l e c o r r e l a t i o n of Zt a t l ag j . T h i s is k n o w n a s 
P o r t m a n t e a u s t a t i s t i c s . I t p o o l s t o g e t h e r t h e i n f o r m a t i o n of r ^ ' s for 
severa l l ags . T o u s e P o r t m a n t e a u s t a t i s t i c s , we n e e d t h e fol lowing r e s u l t 
r e g a r d i n g i t s a s y m p t o t i c d i s t r i b u t i o n w h e n t h e Zt a r e w h i t e no i se . 

T h e o r e m 4 . 4 Let {Zt} ~ W N ( 0 , 1 ) and Q be the Portmanteau statistic 
defined in (4 .11) . Then Q —• x2

n_p_q-j as η —> oo. 

(i) I n p r a c t i c e , h is c h o s e n b e t w e e n 15 a n d 30 . 

(ii) T h i s p r o c e d u r e n e e d s l a r g e n, s a y η > 100. 

(iii) T h e p o w e r of t h i s s t a t i s t i c c a n b e p o o r . 

4.10 M O D E L B U I L D I N G 

M o d e l b u i l d i n g c a n b e classified i n t o t h r e e s t a g e s : 

1. M o d e l spec i f ica t ion ( choos ing A R I M A ) 

2. M o d e l iden t i f i ca t ion ( e s t i m a t i o n ) 

3 . M o d e l check ing ( d i a g n o s t i c ) 

C o r r e s p o n d i n g t o e a c h of t h e s e s t a g e s , we h a v e t h e fol lowing p r o c e d u r e s . 

1. A R I M A , t r e n d + seasona l i ty , a n d so on . 
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2. L S E , C L S E , M L E , a n d so on . 

3 . R e s i d u a l a n a l y s i s , P o r t m a n t e a u s t a t i s t i c s , a n d s o o n . 

After s t e p 3 , r e m o d e l t h e d a t a a n d r e t u r n t o s t e p 1. T h i s r e c u r s i o n m a y 
h a v e t o b e r e p e a t e d severa l t i m e s success ive ly before a s a t i s f a c t o r y m o d e l is 
a t t a i n e d . 

4.11 E X E R C I S E S 

1. C o n s i d e r t h e c o n d i t i o n a l l eas t s q u a r e s p r o c e d u r e for a n M A ( 1 ) m o d e l 
w i t h Z 0 = 0, 

(a) F o r a g iven in i t i a l va lue 0o, e x p r e s s t h e c o n d i t i o n a l s u m of s q u a r e s 
S„(0) = Σ Z 2 ( 0 ) in t e r m s of Y. 

(b ) P e r f o r m a G a u s s - N e w t o n s e a r c h t o find t h e va lue of 0 t h a t m i n -
imizes 5 , ( 0 ) . U s i n g e q u a t i o n (4 .2) , d e m o n s t r a t e h o w y o u w o u l d 
p r o c e e d t o solve for θ\ a n a l y t i c a l l y in t h e first i t e r a t i o n . T o solve 
t h i s , y o u m a y a s s u m e t h a t t h e va lues of d Z t ( 0 ) / d 0 a r e k n o w n , for 
t h e t i m e b e i n g . 

(c) U s i n g t h e def in ing e q u a t i o n (4.12) of t h e M A ( 1 ) m o d e l , s h o w h o w 
t o c o m p u t e t h e d e r i v a t i v e s οίάΖι(θ)/άθ recurs ive ly . 

(d) O n c e y o u o b t a i n e d θχ, y o u c a n r e p e a t t h e s t e p s a b o v e t o ge t a n e w 
02 in t h e s a m e m a n n e r a n d r e p e a t t h e p r o c e d u r e un t i l i t converges . 
T h i s is t h e sp i r i t of t h e G a u s s - N e w t o n s e a r c h . 

2. C o n s i d e r a n A R ( 1 ) m o d e l 

(a) Verify t h a t t h e log- l ike l ihood func t ion λ(φ, σ2) is g iven b y e q u a t i o n 

Yt = Zt — 0 Z t - i . (4 .12) 

Yt = <l>Yt-i + Zt, Zt ~ N ( 0 , fx 2), i . i .d. 

(b) a r e 

σ 2 = S(4>)/n, 

w h e r e 
η 

S(4>) = £ ( n - ΦΥ-ι)2 + (i - Φ2)Υΐ 
t=2 

a n d φ is t h e va lue of φ t h a t m i n i m i z e s t h e func t ion 

1(φ) = - login-1 SW) - n~l l o g ( l - φ2). 
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3 . F o r a n A R ( 1 ) p r o c e s s t h e s a m p l e a u t o c o r r e l a t i o n p ( l ) is 
ΑΝ(φ,{1-φ2)/η). S h o w t h a t φ ι (,3(1) - φ)/{I - p2(l))1/2 is A N ( 0 , 1 ) . 
If a s a m p l e of size 100 f rom a n A R ( 1 ) p r o c e s s gives p ( l ) = 0 .638 , con -
s t r u c t a 9 5 % conf idence i n t e rva l for φ. A r e t h e d a t a c o n s i s t e n t w i t h t h e 
h y p o t h e s i s t h a t φ = 0 .7? 

4 . C o n s i d e r t h e A R ( 2 ) p r o c e s s {Yt} sa t i s fy ing 

Yt - φΥ-ι - φ2Υ^2 = z t , 

w h e r e {Zt} ~ W N ( 0 , σ2). 

(a ) F o r w h a t va lue of φ is t h i s a c a u s a l p r o c e s s ? 

(b) T h e fol lowing s a m p l e m o m e n t s w e r e c o m p u t e d a f te r o b s e r v i n g 

Yi, • • • , Y200' 

7 ( 0 ) = 6 .06, p ( l ) = 0 .687, p (2 ) = 0 .610 . 

F i n d e s t i m a t e s of φ a n d σ 2 b y so lv ing t h e Y u l e - W a l k e r e q u a t i o n s . 
If y o u find m o r e t h a n o n e so lu t i on , choose t h e o n e t h a t is c a u s a l . 

5. L e t {Yt} b e a n A R M A ( 1 , 1 ) t i m e ser ies sa t i s fy ing 

Yt = </>Yt-i + Zt - eZt-i, 

w h e r e {Zt} ~ W N ( 0 , σ 2 ) . 

(a) Solve for 7 ( 0 ) a n d 7 ( 1 ) in t e r m s of φ a n d Θ. 

(b) I t is g iven t h a t t h e M L E 

( i ) ° ' ( t ) 

sat isf ies t h e fol lowing t h e o r e m : 

w h e r e 

, _ Ι-φθ ( (1 - φ2)(1 - φθ) - ( 1 - 0 2 ) ( 1 - φ2) \ 
- ( Φ - Θ ) 2 \ - ( i - 0 2 ) ( i - 4 > 2 ) ( i - f ? 2 ) ( i - ^ ) ; · 

I n s t e a d of a n A R M A ( 1 , 1 ) m o d e l , a s s u m e t h a t t h e d a t a a r e a c t u a l l y 
g e n e r a t e d f rom a n A R ( 1 ) m o d e l Yt = φΥί-\ + Zt. I t is k n o w n in 
t h i s case t h a t t h e M L E φ ~ ΑΝ(φ, ( σ 2 / η ) ( 1 - φ2)). E x p l a i n w h a t 
h a p p e n s t o t h e s t a n d a r d e r r o r of t h e M L E φ if we overfi t t h e A R ( 1 ) 
m o d e l b y t h e A R M A ( 1 , 1 ) m o d e l . 
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6. C o n s i d e r a n M A ( 1 ) m o d e l sa t i s t fy ing 

Yt — Zt — eZt-i, 

w h e r e {Zt} ~ W N ( 0 , 1 ) . I t is g iven t h a t t h e A C F of {Yt} is g iven b y 

7(O) = ( l + 0 2 ) , 7 ( 1 ) = - 0 , 7(fc) = 0 f o r | f c | > l . 

S u p p o s e t h a t we h a v e t h r e e d a t a p o i n t s Υχ, Y2, a n d Y 3 . 

(a) F i n d t h e coefficient b so t h a t t h e e s t i m a t o r Y 3 = bY2 of Y3 m i n i m i z e s 

E ( Y 3 - Ϋ 3 ) 2 = E ( F 3 - bY2)2. 

(b ) S imi lar ly , w i t h t h e va lue of b g iven i n p a r t ( a ) , le t Υχ = bY2 b e a n 
e s t i m a t o r of Υχ. E v a l u a t e 

οον(Υ3-Ϋ3,Υχ-Ϋχ). 

(c) H e n c e , d e d u c e t h a t t h e p a r t i a l A C F a t lag 2 for {Yt} is g iven b y 

022 = - : 
1 + Θ2 + 0 4 ' 

(d) Show t h a t for t h e M A ( 1 ) m o d e l {Yt}, 

7. L e t { Z t } b e i . i .d. N ( 0 , 1 ) r a n d o m va r i ab l e s . W e g e n e r a t e t h r e e t i m e ser ies 
a c c o r d i n g t o m o d e l s ( a ) , (b ) , a n d (c) a s follows: 

(a) Yt = Ο .δδΥί - ! + Z t - 0 . 7 Z t _ i . 

(b) Yt = Zt+0.7Zt-1. 

(c) Yt = 1.5Yt-x - 0 . 7 5 Y t _ 2 + Zt. 

I n F i g u r e 4 . 1 , t h e first p l o t in t h e first c o l u m n is t h e t i m e ser ies p lo t of 
t h e ser ies ( a ) , t h e s e c o n d p lo t in t h e first c o l u m n is t h e t i m e ser ies p l o t 
of t h e ser ies ( b ) , a n d t h e t h i r d p l o t in t h e first c o l u m n is t h e t i m e ser ies 
p l o t of t h e ser ies (c) . T h e s e c o n d a n d t h i r d c o l u m n s of F i g u r e 4 .1 a r e 
t h e A C F a n d P A C F of e i t h e r ser ies ( a ) , ( b ) , o r (c ) . N o t e t h a t w i t h i n 
t h e s a m e row, t h e s e c o n d a n d t h i r d c o l u m n s of F i g u r e 4 .1 a r e t h e A C F 
a n d P A C F of t h e s a m e ser ies . M a t c h ser ies r l - r 3 w i t h ser ies ( a ) - ( c ) . 
E x p l a i n y o u r a n s w e r briefly. 
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Fig. 4.1 Exercise 7. 



5 
Examples in S p l u s and r 

5.1 I N T R O D U C T I O N 

I d e a s f rom p r e v i o u s c h a p t e r s a r e i l l u s t r a t e d t h r o u g h t w o e x a m p l e s in t h i s 
c h a p t e r . T h e s e e x a m p l e s a r e a n a l y z e d in d e t a i l u s ing S P L U S / R p r o g r a m s . 
S o m e of t h e s u b t l e p o i n t s of S P L U S / R p r o g r a m s a r e a lso i n d i c a t e d in t h e s e 
e x a m p l e s . 

S.2 E X A M P L E 1 

T h i s is a n e x a m p l e of t h e y ie ld of s h o r t - t e r m g o v e r n m e n t s ecu r i t i e s for 21 
y e a r s for a c o u n t r y in E u r o p e in a p e r i o d in t h e 1950s a n d 1960s . T h e d a t a 
a r e s t o r e d in t h e file y i e l d s . d a t o n t h e W e b p a g e for t h i s b o o k . Seve ra l 
o b s e r v a t i o n s c a n b e m a d e a b o u t t h i s ser ies . 

> y i e l d . t s < - s c a n ( ' y i e l d s . d a t ' ) 
> t s . p l o t ( y i e l d . t s ) 
> a c f ( y i e l d . t s ) 
> a c f ( y i e l d . t s , 3 0 , t y p e = ' p a r t i a l ' ) 

T h e r e is a n u p w a r d t r e n d in t h e d a t a , b u t t h e r e is n o t m u c h seasona l i t y . F r o m 
F i g u r e 5.1 we see t h a t t h e d a t a a r e c l ea r ly n o n s t a t i o n a r y . T h i s p h e n o m e n o n 
is q u i t e c o m m o n for f inancia l ser ies . T h e r e f o r e , we s h o u l d first difference t h e 
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Fig. 5.1 T ime series and ACF for the yield data . 

d a t a as Wt = (l-B)Yt. T h e p l o t of t h e differenced d a t a a n d i t s c o r r e s p o n d i n g 
A C F a n d P A C F a r e g iven in F i g u r e 5.2. 

> w < - d i f f ( y i e l d . t s ) 
> t s . p l o t ( w ) 
> a c f ( w ) 
> a c f ( w , 3 0 , t y p e = ' p a r t i a l ' ) 

S ince t h e r e is a l a g - o n e c o r r e l a t i o n in t h e A C F f rom F i g u r e 5.2 t h a t is different 
f rom zero , we m a y a t t e m p t a n A R I M A ( 0 , 1 , 1 ) m o d e l for t h e o r ig ina l d a t a , t h a t 
is, fit a n M A ( 1 ) for Wt a s 

{1 - B)Yt = Zt - eZt-i. (5.1) 

> w . K - a r i m a . m l e ( w , m o d e l = l i s t ( o r d e r = c ( 0 , 0 , 1 ) ) ) 
> w . l $ m o d e l $ m a 
[1 ] - 0 . 4 2 9 5 7 8 3 
> a r i m a . d i a g ( w . 1 ) 

I n t h e case of R , r e p l a c e t h e c o m m a n d s " a r i m a . m l e " a n d " a r i m a . d i a g " in 
S P L U S b y t h e c o m m a n d s " a r i m a " a n d " t s d i a g " in R , respec t ive ly , t h a t is, 

w . K - a r i m a ( w , o r d e r = c ( 0 , 0 , 1 ) , m e t h o d = " M L " ) 
t s d i a g ( w . 1 ) 

T h i s is a l so e q u i v a l e n t t o fitting a n A R I M A ( 0 , 1 , 1 ) t o t h e d e m e a n e d ser ies 
Yt — E ( y t ) . O n e c o u l d h a v e e x e c u t e d t h e c o m m a n d in S P L U S 
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S e r i e s : w 

0 5 0 1 0 0 1 5 0 2 0 0 2 5 0 0 5 10, 1 5 2 0 

S e r i e s : w 

A R I M A M o d e l D i a g n o s t i c s : w - m e a n ( \ 

I Plot of Standardized Residuals 

... Ji J , JJluJ.J , IMUW IAJL JU 

η ]() νΐψ\ Π Γ * Λ f rt< ΐ|· <«: '|"Τ| 
0 5 0 . „,-1p(l , . _ ISO. , 200 280 

ACF Plot of Residuals 

° P-value tor Goodjjgss ol fit Statistic20 

i ! . · · · • · · 

0 5 1 0 15 2 0 2 5 3 0 
L a g 

Fig. 5.2 T i m e s e r i e s a n d A C F for t h e d i f f e r e n c e d y i e l d d a t a . 

w . 2 < - a r i m a . m l e ( y i e l d . t s - m e a n ( y i e l d . t s ) , m o d e l = l i s t ( o r d e r = c ( 0 , 1 , 1 ) ) ) 

o r in R 

w . 2 < - a r i m a ( y i e l d . t s - m e a n ( y i e l d . t s ) , o r d e r = c ( 0 , 1 , 1 ) ) 

a n d o b t a i n t h e s a m e r e su l t . N o t e t h a t S P L U S r eve r se s t h e s ign of θ a n d g ives 
a n e s t i m a t e θ = - 0 . 4 3 . T h e r e f o r e , t h e f i t t ed e q u a t i o n b e c o m e s (1 — B)Yt = 
Zt + 0A3Zt-i- T h e l a s t p a n e l of F i g u r e 5.2 gives t h e d i a g n o s t i c p l o t of t h e 
f i t t ed r e s i d u a l s . A s i m p l e A R I M A ( 0 , 1 , 1 ) m o d e l w o r k s r e a s o n a b l y well . T h i s 
is a t y p i c a l e x a m p l e for f inancia l d a t a , a s m o s t of t h e m fit q u i t e wel l w i t h t h e 
r a n d o m w a l k h y p o t h e s i s ( recal l t h e d i scuss ion fol lowing E x a m p l e 3 .6 ) . W e 
c a n a lso p e r f o r m s i m p l e fo recas t s w i t h (5 .1) : 

Yn+l =Yn + Z n + i + 0 . 4 3 Z „ . (5 .2) 

Since Z n + \ is u n k n o w n , we let Z n + i a s Ε(Ζη+χ) = 0, so t h a t 

y n + i =Yn+ 0A3Zn. 

T o c o m p l e t e t h e c o m p u t a t i o n of Yn+i f rom t h i s e q u a t i o n , we n e e d t o specify 
Zn. T h i s c a n b e c o m p u t e d r ecu r s ive ly a s follows. L e t t h e se r ies { Y i , . . . , Yn} 
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S e r i e s : a c c d e a t h s 

J a n , 7 5 J a n , 7 7 

T i m e in m o n t h s 

S e r i e s : a c c d e a t h s 

0 .0 0 .5 1.0 , 1.5 2 . 0 2 . 5 
L a g 

I I. I I I I , . . 
111 ι I . ' Ι ι ' • I 

0 .0 0 .5 1.0 1.5 2 . 0 2 . 5 
L a g 

Fig. 5.3 T i m e series p lo t s , A C F , a n d P A C F of a c c d e a t h s . 

be given and let Yq = Z0 = 0. Then according to (5.2), 

Zi = Y1-Yo-0A3Zo = Y1, 

Z2 = Υ2-Υ!-0.43Ζι, 

Z3 = Y3 - Y 2 - 0.43Z2, 

Zn — Yn — Yn-1 ~ 0.43Z„_i. 

After obtaining Zn in this manner, we can subsitute this value into (5.2) to 

obtain Yn+i-

5.3 E X A M P L E 2 

This is an example concerning the number of accidental deaths on U . S . high-
ways between 1973 and 1978. The data are stored in the file accdeaths. dat 

on the Web page for this book. Here is an illustration of the S P L U S commands 
that can be used to analyze this series: 

>accdeaths<-scan('accdeaths.dat') 

>ts.plot(accdeaths) 

>acf (accdeaths,30) 

>acf(accdeaths,30,type='partial') 

By inspecting the ACF in Figure 5.3, a clear seasonal pattern is detected 
at lags 12, 24, 36, and so on. This is kind of intuitive, due to the high 
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S e r i e s : d a c e 
ο 

J a n , 7 4 J a n , 7 6 J a n , 7 8 0 . 0 0 . 2 0 . 4 0 . 6 0 . 8 1.0 1.2 1.4 

T i m e in m o n t h s 

S e r i e s : d a c e 

CO 
O - o I , I ι 

1.0 , 1.5 
L a g 

2 . 5 

Fig. 5.4 Time series, ACF, and PACF of differenced data . 

traffic d u r i n g s u m m e r m o n t h s . N o t e t h a t w e h a v e a choice h e r e ; we c a n e i t h e r 
d o a s e a s o n a l s m o o t h i n g a s d i s cus sed in C h a p t e r 1, o r p e r f o r m a s e a s o n a l 
d i f ferencing t o a c c o u n t for t h e y e a r l y effect. W e c h o o s e t h e l a t t e r a p p r o a c h 
a n d p e r f o r m a s e a s o n a l dif ferencing a t 12 l ags for t h e d a t a . 

> d a c c < - d i f f ( a c c d e a t h s , 1 2 ) 
> t s . p l o t ( d a c e ) 
> a c f ( d a c e ) 
> a c f ( d a c e , 3 0 , t y p e = ' p a r t i a l ' ) 

B y i n s p e c t i n g t h e A C F of d a c e in F i g u r e 5.4, s igni f icant c o r r e l a t i o n s u p t o 
l ag 6 a r e d e t e c t e d . T h i s l e ads t o f u r t h e r dif ferencing. 

> d d a c c < - d i f f ( d a c e ) 
> t s . p l o t ( d d a c c ) 
> a c f ( d d a c c ) 
> a c f ( d d a c c , 3 0 , t y p e = ' p a r t i a l ' ) 

S igni f icant v a l u e s of t h e A C F a r e d e t e c t e d a t l ags 1 a n d 12 i n F i g u r e 5.5 
for d d a c c , i n d i c a t i n g a p o s s i b l e M A ( 1 ) χ M A ( 1 2 ) m o d e l . N o w e n t e r t a i n a 
S A P J M A m o d e l w i t h t h i s p r e l i m i n a r y i n f o r m a t i o n . W e b e g i n b y fitting a 
S A R I M A ( 0 , 0 , 1 ) χ ( 0 , 0 , 1 ) 1 2 m o d e l t o t h e d e m e a n e d ser ies in S P L U S . 
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S e r i e s : d d a c c 

T i m e In m o n t h s 

S e r i e s : d d a c c 

0 .0 0 . 5 1.0 , 1.S 2 . 0 2 . 5 
L a g 

Fig. 5.5 Time series, ACF, and PACF of twice differenced data . 

>ddacc.l <- arima.mle (ddacc-mean (ddacc), model = list 

+(list(order = c (0, 0, 1)), list(order = c(0, 0, 1 ) , 
+ period =12))) 

>ddacc.l $model[[l]]$ ma 

> 0.4884 (This is the MA parameter for the MA(1) part) 

>ddacc.1 $model[[2]]$ ma 

> 0.5853 (This is the MA(12) parameter for the MA(12) part) 

>ddacc.l$aic 

> 852.73 

I n t h e ca se of R , t h e s e c o m m a n d s b e c o m e 

> ddacc.K-arima(ddacc-mean(ddacc),order=c(0,0,1), 

+ seasonal=list(order=c(0,0,l),period=12)) 

> ddacc.l$coef [1] 

mal 

-0.4962597 (This is the MA parameter for the MA(1) part) 

> ddacc.l$coef[2] 

smal 

-0.6145993 (This is the MA(12) parameter for the MA(12) part) 

> ddacc.l$aic 

[1] 856.5324 

H e r e , M A coefficients differ in s ign f rom t h o s e of S P L U S , s ince different defi-
n i t i o n s of A R M A m o d e l s a r e u sed . 
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Essen t i a l ly , w h a t we h a v e d o n e is 

Wt 

Vt 

Vt 

Wt 

(1 - B)(l - B12)XU 

Wt-W, W = 28 .8 , 

(1 - ΘΒ){1 - @Bl2)Zu 

28 .83 + (1 - 0 . 4 8 8 B ) ( 1 - 0 . 5 8 5 3 B 1 2 ) Z t . 

I n o t h e r w o r d s , t h e m o d e l a t t e m p t e d so far is 

(1 - B){\ - B12)Xt = 28 .83 + (1 - 0 . 4 8 8 B ) ( 1 - 0 . 5 8 5 3 B 1 2 ) Z t , 

w i t h a n A I C va lue 8 5 2 . 7 3 . If we w a n t t o ge t t h e s t a n d a r d i z e d r e s i d u a l s , 
A C F p l o t s , a n d p - v a l u e s of P o r t m a n t e a u s t a t i s t i c s for v a r i o u s l ags , u s e t h e 
c o m m a n d in S P L U S 

>arima.diag(ddacc.1) 

a n d t h e c o m m a n d in R 

>tsdiag(ddacc.1) 

t o g e n e r a t e F i g u r e 5.6. A l t e r n a t i v e l y , t r y t o fit a n M A ( 1 3 ) t o Wt — W, a n d 
we s h o u l d e x p e c t a l a r g e n u m b e r of coefficients t o b e ze ros . T o d o t h i s , w e 
p r o c e e d in S P L U S a s follows: 

>ddacc.2 <- arima.mle(ddacc-mean(ddacc),model=list 

+(order=c(0,0,13))) 

>ddacc.2$model$ma 

T h i s c o m m a n d gives t h e e s t i m a t e d v a l u e s of al l 13 M A p a r a m e t e r s : 

I n t h e c a s e of R , we u s e t h e fol lowing c o m m a n d s 

> ddacc.2<-arima(ddacc-mean(ddacc),order=c(0,0,13)) 

> ddacc.2$model$theta 

W e c o n d u c t t h e fol lowing c o m m a n d in S P L U S 

>a <- ddacc.2$model$ma/(2*sqrt(diag(ddacc.2$var.coef))) 

a n d t h e c o m m a n d in R 

0 . 5 - 0 . 0 2 5 
0.16 0 .012 

- 0 . 4 

0.025 0 .067 0 .085 - 0 . 1 3 0 . 1 9 
0.012 - 0 . 1 1 - 0 . 0 3 - 0 . 0 9 0 . 6 1 1 
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,11 1 ill 1 | 1 1 1 , 1 ι , 1 1 
|H|| 1'H |i ι r 1 

J a n , 7 4 J a n , 7 5 J a n , 7 6 J a n , 7 7 J a n , 7 8 J a n , 7 9 
Tana In month! 

ACF Plot of Residuals 

§ 5 

0.0 0.2 0.4 Ο.β 0.B 1.0 1.2 

P-value for Goodness of Fit Statistic 

D.2 0.4 o.e 0.S 
Ι Ό 

Fig. 5.6 Diagnostics and Portmanteau statistics for ddacc. 1. 

>a<-ddacc.2$model$theta/(2*sqrt(diag(ddacc.2$var.coef))[1:13]) 

T h e o b j e c t a c o n s i s t s of t h e t w o - s t a n d a r d - d e v i a t i o n r a t i o s 9j/2aj for j — 
1 , . . . , 13 . H e n c e , if a p a r t i c u l a r e n t r y of a is b igge r t h a n 1 in m a g n i t u d e , 
it w o u l d i n d i c a t e t h a t t h e p a r t i c u l a r coefficient is s ignif icant ly different f rom 
zero . T h e va lues of a a r e g iven a s follows: 

2 . 1 7 - 0 . 1 1 0 .30 0 .38 - 0 . 5 6 0 . 8 3 
0.73 0.05 - 0 . 5 0 - 0 . 1 2 - 0 . 4 3 2 . 7 3 

- 1 . 6 5 

H e r e , we o b s e r v e θι, 0 i2, #13, a n d pos s ib ly 0 6 t o b e s ignif icant ly different f rom 
zero . Refit t h e d a t a b y speci fy ing # i , 0 i 2 , # i 3 t o b e t h e on ly n o n z e r o va lues . 
W e u s e t h e c o m m a n d in S P L U S 

>ddacc.3 <- arima.mle(ddacc-mean(ddacc),model=list 

+ (order=c(0,0,13),ma.opt=c(T,F)F,F)F,F,F)F,F,F,F.T,T))) 

>ddacc.3$model$ma 

>arima.diag(ddacc.3) 

a n d t h e c o m m a n d in R 

> ddacc.3<-arima(ddacc-mean(ddacc),order=c(0,0,13), 

A R I M A M o d e l D i a g n o s t i c s : d d a c c - m e a n ( d d a c c ) 
Plot ot Standardized ReskJualB 
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A R I M A M O D E L D I A G N O S T I C S : D D A C C - M E A N ( D D A C C ) 

Plot of Standardized Residuals 

J I Ι i l l 1 
1 I 

I . I M i l 

1 ||Ι||' Γ |L 1 1 1 1 

| L | ' 1 1 I 

J a n , 7 4 J a n , 7 5 J a n , 7 6 J a n , 7 7 J a n , 7 8 J a n , 7 9 

ACF Plot of Residuals 
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Fig. 5.7 Diagnostics and Portmanteau statistics for ddacc. 3. 

+ fixed^CNA.O.O.O.O.NA.O.O.O.O.O.NA.NA.NA)) 

> ddacc.3$model$theta 

>tsdiag(ddacc.3) 

T h e e s t i m a t e d va lues a r e θχ = 0 .46, θλ2 = 0 .63 , θ13 = - 0 . 2 2 , w i t h q = 3 . 
T h e A I C va lue is A I C = 854 .47 = - 2 1 o g L ( < 7 2 ) + 2 ( p + fj + l ) , w h e r e ρ = 0 a n d 
q = 13 . T h e r e f o r e , — 2 1 o g L ( a 2 ) = 854 .47 — 28 , w h i c h impl i e s t h a t t h e c o r r e c t 
A I C s h o u l d b e e q u a l t o 854 .47 - 28 + 8 = 834 .47 , s ince t h e r e a r e o n l y t h r e e 
i n d e p e n d e n t p a r a m e t e r s a n d t h e c o r r e c t q = 3 . T h e p-values of P o r t m a n t e a u 
s t a t i s t i c s for t h i s p a r t i c u l a r m o d e l s e e m t o b e q u i t e p o o r (see F i g u r e 5 .7) . A s 
a f u r t h e r a t t e m p t , we t r y a m o d e l b y i n c l u d i n g a poss ib le n o n z e r o . W e u s e 
t h e c o m m a n d in S P L U S 

>ddacc.4 <- arima.mle(ddacc-mean(ddacc),model=list(order= 

+c(0,0,13), ma.opt=C(T,F,F,F,F,T,F,F,F,F,F,T,T))) 

>ddacc.4$model$ma 

> 0.60 ... 0.41 ... 0.67, -0.47 

> AIC = 869.85 

a n d t h e c o m m a n d in R 

ddacc.4<-arima(ddacc-mean(ddacc),order=c(0,0,13), 



68 EXAMPLES IN S P L U S AND R 

ARIMA Model Diagnostics: ddacc - mean(ddacc) 
Plot of Standardized Residuals 

,11 i.l 1 1 1 ι 
I . .,1 

• 1 I1 1 r 1 τ • Γ 
J a n , 7 4 J a n , 7 5 J a n , 7 6 J a n , 7 7 

Tt™m 

ACF Plot oi Residuals 

J a n , 7 8 J a n , 7 9 

P-value lor Goodness of Fit Statistic 

Fig. 5.8 Diagnostics and Portmanteau statistics for ddacc.4. 

fixed=c(NA ,0 ,0,0,0,NA ,0 ,0,0,0,0,NA,NA,NA)) 
ddacc.4$model$theta 
tsdiag(ddacc.4) 

T h i s t i m e , q — 4 i n s t e a d of 3 , g iv ing a rev i sed A I C va lue as 869 .85 — 18 = 
851 .85 . T h e d i a g n o s t i c s t a t i s t i c s i n F i g u r e 5.8 b e c o m e s m o r e r e a s o n a b l e t h i s 
t i m e . T h e overa l l m o d e l is t h e n 

{\-B){l-B12)Xt = 2 8 . 8 3 + ( l - 0 . 6 0 8 B - 0 . 4 1 1 B 6 - 0 . 6 7 7 B 1 2 + 0 . 4 7 3 B 1 3 ) Z t . 

T o p e r f o r m a forecas t , o n e c a n use S P L U S w i t h t h e p r e c e d i n g fitted m o d e l a s 
follows: 

>ddacc.fore < - arima.forecast(ddacc-mean(ddacc), 
+ n=6,model=ddacc.4$model) 
>ddacc.fore$mean <- ddacc.fore$mean + mean(ddacc) 

> 6 7 . 7 7 1 9 4 6 2 1 8 . 1 3 4 4 3 3 - 1 6 3 . 5 6 7 9 7 8 9 . 0 5 8 9 7 6 1 0 8 . 2 5 6 3 7 7 6 2 . 7 7 4 3 3 9 

I n t h e ca se of R , t h e c o m m a n d b e c o m e s 

ddacc.fore<-predict(ddacc.4,6) 
ddacc.fore$pred<-ddacc.fore$pred+mean(ddacc) 

T h e p r e c e d i n g c o m m a n d fo recas t s t h e m e a n v a l u e s of t h e se r i es Wt for 
t — 7 3 , . . . , 78 . However , s ince we a r e i n t e r e s t e d in t h e va lues of Xt, we h a v e 
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Table 5.1 Forecasted and Actual Values of Xt, t = 7 3 , . . . , 78 

t 73 74 75 76 77 78 

F o r e c a s t e d va lues Xt 

O b s e r v e d v a lue s Xt 

8348 
7798 

7622 
7406 

8 3 5 7 
8 3 6 3 

8 7 6 7 
8460 

9798 
9 2 1 7 

10 ,180 
9316 

t o undi f fe rence t h e fo recas t ed va lues Wt t o g e t t h e va lues of Xt b a c k . T h u s , 
for t = 7 3 , . . . , 78 , 

Xt = Wt+ Xt-l + Xt-12 — Xt-13-

T h i s g ives t h e fo recas t ed va lues l i s t ed in T a b l e 5 . 1 . 

5.4 E X E R C I S E S 

1. R e l o a d t h e a i r l i ne sa les d a t a in E x e r c i s e 3 of C h a p t e r 1, w h i c h a r e l i s t ed 
o n t h e W e b p a g e for t h i s b o o k u n d e r t h e file a i r l i n e . d a t . 

(a) P e r f o r m a t i m e ser ies a n a l y s i s o n t h e a i r l i ne d a t a se t . 

(b) F o r e c a s t t h e n e x t 12 va lue s f rom t h e e n d of t h e d a t a se t w i t h cor -
r e s p o n d i n g 9 5 % fo recas t ing i n t e rva l s . Y o u s h o u l d a l so p l o t o u t t h e 
g r a p h of t h e fo recas t s . 

2 . P e r f o r m a t i m e ser ies a n a l y s i s o n t h e week ly e x c h a n g e r a t e b e t w e e n 
t h e U . S . do l l a r a n d t h e p o u n d s t e r l i n g for t h e y e a r s 1 9 8 0 - 1 9 8 8 . T h i s 
d a t a se t c a n b e f o u n d o n t h e W e b p a g e for t h i s b o o k u n d e r t h e file 
e x c h a n g e . d a t . U s e t h e e x a m p l e s p r e s e n t e d in t h i s c h a p t e r a s o u t l i n e s 
t o c o n d u c t y o u r a n a l y s i s . 



6 
Forecasting 

6.1 I N T R O D U C T I O N 

H a v i n g o b s e r v e d a t i m e ser ies {Υχ,..., Yn}, we a r e u s u a l l y i n t e r e s t e d in fore-
c a s t i n g a f u t u r e va lue Yn+h- I t will b e useful t o d i s t i n g u i s h b e t w e e n t w o 
t y p e s of fo recas t , t h e ex p o s t a n d ex a n t e fo recas t s . T h e ex p o s t fo recas t s 
o b s e r v a t i o n s w h e n t h e " fu tu re" o b s e r v a t i o n s a r e k n o w n for c e r t a i n d u r i n g 
t h e f o r e c a s t i n g p e r i o d . I t is u s e d a s a m e a n s t o check a g a i n s t k n o w n d a t a so 
t h a t t h e fo recas t ing m o d e l c a n b e e v a l u a t e d . O n t h e o t h e r h a n d , t h e ex a n t e 
fo recas t s o b s e r v a t i o n s b e y o n d t h e p r e s e n t , a n d in t h i s case , t h e f u t u r e obse r -
v a t i o n s a r e n o t ava i l ab le for check ing . S u p p o s e t h a t we o b s e r v e {Υχ,..., Yn}\ 
w e m a y u s e {Υχ,...,Υτ} {Τ < η) t o e s t i m a t e a m o d e l a n d u s e t h e e s t i m a t e d 
m o d e l t o forecas t Υτ+χ,... ,Yn- T h e s e a r e ex p o s t fo recas t s s ince we c a n u s e 
t h e m t o c o m p a r e a g a i n s t t h e o b s e r v e d Υτ+χ, • • • ,Yn- T h e e s t i m a t i o n p e r i o d 
in t h i s case is T . O n t h e o t h e r h a n d , w h e n we forecas t Yn+i, · · · ,Yn+h f ° r 

h > 0, we a r e d o i n g ex a n t e fo recas t s . Af te r f i t t ing a m o d e l , we e s t i m a t e a 
f u t u r e va lue Yn+h a t t i m e η b y Yn{h) b a s e d o n t h e fitted m o d e l , whi le t h e 
a c t u a l va lue of Yn+h is u n k n o w n . T h e forecas t is h s t e p s a h e a d ; h is k n o w n 
a s t h e l ead t i m e or h o r i z o n . I n p r a c t i c e , t h e r e a r e different w a y s t o p e r f o r m 
fo recas t s a n d we d i scuss severa l of t h e s e m e t h o d s in t h e fol lowing s e c t i o n s . 
W e b e g i n b y i n t r o d u c i n g t h r e e i m p o r t a n t q u a n t i t i e s . T h e first is t h e fo recas t 
f unc t ion Yn{h), w h i c h is a l so d e n o t e d b y Y(n, h), Yn+h or Y™+h. Fo rma l ly , i t 
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is def ined a s 

Yn+h = E(Yn+h\Yn, • · •) 
= PSp{Yn,...}Yn+h 
= PnYn+h 

= YX+H- (6-1) 

N o t e t h a t t h i s is t h e c o n d i t i o n a l m e a n of Yn+h g iven t h e h i s to ry . I t c a n b e 
s h o w n t h a t t h i s is t h e b e s t e s t i m a t o r in t e r m s of t h e m e a n s q u a r e e r r o r (see 
E x e r c i s e 1). T h e s e c o n d q u a n t i t y is t h e c o r r e s p o n d i n g forecas t e r r o r , wh ich is 
def ined a s 

en{h) = Yn+h - Y „ " + i l , (6 .2) 

whi le t h e t h i r d is t h e v a r i a n c e of t h i s e r r o r g iven by 

PZ+h = E[(Yn+fl - Y:+h)2\Yn,...]. (6 .3) 

A g a i n , t h i s v a r i a n c e is s i m p l y t h e c o n d i t i o n a l v a r i a n c e of t h e forecas t e r r o r 
b a s e d o n t h e h i s t o r y of t h e d a t a . 

6.2 S I M P L E F O R E C A S T S 

If t h e u n d e r l y i n g t i m e ser ies h a s a s i m p l e t r e n d s u c h a s t h o s e d i scussed i n 
C h a p t e r 1, Yn c a n b e fo recas ted b y m e a n s of s i m p l e e x t r a p o l a t i o n . T h i s is 
m o s t useful w h e n l o n g - t e r m fo recas t ing is de s i r ed , w h e r e it is un l ike ly t o b e 
w o r t h w h i l e t o fit a c o m p l i c a t e d m o d e l . Specifically, cons ide r Yn = mn + Xn, 
t h e s igna l p lu s no i se m o d e l . S u p p o s e mn is c o n s t a n t , so t h a t t h e series is 
s t a t i o n a r y . T h e n 

Yn+h = PnYn+h = mn+h = mn, (6.4) 

w h e r e t h e las t q u a n t i t y , rhn, c a n b e e s t i m a t e d b y e x p o n e n t i a l s m o o t h i n g . 
T o c o n d u c t e x p o n e n t i a l s m o o t h i n g , reca l l f rom C h a p t e r 1 t h a t t h e e s t i m a t e d 
t r e n d a t t i m e η is e x p r e s s e d a s a c o n v e x c o m b i n a t i o n of t h e c u r r e n t o b s e r v a t i o n 
a n d t h e p r e v i o u s e s t i m a t e a s 

rht+i = ctYt+i + (1 - oi)Yt+\ 

= aYt+i + (1 - a)mt+i 

= aYt+i + (1 - a)rht [using (6 .4)] , t = 1 , . . . , n, 

w i t h m i = Y\. B y i t e r a t i n g t h i s r e c u r s i o n , i t c a n b e seen eas i ly t h a t t h e 
c u r r e n t e s t i m a t e d va lue mn is s i m p l y a w e i g h t e d a v e r a g e of t h e d a t a : 

t - 2 

mt = 5>(1 - ayYt-i + (1 - ay-'Yr. 
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W h e n t h e t r e n d is n o t c o n s t a n t , o n e s i m p l e g e n e r a l i z a t i o n of t h e fo recas t 
f u n c t i o n is 

PnXn+h = an + bnh, 

w h e r e an a n d bn d e s i g n a t e t h e level a n d t h e s lope of t h e t r e n d f u n c t i o n a t 
t i m e n. A s i m p l e g e n e r a l i z a t i o n of t h e e x p o n e n t i a l s m o o t h i n g , k n o w n a s t h e 
H o l t - W i n t e r s a l g o r i t h m , c a n b e d e r i v e d t o a c c o u n t for s u c h a s i t u a t i o n . T o 
i l l u s t r a t e t h i s i dea , first forecas t t h e level an+i b y e x p o n e n t i a l l y s m o o t h i n g 
t h e c u r r e n t va lue a n d t h e l a s t fo recas t ed va lue a s 

at+i = aYt+i + (1 - a)Yt+i 

= aYt+i + (1 - a)(a t + bt) for t = 2 , . . . , n . 

Fo r t h e s l o p e , first c o n s i d e r 

Yn+2 = Ρη,Υη+2 — άη + 6„2 . 

O n t h e o t h e r h a n d , w h e n Yn+i is ava i l ab le , we c a n c o m p u t e 

Yn+2 = Pn+lYn+2 = 0,n+i + 6 n + l -

Since b o t h Y™+2 a n d Yn+2 a r e e s t i m a t i n g t h e s a m e fu tu r e v a l u e Yn+2, it is 
r e a s o n a b l e t o e x p e c t t h e m t o b e close. B y e q u a t i n g t h e s e t w o q u a n t i t i e s , we 
see t h a t bn+i ~ an - αη+χ + 2bn. T h i s i d e a m o t i v a t e s w r i t i n g bt+i a s a c o n v e x 
c o m b i n a t i o n of o t + i — of a n d bt a s 

bt+i = P(at+i - at) + (1 - β% for t = 2 , . . . , n. 

B y c o m b i n i n g t h e r e c u r s i o n s for t h e e s t i m a t e d levels a n d s lopes a n d fixing t h e 
in i t i a l c o n d i t i o n s ά 2 = Y 2 a n d b2 = Y2 - Y i , an a n d bn c a n b e c o m p u t e d so 
t h a t fo recas t of Y„+h c a n b e o b t a i n e d . S imi l a r t o e x p o n e n t i a l s m o o t h i n g , t h e 
va lu e s a a n d β a r e c h o s e n s u c h t h a t t h e s u m of s q u a r e s of t h e p r e d i c t i o n e r r o r 
ΣΓ=2 ei i s m i n i m i z e d . I n p r a c t i c e , a a n d β a r e f o u n d t o b e ly ing b e t w e e n 0.1 
a n d 0 .3 . F u r t h e r g e n e r a l i z a t i o n of t h e H o l t a n d W i n t e r s m e t h o d for s e a s o n a l 
t r e n d s c a n b e f o u n d in K e n d a l l a n d O r d (1990 ) . 

6.3 B O X A N D J E N K I N S A P P R O A C H 

T h i s p r o c e d u r e a m o u n t s t o fitting a n A R I M A m o d e l a n d u s i n g i t for fo recas t -
ing p u r p o s e s . I t is d i s cus sed in d e t a i l in A b r a h a m a n d L e d o l t e r (1983) . Le t 
Yt follow a c a u s a l a n d inve r t i b l e A R M A ( p , q) m o d e l φ(Β)Yt = 6(B)Zt. T h e n 
Yt = Σί^ο i>iZt-i, Ψο = 1- C o n s i d e r t h e fol lowing c o n d i t i o n a l e x p e c t a t i o n s : 

E ( Y S | Y „ , . . . ) = { ^ m 
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EiZs\Yn,...) = { z

: > 

T h e las t e q u a t i o n follows f rom t h e fact t h a t Yn = Υ^0ΦίΖη-ί, so t h a t 
E(Zs\Yn,...) = E(Zs\Zn,...). F u r t h e r m o r e , s ince t h e forecas t f unc t ion s a t i s -
fies 

oo o o 

Yn+h = E(Yn+h\Yn,. . .) = ^ lpjE(Zn+h-i\Yn, • • • ) = y^^lpjZn+h-j, 
i = 0 i=h 

it follows t h a t t h e forecas t e r r o r b e c o m e s 

h-l 

en(h) = Yn+h - Y£+h = ^ ΦίΖη+h-i. 

I n p a r t i c u l a r , t h e forecas t e r r o r v a r i a n c e is g iven b y 

h-l 

PZ+h = E(en(h)2\Yn, . . . ) = σ Ζ

2 Σ 1>* 

2 
Ψ 

i=0 

T h e r e f o r e , a s long a s t h e forecas t e r r o r s ( i nnova t ions ) a r e n o r m a l l y d i s t r i b u t e d , 
a (1 — a) p r o b a b i l i t y i n t e r v a l for t h e forecas t va lue s c a n b e c o n s t r u c t e d a s 

Yn+h ± za/2\Jp~n\h, 

w h e r e za d e n o t e s t h e a t h p e r c e n t i l e of a s t a n d a r d n o r m a l r a n d o m va r i ab l e . 

E x a m p l e 6 . 1 Suppose that the following S A R I M A ( 1 , 0 , 0 ) χ (0 ,1 ,1 )12 has 
been fitted to a data set: 

Yn = Yn-12 + Φ{Υη-1 ~ Yn-is) + Zn - 9Zn-12. (6.5) 

Since E(Zn+i\Yn,...) — 0 , we have 

Yn+l = E ( y n + i I Yn, Yn-i, ...) 

= Yn-n +Φ(Υη— Yn-12) — ΘΖη-η. 

Therefore, 

Yn+2 = E(Yn+2\Yn, Yn-1, • • ·) 

= E(y„_io + φ(Υη+ι - Yn-ii) + Zn+2 - ΘΖη-ι0\Υη,...) 

= Υη-10 + φ(Υ^+1-Υη-η)-ΘΖη-10. (6.6) 

This procedure can be continued recursively. For example, ifYn+i is avail-
able, by virtue of (6 .6 ) , 

Yn+21 = Yn-W + Φ(Υη+1 — Yn-ll) — ΘΖη-ΐο 

= Y n - W + φ(γχ+1 - y n _„) - β ζ η - ι ο - φγχ+ι + φΥη+ι 

= γ : + 2 + φ ( γ η + ι - γ : + 1 ) 

= Υ»+2 + φΖη+1. π 
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For a g e n e r a l A R M A ( p , q) m o d e l , s imi l a r e q u a t i o n s c a n b e u s e d t o ca l cu -
l a t e t h e v a l u e s of t h e fo recas t . A g a i n , a p p r o x i m a t i o n s for t h e va lue s of Zn 

a p p e a r i n g in t h e fo recas t s a r e c o m p u t e d r ecu r s ive ly for η = p + I,ρ+ 2,... b y 
so lv ing for Zn in t h e A R M A e q u a t i o n a n d b y m a k i n g t h e a s s u m p t i o n s t h a t 
Zn = 0 for η < p. 

6.4 T R E A S U R Y B I L L E X A M P L E 

C o n s i d e r t h e se r ies t h a t c o n s i s t s of t h e m o n t h l y i n t e r e s t r a t e o n t h r e e - m o n t h 
g o v e r n m e n t T r e a s u r y bi l ls f rom t h e b e g i n n i n g of 1950 t h r o u g h J u n e 1988 . T h e 
W e b s i t e a t t h e F e d e r a l R e s e r v e B a n k a t S t . Lou i s , 

h t t p : / / w w w . s t l s . f r b . o r g / f r e d / d a t a / b u s i n e s s . h t m l 

c o n t a i n s m a n y i n t e r e s t i n g l o n g - t e r m b o n d y ie ld d a t a . T h i s d a t a se t is s t o r e d 
u n d e r t h e file u s t b i l l . d a t o n t h e W e b p a g e for t h i s b o o k . T h e t i m e ser ies 
p lo t , t h e A C F , a n d t h e l o g - t r a n s f o r m e d ser ies a r e g iven in F i g u r e 6 . 1 . 

I t is c lea r f rom t h e p l o t s t h a t t h e d a t a a r e n o n s t a t i o n a r y in b o t h m e a n a n d 
v a r i a n c e . A s a first a t t e m p t , c o n s i d e r t h e difference in t h e logs of t h e d a t a ; 
cal l t h i s ser ies "d ln tb i l l " a n d d e s i g n a t e it a s Xt- F r o m F i g u r e 6.2, b o t h A C F 
a n d P A C F s h o w t h a t t h e r e a r e s t r o n g c o r r e l a t i o n s a t l ags 1, 6, a n d p e r h a p s 
17. S ince t h e lag 17 c o r r e l a t i o n is o n l y m a r g i n a l l y s ignif icant , w h i c h m a y b e 
c a u s e d b y a n u m b e r of f ac to r s ( n o n s t a t i o n a r y v a r i a n c e , e .g . ) , we s t a r t w i t h 
a n A R ( 6 ) m o d e l , t h e n a n M A ( 6 ) m o d e l , a n d finally, a n A R M A ( 6 , 6 ) m o d e l 
for d ln tb i l l . I n t e r m s of t h e d i a g n o s t i c s a n d t h e A I C va lues , b o t h A R M A ( 6 , 6 ) 

http://www.stls.frb.org/fred/data/business.html
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Fig. 6.2 Time series plots, ACF, and PACF of Xt. 

a n d M A ( 6 ) c o m p a r e less f avo rab ly t h a n t h e A R ( 6 ) . T h e d i a g n o s t i c p l o t s of 
t h e r e s i d u a l s of t h e f i t ted A R ( 6 ) m o d e l a r e g iven in F i g u r e 6 .3 . 

C o n s e q u e n t l y , we c h o o s e t h e A R ( 6 ) m o d e l a s t h e f i t t ed m o d e l a n d a t t e m p t 
t o forecas t t h e f u t u r e va lues b a s e d on i t . I n s u m m a r y , t h e f i t t ed m o d e l is 

<KB)Yt = Zt, 

w h e r e Yt = Wt - W,Wt = ( 1 - B)Xt, Xt = log( tb i l l ) a t m o n t h t , a n d 
φ(Β) = 1 + 0 . 4 5 5 - 0.2B2 + 0 . 0 9 S 3 + 0 . 0 4 B 4 - 0 . 0 1 5 5 - 0 . 2 1 5 6 . T h e S P L U S 
p r o g r a m for t h i s a n a l y s i s fol lows. 

> tsplot(ttbill) 

> acf(ttbill) 

> tsplotdog(ttbill)) 

> acf(log(ttbill)) 

> dlntbilK-diff (log(ttbill)) 

> tsplot(dlntbill) 

> acf(dlntbill) 

> acf(dlntbill,30,'partial') 

> d3<-arima.mle(dlntbill-mean(dlntbill),model=list 

+ (order=c(6,0,0))) 

> d3$model$ar 

[1] 0.44676167 -0.19584331 0.09226429 0.04264963 -0.01214136 

-0.20785506 

> d3$aic 

[1] -1027.108 
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A R I M A Mode l D i a g n o s t i c s : dlntbill - mean(dlntbill) 

Plot of Standardized Residuals 

liJll. 

ACF Plot of Residuals 

Fig. 6.3 Diagnostic plots of the fitted residuals from the AR(6) model. 

> arima.diag(d3) 

> d3fore<-arima.forecast(dlntbill-mean(dlntbill),n=6, 

+ model=d3$model) 

> d3fore 

$mean: 

[1] 0.017246377 -0.015810111 -0.023524633 0.005293435 

0.022376072 

[6] 0.003773632 

> d33<-exp(d3fore$mean + mean(dlntbill)) 

> tfore<-c(0,0,0,0,0,0) 

> tfore[l]<-ttbill[456]*d33[l] 

> for (i in 2:6M 

+ tfore[i]<-tfore[i-l]*d33[i]} 

> tfore 

[1] 5.892155 5.821250 5.707001 5.758577 5.910733 5.955093 

> tsplot(ttbill[457:462],tfore) 

> leg.names<-c('Actual','Forecast') 

> legend(locatord),leg.names,lty=c( 1,2)) 

I n t h e case of R , t h e p r o g r a m b e c o m e s 

> ttbilK-read. table ("ustbill. dat") 
> ttbilK-as.matrix(ttbill) 
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> t t b i l l < - t t b i l l [ , - l ] 
> t t b i l l < - a s . v e c t o r ( t ( t t b i l l ) ) 
> p l o t . t s ( t t b i l l ) 
> a c f ( t t b i l l ) 
> p l o t . t s ( l o g ( t t b i l l ) ) 
> a c f ( l o g ( t t b i l l ) ) 
> d l n t b i l K - d i f f ( l o g ( t t b i l l ) ) 
> p l o t . t s ( d l n t b i l l ) 
> a c f ( d l n t b i l l ) 
> a c f ( d l n t b i l l , 3 0 , " p a r t i a l " ) 
> d 3 < - a r i m a ( d l n t b i l l - m e a n ( d l n t b i l l ) , o r d e r = c ( 6 , 0 , 0 ) ) 
> t s d i a g ( d 3 ) 
> d 3 f o r e < - p r e d i c t ( d 3 , n . a h e a d = 6 ) 
> d 3 3 < - e x p ( d 3 f o r e $ p r e d + m e a n ( d l n t b i l l ) ) 
> t f o r e < - c ( 0 , 0 , 0 , 0 , 0 , 0 ) 
> t f o r e [ l ] < - t t b i l l [ 4 5 6 ] * d 3 3 [ l ] 
> f o r d i n 2 : 6 ) { 
+ t f o r e [ i ] < - t f o r e [ i - l ] * d 3 3 [ i ] } 
> t f o r e 
[1 ] 5 . 8 2 0 0 3 0 5 . 8 9 6 9 6 6 5 . 9 6 0 7 1 6 5 . 9 5 7 5 1 1 5 . 8 9 9 6 5 3 5 . 8 6 4 2 3 2 
> t t b i l K - a s . t s ( t t b i l l ) 
> t f o r e < - a s . t s ( t f o r e ) 
> t s . p l o t ( t t b i l l [ 4 5 7 : 4 6 2 ] , t f o r e , l t y = c ( l : 2 ) ) 
> l e g . n a m e s < - c ( " A c t u a l " , " F o r e c a s t " ) 
> l e g e n d ( l o c a t o r ( l ) , l e g . n a m e s , l t y = c ( l : 2 ) ) 

T h e fo recas t ed a n d o b s e r v e d va lues for t h e first s ix m o n t h s of 1988 a r e 
g iven in T a b l e 6 . 1 . N o t e t h a t t h e S P L U S p r o g r a m a c c o m p l i s h e s t h e fol lowing 
s t e p s : 

1. F i t a n A R ( 6 ) t o t h e se r ies Wt — W a n d forecas t t h e n e x t s ix va lues f rom 
t h i s m o d e l a s Yt+h = Wt+h — W. T h e r e f o r e , Wt+h = Yt+h + W for 
h= 1 , . . . , 6 . 

2. Recover Xt f rom Wt a s X t + h = W t + h + Xt+h-i = Yt+h + W + Xt+h-i-

3 . Recove r Tbillt+h = e**+h = exp{Yt+h + W + Xt+h-i)-

A s c a n b e seen f rom F i g u r e 6.4, t h e m o d e l fo recas t s t h e first t h r e e m o n t h s 
in 1988 r e a s o n a b l y well . Howeve r , w h e n i n t e r e s t r a t e s s t a r t e d h i k i n g in A p r i l 
1988, t h e f i t t ed m o d e l d id n o t h a v e e n o u g h p r e d i c t a b i l i t y t o p ick u p t h i s s h a r p 
r ise . T h i s is o n e of t h e s h o r t c o m i n g s of u s ing a n A R I M A m o d e l t o forecas t 
a vo la t i l e f inancia l ser ies . N e v e r t h e l e s s , t h e overa l l t r e n d of t h e fo recas t ed 
v a l u e s s t i l l follows t h e ser ies o b s e r v e d . W e h a v e on ly m o d e l e d t h e d a t a se t b y 
m e a n s of i t s o w n i n t e r n a l d y n a m i c s w i t h o u t t a k i n g a c c o u n t of a n y e x o g e n e o u s 
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Fig. 6.4 Plots of actual and forecasted values. 

Table 6.1 Forecasted and Actual Rates of T-Bills in 1988 
t J a n . F e b . M a r . A p r . M a y J u n e 

F o r e c a s t e d r a t e s 5.89 5.82 5.71 5.76 5.91 5.96 
O b s e r v e d r a t e s 5.81 5.66 5.70 5.91 6.26 6.46 

i n f o r m a t i o n in t h i s e x a m p l e . T h e r e a r e o t h e r w a y s t o m o d e l fixed-income 
a s s e t s , c o m m o n l y k n o w n a s t e r m - s t r u c t u r e m o d e l s , w h i c h h a v e b e e n s t u d i e d 
e x t e n s i v e l y i n t h e finance l i t e r a t u r e . F u r t h e r d e t a i l s c a n b e f o u n d in C h a p t e r 
10 of C a m p b e l l , L o , a n d M a c K i n l a y (1997) . 

6.5 R E C U R S I O N S * 

S u p p o s e t h a t a z e r o m e a n s t a t i o n a r y t i m e ser ies { Y i , . . . , Yn} is g iven . I n 
t h i s s e c t i o n w e m e n t i o n t w o c o m m o n l y u s e d a l g o r i t h m s for c a l c u l a t i n g t h e 
p r e d i c t i o n of Yn+\- L e t {Υχ,..., Yn} b e a ze ro m e a n s t a t i o n a r y t i m e ser ies . 
T h e first a l g o r i t h m m a k e s u se of t h e D u r b i n - L e v i n s o n r e c u r s i o n a n d e x p r e s s e s 

'Throughout this book, an asterisk indicates a technical section that may be browsed 
casually without interrupting the flow of ideas. 
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t h e o n e - s t e p - a h e a d p r e d i c t i o n of Yn+\ a s t h e d a t a , so t h a t 

η 

Yn+1 = Yn+1 — P-nXn+1 = ^ Φη] Yn+l-j, (6.7) 

J'=l 

w h e r e t h e coefficients φη^ a r e d e t e r m i n e d v ia t h e D u r b i n - L e v i n s o n r ecu r s ion , 
a n d t h e l a s t coefficient, φ η η , is t h e P A C F of t h e ser ies . N o t e t h a t t h i s ex-
p re s s ion is t o w r i t e t h e p r e d i c t o r in t e r m s of a l inear c o m b i n a t i o n of t h e d a t a 
Yi,...,Yn. 

T h e s e c o n d a l g o r i t h m e x p r e s s e s Yn+i a s a l i nea r c o m b i n a t i o n of t h e o n e -
s t e p - a h e a d p r e d i c t i o n e r r o r ( i n n o v a t i o n ) Yj, — Yj, j = 1 , . . . , n, a s 

η 

Yn+1 = ^2^nj(Yn+i-j — Yn+l-j), (6.8) 

w h e r e t h e coefficients 9nj c a n b e c o m p u t e d r ecu r s ive ly b y m e a n s of t h e in-
n o v a t i o n a l g o r i t h m . T h i s a l g o r i t h m is p a r t i c u l a r l y useful w h e n we h a v e a n 
A R M A ( p , q) m o d e l so t h a t 9nj a r e func t ions of t h e u n d e r l y i n g p a r a m e t e r s 
φ, Θ. I t is u s e d t o e s t a b l i s h a n on- l ine r e c u r s i o n t o e v a l u a t e t h e l ike l ihood 
func t ion for a n A R M A ( p , q) m o d e l . F u r t h e r d i scuss ions a b o u t t h e s e m e t h o d s 
c a n b e f o u n d in C h a p t e r 5 of Brockwe l l a n d D a v i s ( 1991 ) . 

6.6 E X E R C I S E S 

1. S u p p o s e we wi sh t o find a p r e d i c t i o n func t ion g(X) t h a t m i n i m i z e s 

M S E = E ( Y - 5 ( X ) ) 2 , 

w h e r e X a n d Y a r e j o i n t l y d i s t r i b u t e d r a n d o m v a r i a b l e s w i t h a j o i n t 
d e n s i t y f(x,y). S h o w t h a t t h e M S E is m i n i m i z e d b y t h e choice 

g(X) = E(Y\X). 

2. L e t Xt b e a n A R M A (1,1) m o d e l 

(1-φΒ)(Χι-μ) = Ζί-ΘΖί-1. 

(a) Der ive a f o r m u l a for forecas t f unc t ion X™+h in t e r m s of (φ, θ) a n d 
Zt. 

(b ) W h a t w o u l d Χ™+Η t e n d t o a s h t e n d s t o oo? C a n y o u i n t e r p r e t 
t h i s l i m i t ? 

(c) F i n d t h e f o r m u l a for var [e t ( / i ) ] . A g a i n , i n t e r p r e t t h i s f o r m u l a a s h 
t e n d s t o oo. 
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3 . W r i t e a S P L U S p r o g r a m t o p e r f o r m a H o l t - W i n t e r s p r e d i c t i o n of t h e 
a c c i d e n t a l d e a t h s ser ies ( i gno r ing t h e s e a s o n a l c o m p o n e n t ) d i s c u s s e d in 
S e c t i o n 5.3 for t = 7 3 , . . . , 7 8 . C o m p a r e y o u r r e s u l t s w i t h t h o s e g i v e n in 
T a b l e 5.1 a n d c o m m e n t o n t h e differences. 

4. W i t h o u t a l o g a r i t h m , fit a n A R I M A m o d e l t o t h e o r ig ina l m o n t h l y T r e a -
s u r y r a t e s i n S e c t i o n 6.4 a n d c o m p a r e y o u r fo recas t ed v a l u e s w i t h t h e 
m o d e l g iven in t h e e x a m p l e . 

5. L e t {Yt} b e a s t a t i o n a r y t i m e ser ies w i t h m e a n μ. S h o w t h a t 

P<rp{l,Yi,...,Yn}Yn+h = μ + PSp{X1,...,X„}Xn+h, 

w h e r e Xt = Yt — μ-



7 
Spectral Analysis 

7.1 I N T R O D U C T I O N 

A l t h o u g h s p e c t r a l a n a l y s i s h a s m a n y i m p o r t a n t a p p l i c a t i o n s in p h y s i c a l sci-
ences a n d e n g i n e e r i n g , i ts a p p l i c a t i o n s in t h e field of f inance a r e s t i l l l i m i t e d . 
N e v e r t h e l e s s , g iven i t s h i s t o r i c a l b a c k g r o u n d a n d a p p l i c a t i o n s in o t h e r disci -
p l ines , a b a s i c u n d e r s t a n d i n g a b o u t i t s n a t u r e will b e fruitful . I n t h i s c h a p t e r 
we d i s cus s briefly t h e i dea of s p e c t r a l a n a l y s i s in t i m e ser ies . F u r t h e r d e t a i l s 
a b o u t s p e c t r a l a n a l y s i s c a n b e found in t h e b o o k s b y Bloomf ie ld ( 2 0 0 0 ) , 
K o o p m a n s (1995) , a n d P r i e s t l e y (1981) . 

7.2 S P E C T R A L R E P R E S E N T A T I O N T H E O R E M S 

M o s t t i m e ser ies e x h i b i t s o m e p e r i o d i c p a t t e r n s t h a t c a n r o u g h l y b e r e p r e -
s e n t e d by a s u m of h a r m o n i c s . T o u n d e r s t a n d t h i s t y p e of a p p r o x i m a t i o n , 
we i n t r o d u c e a few t e r m s . T h e first o n e specifies t h e r a t e a t w h i c h a se -
r ies osc i l l a tes in t e r m s of cycles , w h e r e a cycle is def ined as a s ine o r cos ine 
w a v e def ined over a t i m e in t e rva l of e x t e n t 2 π . T h e osc i l l a t ion r a t e ω is t h e 
f requency , w h i c h is def ined a s cyc les p e r u n i t t i m e . S o m e t i m e s , i t is m o r e 
c o n v e n i e n t t o define f requency a s r a d i a n s p e r u n i t t i m e λ [1 r a d i a n = 1 / ( 2 π ) 
of a cycle] a n d we h a v e t h e r e l a t i o n 

λ = 2πω. 

Fina l ly , t h e p e r i o d To of a n osc i l l a t ing se r ies is def ined a s t h e l e n g t h of t i m e 
r e q u i r e d for o n e full cycle a n d c a n b e e x p r e s s e d a s t h e r e c i p r o c a l of t h e fre-
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quency , 
T0 = l / A . 

A s a n e x a m p l e , le t B(Xj) b e a s e q u e n c e of i n d e p e n d e n t r a n d o m va r i ab l e s 
def ined over a g iven s e q u e n c e of f requencies — π < λ ι < • · · < λ „ < π in 
r a d i a n s p e r u n i t t i m e . C o n s i d e r t h e p r o c e s s def ined b y 

η 

j=l 
η 

= Y^B(Xj) sm{\jt + φ) 
J = l 

η 
£= ΣΑ{Χί)ε^, 

j=i 

w h e r e t h e l a s t a p p r o x i m a t i o n follows f rom E u l e r ' s i d e n t i t y of c o m p l e x n u m -
b e r s . T h e q u a n t i t i e s A(Xj), j = 1 , . . . , n , a r e r a n d o m a m p l i t u d e s t h a t a r e a s -
s u m e d t o b e i n d e p e n d e n t r a n d o m v a r i a b l e s w i t h E(A(Xj)) = 0, v a r (A(Xj)) = 

= 1 , . . . , n , a n d φ is a fixed p h a s e shift a m o n g t h e s e h a r m o n i c s . S u c h a 
p r o c e s s {Yt} is s t a t i o n a r y . T o check t h i s , first o b s e r v e t h a t EYt = 0. F u r t h e r , 
if we d e n o t e Yt a s t h e c o m p l e x c o n j u g a t e of Yt, t h e c o v a r i a n c e func t ion of Yt 
is g iven b y 

7(fe) = EYt+kYt 

( η η \ 

^2Α{Χ^Ι+^Υ^Α(Χι)ε-ΗΧ' 

2 = 1 

H e n c e , t h e p r o c e s s {Yt} is s t a t i o n a r y . 
Define a func t ion F(X) = Σ , . λ > < λ σ | for —π < λ < π . T h e n F is a n o n -

d e c r e a s i n g func t ion a n d we c a n e x p r e s s 7(fc) a s a R i e m a n n - S t i e l t j e s i n t eg ra l 
of F a s 

7 ( f c ) = Γ eikX dF(X). (7 .1) 
J — π 

I n p a r t i c u l a r , F(tt) = Σ™=1

 σ] = v a r Yt- F ^S ca l led t h e s p e c t r a l d i s t r i b u t i o n 
func t ion of {Yt}- F u r t h e r m o r e , if F is a b s o l u t e l y c o n t i n u o u s , t h e func t ion 
/ ( λ ) = dF(X)/dX is k n o w n a s t h e s p e c t r a l d e n s i t y func t ion of t h e {Yt}-
M o r e genera l ly , i t c a n b e s h o w n t h a t e q u a t i o n (7.1) h o l d s for a w i d e c lass 
of s t a t i o n a r y p rocesses . T h e n e x t t h r e e t h e o r e m s , u s u a l l y k n o w n a s s p e c t r a l 
r e p r e s e n t a t i o n t h e o r e m s , a r e t e c h n i c a l in n a t u r e . S ince t h e y a r e used p r i -
m a r i l y in d e r i v i n g t h e o r e t i c a l p r o p e r t i e s , we sha l l j u s t s t a t e t h e s e t h e o r e m s 
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w i t h o u t p u r s u i n g t h e d e t a i l s . I n t e r e s t e d r e a d e r s m a y find f u r t h e r d i s c u s s i o n s 
in P r i e s t l e y (1981) . 

T h e first t h e o r e m s t a t e s t h a t t h e c o v a r i a n c e func t ion of a s t a t i o n a r y p r o c e s s 
is r e l a t e d t o t h e s p e c t r a l d i s t r i b u t i o n func t ion t h r o u g h a F o u r i e r t r a n s f o r m . 
T h i s is s o m e t i m e s k n o w n a s t h e s p e c t r a l r e p r e s e n t a t i o n t h e o r e m of t h e a u t o -
c o v a r i a n c e func t ion . 

T h e o r e m 7 . 1 7( · ) is the ACF of a stationary process {Yt} iff 

7(fc) = Γ e i k X dF(X), 

J—π 
where F is a right continuous, nondecreasing function on [—π, π] with F(—n) = 
0. Further, if F is such that F{^) = J2n f(X) dX, then /(·) is called the spectral 
density function of {Yt}-

T h e s e c o n d t h e o r e m r e l a t e s t h e p r o c e s s {Yt} i tself t o a n o t h e r s t a t i o n a r y 
p r o c e s s {Z{X)} def ined over t h e s p e c t r a l d o m a i n . I t is s o m e t i m e s k n o w n a s 
t h e s p e c t r a l r e p r e s e n t a t i o n t h e o r e m of t h e p r o c e s s . 

T h e o r e m 7 . 2 Every zero mean stationary process {Yt} can be written as 

Yt = Γ e i t x dZ{X), 
J — π 

where {Z{X)} is a stationary process of independent increments. 

T h e t h i r d t h e o r e m r e l a t e s t h e s p e c t r a l d e n s i t y func t ion t o t h e a u t o c o v a r i -
a n c e func t ion . 

T h e o r e m 7 . 3 An absolutely summable j(-) is the ACF of a stationary pro-
cess {Yt} iff it is even and the function f is defined as 

oo 
= γ τ £ 7 ( f c ) e - i f c A > 0 

for all λ Ε [—π,π] , in which case f is called the spectrum or spectral density 
ofl(-). 

Remark. I t is e a s y t o see t h a t s u c h a n / sat isf ies t h e fol lowing p r o p e r t i e s : 

1. / is e v e n [i.e., / ( λ ) = / ( - λ ) ] . 

2· 7 ( * ) = ΐ:π eikXf(X) dX = / _ π

π coe(fcA)/(A) dX. 

E x a m p l e 7 . 1 Let Yt = cf>Yt-i + Zt, \φ\ < 1, o n A R ( 1 ) process. Recall that 
p(k) = 7 (A; ) /7 (0) , where p(k) = φ* and 7 ( 0 ) = σ 2 / ( 1 - φ2). Now consider the 
function 

1 0 0 
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In particular, 

, / oo oo \ 

V fc=l fc=l / 
1 1 — ώ2 

> 0 / & τ α ! ! λ 6 ( - π , π ] . 
27rl-2</>cosA + 4>2 

According to Theorem 7.3, j(k) is the autocovariance function of a stationary 
process {Yt}, which is the given A R ( 1 ) process. • 

T h e g r a p h s of / for different va lues of φ in t h i s e x a m p l e a r e g iven in F i g u r e 
7 . 1 . 
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For a g e n e r a l A R M A ( p , q) p roces s , i t s s p e c t r a l d e n s i t y f u n c t i o n is g iven b y 

ι MC-^\ ι 2 

/(λ) σ 

2π 

θ(ε~ιΧ) 

\<t>(e~iX) 

I n p a r t i c u l a r , for t h e A R ( 1 ) ca se we h a v e 

_2 ι 

/(A) = 2π\ ίλ}|2 ' 

w h e r e 
\φ(ε~ίΧ)\2 = (1 - 0 e i A ) ( l - <Ae- i A ) = 1 - 2(£cosA + φ2, 

a g r e e i n g w i t h E x a m p l e 7 . 1 . S ince a n y "n ice" func t ion c a n b e a p p r o x i m a t e d 
b y a r a t i o n a l func t ion , t h e r e su l t a b o v e impl i e s t h a t for a n y g iven s t a t i o n a r y 
p r o c e s s w i t h a "n ice" s p e c t r u m , i t c a n b e a p p r o x i m a t e d b y a n A R M A p r o c e s s 
t h r o u g h s p e c t r a l c o n s i d e r a t i o n . T h i s is o n e of t h e r e a s o n s w h y a n A R M A 
m o d e l is useful . 

E x a m p l e 7 . 2 As a second example, let {Yt} ~ W N ( 0 , σ 2 ) . Recall that p(k) = 
0 for k φ 0 and 

f(X) = ~ ν λ ε ( - ι , 4 

In other words, the spectrum f is flat for all frequencies, hence the term w h i t e 
n o i s e . • 

7 . 3 P E R I O D O G R A M 

I n p r a c t i c e , s i nce p(k) a n d 'y(k) a r e u n k n o w n , we m u s t r e s o r t t o e s t i m a t i o n 
a n d c o n s t r u c t 

1 0 0 

k= — oo 

H o w e v e r , e v a l u a t i n g / is difficult . I n s t e a d , c o n s i d e r t h e fol lowing func t i on : 

D e f i n i t i o n 7 . 1 

'<"> - ; 
known as the p e r i o d o g r a m . 

N o t e t h a t t h e p e r i o d o g r a m is j u s t a t r u n c a t e d e x p r e s s i o n of / , a s s h o w n in 
t h e fol lowing r e su l t . 

T h e o r e m 7 . 4 Let ω3· = 2nj/n be a nonzero frequency. Then 

|fc|<n 

,Σ 
t=l 

Y t e - i t u (7.2) 
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P r o o f . A c c o r d i n g t o Def in i t ion 7 . 1 , 

t=i 

Reca l l t h e fact t h a t £ t eitu> = £ t

 e ' i t U j = 0 i f ω ί Φ ° · L e t m = £ Σ Γ = ι y < 
a n d 7 f i = ^ Σ " = 1 Y t . T h e n , 

7 1 t=l s= l 

= £ 7 ( f c ) e - i f c ^ . • 
| f c | < n 

T o s p e e d u p t h e c a l c u l a t i o n of I(ω), we u sua l l y e m p l o y t h e fast Fou r i e r 
t r a n s f o r m a l g o r i t h m . A g a i n , d e t a i l s o n t h i s m e t h o d c a n b e found in P r i e s t l e y 
(1981) . S ince t h e s p e c t r u m is e s t i m a t e d b y o n e i m m e d i a t e l y q u e s t i o n s : 
W h y w o u l d a p e r i o d o g r a m b e g o o d ? W h a t p r o p e r t y w o u l d Ι(ω) pos ses s for 
a p e r i o d i c ser ies? S ince a p e r i o d o g r a m a t a g iven F o u r i e r f r equency is t h e 
Four i e r coefficient for t h e e x p a n s i o n of t h e d a t a v e c t o r Y = ( Y i , . . . , Yn) in 
t e r m s of a n o r t h o n o r m a l b a s i s a t t h a t p a r t i c u l a r f requency, we e x p e c t t h e 
p e r i o d o g r a m t o h a v e a s t r o n g c o n t r i b u t i o n ( level is h i g h ) w h e n t h e d a t a h a v e 
a p e r i o d i c c o m p o n e n t t h a t is in s y n c w i t h t h e g iven F o u r i e r f requency. Specif-
ically, c o n s i d e r t h e fol lowing e x a m p l e . 

E x a m p l e 7 . 3 Let Yt = a c o s i # ; 9 £ (0, π ) be fixed and a, a random variable 
such that E ( a ) = 0, v a r ( a ) = 1. For a fixed ω £ [ - π , π ] , consider 

y Yt cos tu) = a cos t9 cos tu 

= £ I [cos t(9 + u) + cos t(9- ω)]. 

Hence, 

Equivalently, 

£ Yt cos tu = | 
0(n) if 9 = u, 
O ( l ) U θ φ ω. 

γ λ λ _ J 0(η) if 9 = ω, 
ΙΚω) - χ ηΐΛΛ ;f α -ι.,, u 0 ( 1 ) Χ θ φ ω. 

I n o t h e r w o r d s , for a g iven s t a t i o n a r y se r ies , use I(u) t o e s t i m a t e t h e 
p e r i o d i c i t y of t h e ser ies . If t h e ser ies is p e r i o d i c , i t s p e r i o d o g r a m a t t a i n s a 
l a r g e va lue a t υ = 9 a n d a s m a l l va lue o t h e r w i s e . T h e p e r i o d o g r a m of E x a m p l e 
5.2 r evea l s t h i s f e a t u r e in F i g u r e 7.2. 

>spectrum (accdeaths, spans=c(5,7)) 
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Ι 1 Ι 1 Τ 1 Γ -

0 1 2 3 4 5 6 

b a n d w i d t h - 0 . 3 6 3 2 4 2 , θ ' ^ ^ Γ ^ ( - 2 . 6 8 5 5 3 , 3 . 9 0 8 8 9 ) d B 

Fig. 7.2 Spectrum of the accidental death da t a set. 

This periodogram Ι(ω) has a peak at | cycle. With a series of length 

η = 72, this translates to a period of 12. The scale of the periodogram in 

S P L U S /R is decibel, which is 101og10/(ω). The command spans=c(5,7) is 

an input parameter from the user for smoothing the periodogram. One can 

adjust the shape of the periodogram by tuning this parameter. Details of this 

function can be found by typing help (spectrum). 

7.4 S M O O T H I N G O F P E R I O D O G R A M * 

Since In{^j) = η 1\Y%=1Xte ι1ωί\2, Ιη(ω^/2π would be an estimate of 

f{uij). We now extend the definition of In to the entire interval of [—π, π]. 

D e f i n i t i o n 7 . 2 For any ω € [—π, π], the periodogram is defined as 

R / \ _ Γ Ini^k) if ω*: — π/η < ω <wk + π/η and 0 < ω < π, 
Ι η [ ω ) - \ Ιη{-ώ) if ω€[-π,0). 

This definition shows that In is an even function that coincides with the 

original definition of periodogram at the nonnegative Fourier frequencies. For 

'Throughout this book, an asterisk indicates a technical section that may be browsed 
casually without interrupting the flow of ideas. 
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ω € [Ο, π ] , le t ς{η,ω) b e t h e m u l t i p l e of 2 π / η t h a t is c loses t t o ω, a n d le t 
g(n, ω) — g(n, —ω) for - π < ω < 0. T h e n Def in i t ion 7.2 c a n b e w r i t t e n a s 

In(u>) = In(g(n,u>)) for al l ω e [ - π , π ] . (7.3) 

A s y m p t o t i c p r o p e r t i e s of / „ c a n b e d e d u c e d a n d t h e y c a n b e found in B r o c k -
well a n d D a v i s (1991) . S ince / „ is def ined t h r o u g h s o m e k i n d of i n t e r p o l a t i o n , 
i t s g r a p h w o u l d b e spiky. For a b e t t e r i n t e r p r e t a t i o n , we m a y w a n t t o s m o o t h 
i t . For e x a m p l e , cons ide r t h e m o v i n g a v e r a g e ve r s ion 

h Σ ^ τ ϊ ^ ^ ) · 2 π 
|fc|<m 

T h i s w o u l d b e a s m o o t h e d e s t i m a t e of /(u>j) s ince i t p o o l s in t h e m n e a r b y 
f requencies of Wj. I n gene ra l , we cons ide r a s m o o t h e d ve r s ion of In a s 

f(uj) = In{u)= Σ Wn(k)In(wj+k), 
\k\<mn 

w h e r e { m „ } is a s e q u e n c e of p o s i t i v e i n t e g e r s a n d { W „ ( - ) } is a s e q u e n c e of 
we igh t func t ions s u c h t h a t : 

1. mn — o(n). 

2. Wn{k)=Wn(-k), Wn(k)>0. 

3· ZW<mn Wn(k) = 1 a n d £ | f c | < m „ W2(k) - 0. 

S imi la r t o t h e ea r l i e r d i scuss ion , i n gene ra l , we c a n define a d i s c r e t e s p e c t r a l 
a v e r a g e e s t i m a t o r for a n y ω e [ - π , π] b y 

f(u) = f{g(n,u)) (7.4) 

= ^ Σ Wn(k)In(g(n,Lj) + 2kn/n), (7.5) 
|fc|<mn 

w h e r e g(n,w) is t h e m u l t i p l e of 2 r r / n t h a t is c loses t t o ω. H e r e t h e s e q u e n c e 
{mn} is k n o w n a s t h e b a n d w i d t h (b in w i d t h ) a n d t h e func t ions Wn a r e we igh t 
func t ions . 

U n d e r c e r t a i n r e g u l a r i t y c o n d i t i o n s for a s t a t i o n a r y l inear p r o c e s s Yt = 
Σ ° = η "Uj^t-j, it c a n b e s h o w n t h a t t h e s m o o t h e d e s t i m a t e / h a s t h e fol lowing 
a s y m p t o t i c p r o p e r t i e s : 

1. 
lim E ( / > ) ) = /(ω). 

\ 1 f 2 / 2 ( ω ) ω = λ = 0θΓ7Γ , 
l im I Τ Wn(J)\ c o v ( / > ) , / ( A ) ) = <̂  Ρ{ω) 0 < ω = λ < π , 

Jj|<m„ / 1 0 ω φ λ. 
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T h i s r e su l t i n d i c a t e s t h a t t h e r e is a c o m p r o m i s e b e t w e e n b i a s a n d v a r i a n c e 
of t h e s p e c t r a l e s t i m a t o r . W h e n m „ is l a r g e , t h e t e r m J2 ~* n> w h i c h 

impl i e s t h a t t h e v a r i a n c e of / is s m a l l . T h e p e r i o d o g r a m is s m o o t h , b u t t h e 
b i a s m a y b e l a rge s ince f(u) d e p e n d s o n va lues of Ι η ( ω ) a t f r equenc ies d i s t a n t 
f rom ω. O n t h e o t h e r h a n d , if mn is s m a l l , t h e e s t i m a t o r will h a v e a n a r r o w 
f requency b a n d a n d will g ive a n e s t i m a t o r w i t h s m a l l b i a s b u t w i t h p o s s i b l y 
l a r g e v a r i a n c e . 

A l t e r n a t i v e l y , w e c a n a lso define t h e l a g w i n d o w e s t i m a t o r s a s 

= ^ Σ « ' ( Λ / Γ ) 7 ( Λ ) β - " , ω , 

\h\<r 

w h e r e w(x) is a n even , p iecewise c o n t i n u o u s func t ion of χ s a t i s fy ing 

1. io(0) = 1. 

2. |tu(a:)| < 1 for al l x. 

3. w(x) = 0 for | z | > 1. 

T h e f u n c t i o n w is ca l led t h e l ag w i n d o w a n d /χ, is ca l l ed t h e l a g w i n d o w 
s p e c t r a l d e n s i t y e s t i m a t o r . B y t a k i n g t h e spec ia l case t h a t w(x) = 1 a n d 
r — n, we h a v e / L ( U ; . , ) = ( 1 / 2 π ) / „ ( α ; ^ ) for al l n o n z e r o F o u r i e r f r equenc ies ujj. 

A l t h o u g h t h e d i s c r e t e s p e c t r a l a v e r a g e e s t i m a t o r a n d t h e lag w i n d o w es t i -
m a t o r h a v e different e x p r e s s i o n s , t h e y c a n b e l inked b y m e a n s of a s p e c t r a l 
w i n d o w , def ined a s 

\h\<T 

I t c a n b e s h o w n t h a t 

/LM~_L Σ —W(uj)In(g{n,u)+uj). 

b'l<["/2] 

C o n s e q u e n t l y , i t is a d i s c r e t e s p e c t r a l a v e r a g e e s t i m a t o r w i t h w e i g h t i n g func-
t i o n s 

27Γ 

Wn(j) = -Iwfa). 

I t c a n f u r t h e r b e s h o w n t h a t t h e l ag w i n d o w e s t i m a t o r s h a v e d e s i r a b l e a s y m p -
t o t i c p r o p e r t i e s u n d e r c e r t a i n r e g u l a r i t y c o n d i t i o n s ; in p a r t i c u l a r : 

1. 
l im E ( / i ( « ) ) = f(u). 

, Ρ / xx ί 2/2(ω) Γι *w 2 (s) d x if ω = 0 or ττ, v a r / L M ->< iAfi 2 f ' .fn^ „ 
I / (ω) vr[x) dx if 0 < ω < π. 
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W e sha l l n o w p r e s e n t a c o u p l e of e x a m p l e s for s p e c t r a l w i n d o w s . 

E x a m p l e 7 . 4 ( R e c t a n g u l a r W i n d o w ) The rectangular window has the 
form 

/ , _ f 1 if \x\ < 1, 
' \ 0 otherwise. 

The corresponding spectral window is given by the Dirichlet kernel 

K ' v ; s i n ( w / 2 ) 

In this case, the asymptotic variance is ( 2 r / n ) / 2 ( w ) . • 

E x a m p l e 7 . 5 ( B a r t l e t t T r i a n g u l a r W i n d o w ) The Bartlett (triangular) 
window has the form 

"{. W(X) = i λ • 
1 0 otherwise. 

The corresponding spectral window is the Fejer kernel, 

T T , / s s ι s i n 2 ( r w / 2 ) 

s in ( ω / 2 ) 

The asymptotic variance in this case becomes ( 2 r / 3 n ) / 2 ( w ) . • 

C o m p a r i n g t h e s e t w o e x a m p l e s , we see t h a t t h e B a r t l e t t w i n d o w h a s a 
sma l l e r a s y m p t o t i c v a r i a n c e t h a n t h e r e c t a n g u l a r w i n d o w . O t h e r e x a m p l e s 
a b o u n d , i n c l u d i n g t h e Dan ie l l w i n d o w , B l a c k m a n - T u k e y w i n d o w , P a r z e n w in -
dow, a n d so on . E a c h is a n i m p r o v e m e n t on i t s p r e d e c e s s o r in t e r m s of a s y m p -
t o t i c v a r i a n c e . D e t a i l s c a n b e found in P r i e s t l e y (1981) . 

F ina l ly , conf idence b a n d s for s p e c t r a l e s t i m a t o r s c a n b e c o n s t r u c t e d b y u s -
ing t h e fact t h a t vf(uj)/f(wj) is a p p r o x i m a t e l y d i s t r i b u t e d a s a c h i - s q u a r e d 
d i s t r i b u t i o n w i t h ν d e g r e e s of f r eedom, w h e r e ν = 2/\%2\k\<mn W2(k)] ' s 

k n o w n a s t h e equ iva l en t d e g r e e s of f r eedom of t h e e s t i m a t o r . C o n s e q u e n t l y , 
for 0 < ω3- < π , a n a p p r o x i m a t e 9 5 % conf idence i n t e rva l is g iven b y 

2 ' 2 
* X0.975 Xo.025 

7.5 C O N C L U S I O N S 

A l t h o u g h s p e c t r a l a n a l y s i s is useful , i t h a s l i m i t a t i o n s . F i r s t , s p e c t r a l ana ly s i s 
d e a l s w i t h e s t i m a t i n g t h e s p e c t r a l d e n s i t y func t ion , w h i c h lies in a n inf ini te-
d i m e n s i o n a l func t ion s p a c e f rom a t i m e ser ies of finite l e n g t h . T h i s is a n 
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e x a m p l e of t h e n o n p a r a m e t r i c d e n s i t y e s t i m a t i o n p r o b l e m . A s such , we w o u l d 
n o t e x p e c t s p e c t r a l e s t i m a t i o n t o de l iver t h e s a m e a m o u n t of a c c u r a c y a s for 
a f i n i t e -d imens iona l p a r a m e t r i c m o d e l : a n A R M A , for e x a m p l e . 

S e c o n d , i t is i m p o r t a n t t o rea l ize t h a t w h e n inferences a r e d r a w n f rom t h e 
p e r i o d o g r a m , we s h o u l d p a y m o r e a t t e n t i o n t o i t s overa l l q u a l i t a t i v e b e h a v i o r 
r a t h e r t h a n t o m i c r o s c o p i c d e t a i l s . Af ter al l , i t is t h e g e n e r a l s h a p e of t h e 
s p e c t r u m t h a t m a t t e r s m o s t , u n c o v e r i n g pe r iod ic i ty , for e x a m p l e . I n t h i s 
c o n t e x t , a p p l i c a t i o n s of s p e c t r a l a n a l y s i s t o e c o n o m e t r i c t i m e ser ies will b e 
less useful t h a n a p p l i c a t i o n s t o p h y s i c a l sc iences . S ince t h e p e r i o d i c i t y of m o s t 
e c o n o m e t r i c t i m e ser ies , s u c h a s b u s i n e s s cycles o r q u a r t e r l y effects, c a n eas i ly 
b e ident i f ied , s p e c t r a l a n a l y s i s in t h e s e a r e a s will b e of o n l y m a r g i n a l v a l u e . 
U n c o v e r i n g u n e x p e c t e d p e r i o d i c i t y in o t h e r a r e a s w o u l d b e m o r e i n f o r m a t i v e . 

T h i r d , p r e d i c t i o n in t h e s p e c t r a l d o m a i n h a s n o t b e e n d i s cus sed i n t h i s 
c h a p t e r . T h i s w a s o n c e a n a c t i v e r e s e a r c h a r e a , a n d i n t e r e s t e d r e a d e r s c a n 
find m o r e d i s cus s ion of t h i s t o p i c in H a n n a n (1970) . 

7.6 E X E R C I S E S 

1. S h o w t h a t f ei(k-h)\ d x 
r 2TT, i 

l ο c 

if k = h, 
o t h e r w i s e . 

2. L e t / b e t h e s p e c t r a l d e n s i t y func t ion of a s t a t i o n a r y p r o c e s s {Xt} w i t h 
a b s o l u t e l y s u m m a b l e a u t o c o v a r i a n c e func t ion 7 ( · ) def ined b y 

1 °° 

h= — oo 

(a) S h o w t h a t / is even [i.e., / ( λ ) = / ( — λ ) ] . 

(b) C o n s i d e r t h e func t ion 

>"W = 2 ^ E Σ^ 
r=l 

-irX 

S h o w t h a t / η ( λ ) = (1 /2ττη) E ] * i < n ( n - \h\)e-ihXj(h) a n d t h a t 
/ η ( λ ) t e n d s t o / ( λ ) a s η t e n d s t o infinity. 

(c) D e d u c e f rom p a r t (b) t h a t / ( λ ) > 0. 

(d) S h o w t h a t 

7(A) - Γ eikXf(X) d\ = Γ cos(fcA)/(A) dX. 
J—π J—π 
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3 . (a) L e t {Xt} a n d {Yt} b e t w o s t a t i o n a r y p r o c e s s e s w i t h s p e c t r a l d e n s i t y 
func t ions fx(X) a n d / y ( A ) , respec t ive ly . S h o w t h a t t h e p r o c e s s 
Vt = Xt + Yt is a l so s t a t i o n a r y w i t h s p e c t r a l d e n s i t y func t ion 

MA) = /x(A) + /y(A). 

(b) L e t Vt = Xt + Yt, w h e r e {Xt} sat isf ies 

Xt = aXt-ι + Wt, 

w i t h I α I < 1 a n d {Yt} a n d {Wt} a r e i n d e p e n d e n t w h i t e no ise p r o -
cesses w i t h ze ro m e a n a n d c o m m o n v a r i a n c e σ 2 . F i n d t h e s p e c t r a l 
d e n s i t y func t ion of {Vt}. 

4 . C o m p u t e a n d s k e t c h t h e s p e c t r a l d e n s i t y func t ion of t h e p r o c e s s {Xt} 
defined by 

Xt = 0 . 9 9 X t - 3 + Z t , Z t ~ W N ( 0 , l ) -

(a) D o e s t h e s p e c t r a l d e n s i t y s u g g e s t t h a t t h e s a m p l e p a t h of {Xt} will 
e x h i b i t o sc i l l a t o ry b e h a v i o r ? If so , w h a t is t h e a p p r o x i m a t e p e r i o d 
of t h e osc i l l a t ion? 

(b) S i m u l a t e a r e a l i z a t i o n of {Xi,..., Xeo} a n d p l o t t h e r ea l i z a t i on . 
D o e s t h e p l o t s u p p o r t t h e p r e v i o u s c o n c l u s i o n ? Also p l o t i t s p e r i -
o d o g r a m . 

(c) C o m p u t e t h e s p e c t r a l d e n s i t y func t ion of t h e p r o c e s s 

Yt = ^(Xt-1 + Xt + Xt+i). 

C o m p a r e t h e n u m e r i c a l va lue s of t h e s p e c t r a l dens i t i e s of {Xt} 
a n d {Yt} a t f r equency ω = 2 π / 3 . W h a t effect w o u l d y o u e x p e c t 
t h e filter t o h a v e o n t h e osc i l l a t ions of {Xt}t 

(d) A p p l y t h e t h r e e - p o i n t m o v i n g a v e r a g e filter t o t h e s i m u l a t e d r ea l -
i za t i on . P l o t t h e f i l tered se r ies a n d t h e p e r i o d o g r a m of t h e f i l tered 
ser ies . C o m m e n t o n y o u r r e su l t . 

5. C o n s i d e r a n A R ( 2 ) m o d e l 

Yt = ψΜ-ι + φ2Υί-2 + Zt, Zt ~ W N ( 0 , σ 2 ) . 

(a) D e r i v e a n e x p r e s s i o n for t h e s p e c t r a l d e n s i t y func t ion of {Yt}. 

(b) S i m u l a t e a ser ies of l e n g t h 500 w i t h φι = 0 .4 a n d φ2 = - 0 . 7 b y 
us ing Zt ~ N ( 0 , 1 ) , i.i.d. I s s u c h a ser ies c a u s a l ? P l o t i t s p e r i -
o d o g r a m a n d c o m m e n t o n i t s s h a p e . C a n y o u d e t e c t s o m e p e r i o d -
ic i ty? W h y ? 
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6 . Le t {Xt} b e t h e p r o c e s s def ined b y 

Xt = Acos{nt/3) + Bsm(nt/3) + Yt, 

w h e r e Yt = Zt + 2.5Zt-\, Zt ~ W N ( 0 , a 2 ) , i a n d Β a r e u n c o r r e l a t e d 
r a n d o m v a r i a b l e s w i t h m e a n z e r o a n d v a r i a n c e v 2 , a n d Zt is u n c o r r e l a t e d 
w i t h A a n d Β for e a c h t. F i n d t h e a u t o c o v a r i a n c e func t ion a n d t h e 
s p e c t r a l d i s t r i b u t i o n func t ion of {Xt}-

7 . P e r f o r m a s p e c t r a l a n a l y s i s o n t h e T r e a s u r y bil l d a t a se t d i s c u s s e d in 
C h a p t e r 6 . S t a t e al l conc lu s ions f rom y o u r a n a l y s i s a n d c o m p a r e t h e m 
w i t h w h a t y o u found ea r l i e r in a t i m e - d o m a i n ana ly s i s . 



8_ 
Nonstationarity 

8.1 I N T R O D U C T I O N 

Different k i n d s of n o n s t a t i o n a r i t y a r e of ten e n c o u n t e r e d in p r a c t i c e . R o u g h l y 
s p e a k i n g , a n o n s t a t i o n a r y t i m e ser ies m a y e x h i b i t a s y s t e m a t i c c h a n g e in 
m e a n , v a r i a n c e , o r b o t h . W e h a v e d e v e l o p e d s o m e i n t u i t i v e i dea s r e g a r d i n g 
d e a l i n g w i t h n o n s t a t i o n a r y t i m e ser ies . Fo r i n s t a n c e , b y i n s p e c t i n g t h e A C F , 
we m a y r e n d e r a ser ies t o s t a t i o n a r i t y b y di f ferencing. S ince t h e de f in i t ion 
of n o n s t a t i o n a r i t y va r i e s , we focus o u r d i s cus s ion o n a spec ia l fo rm of n o n -
s t a t i o n a r i t y t h a t o c c u r s m o s t o f ten in e c o n o m e t r i c s a n d financial t i m e ser ies 
(i .e. , n o n s t a t i o n a r i t y in t h e m e a n level of t h e se r ies ) . Before d o i n g t h a t , we 
s t a r t w i t h a b r ie f d i scuss ion of t h e t r a n s f o r m a t i o n of n o n s t a t i o n a r y t i m e se -
r ies w i t h n o n c o n s t a n t v a r i a n c e s . I n t h e n e x t c h a p t e r we s t u d y t h e n o t i o n of 
h e t e r o s k e d a s t i c i t y m o r e s y s t e m a t i c a l l y . 

8.2 N O N S T A T I O N A R I T Y I N V A R I A N C E 

C o n s i d e r t h e s i t u a t i o n w h e r e t h e m e a n level of t h e ser ies is va r i ed d e t e r m i n -
is t ical ly , b u t t h e v a r i a n c e of t h e ser ies is v a r y i n g a c c o r d i n g t o t h e m e a n level . 
S u c h a ser ies c a n b e e x p r e s s e d a s 

Yt = /H + Zt, 

w h e r e μ 4 is a n o n s t o c h a s t i c m e a n level b u t t h e v a r i a n c e of {Yt} h a s t h e fo rm 
va r (Yj) = var (Zt) = η2(μι)σ2 for s o m e func t ion h. S u c h a n e x p r e s s i o n h a s 
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t h e effect t h a t t h e v a r i a n c e of {Yt} is p r o p o r t i o n a l t o i t s m e a n level μt. T o 
a c c o u n t for such a p h e n o m e n o n , we w a n t t o find a t r a n s f o r m a t i o n g o n {Yt} 
s u c h t h a t t h e v a r i a n c e of g(Yt) is c o n s t a n t (i .e. , t o find a va r i ance - s t ab i l i z i ng 
t r a n s f o r m a t i o n ) . T h i s c a n b e a c c o m p l i s h e d b y u s i n g a T a y l o r ' s a p p r o x i m a t i o n . 
Specifically, s ince 

g(Yt)*gfat) + (Yt-*)g'(iH), 

we h a v e 
var (g(Yt)) = [9'(μ^]2 va r (Yt) = [g'^t))2h2^t)a2. 

B y speci fy ing t h e v a r i a n c e of g(Yt) t o b e a fixed p o s i t i v e c o n s t a n t c (i .e. , 
s e t t i n g t h e r i g h t - h a n d s ide of t h i s e q u a t i o n t o a c o n s t a n t c) , we o b t a i n t h e 
r e l a t i o n s h i p g ' ( ^ t ) = 1 / / ι ( μ 4 ) . 

As a n e x a m p l e , if / i ( / i t ) = Mt) t h e n 5'(/xt) = Ι / μ * , w h i c h impl ies t h a t 
g^t) = l o g ^ t ) , r e s u l t i n g in t h e u s u a l l o g a r i t h m i c t r a n s f o r m a t i o n . O n t h e 
o t h e r h a n d , if Λ(μ ί ) = ( μ ί ) 1 / 2 , ff'(Mt) = ( M t ) - 1 ^ 2 , a n d t h i s impl ies t h a t 
g^t) = 2 μ ^ 2 , r e s u l t i n g in t h e s q u a r e - r o o t t r a n s f o r m a t i o n . I n g e n e r a l , t h e 
B o x - C o x t r a n s f o r m a t i o n , yx = (yx — 1 ) / λ if λ φ 0 a n d yx = log(y) if λ = 0, 
c a n b e u s e d a s a n a p p r o p r i a t e v a r i a n c e - s t a b i l i z i n g t r a n s f o r m a t i o n . M o r e de -
t a i l s a b o u t t h e B o x - C o x t r a n s f o r m a t i o n c a n b e found in C h a p t e r 7 of Weis -
b e r g (2006) . 

8.3 N O N S T A T I O N A R I T Y I N M E A N : R A N D O M W A L K W I T H D R I F T 

W h e n n o n s t a t i o n a r i t y in t h e m e a n level is p r e s e n t e d , t h e s i t u a t i o n c a n b e 
m o r e c o m p l i c a t e d t h a n n o n s t a t i o n a r i t y in v a r i a n c e . C o n s i d e r a l inear t r e n d 
p l u s a no i se m o d e l 

Yt = fa + fat + Zt. 

Differencing l eads t o 
AYt =Pi + AZt. 

A l t h o u g h t h i s m o d e l is s t a t i o n a r y , i t is n o l onge r inve r t ib l e . A n o t h e r w a y t o 
r e p r e s e n t a c h a n g e in m e a n level is t o cons ide r t h e fol lowing t w o m o d e l s : 

Yt = βο + Pit + vt ( T S ) , 

Yt = βχ + Yt-i+vt ( D S ) , 

w h e r e t h e {i>t}'s a r e u s u a l l y c o r r e l a t e d b u t s t a t i o n a r y . B o t h ( T S ) a n d (DS) 
g ive r ise t o a t i m e ser ies t h a t i n c r e a s e s in t h e m e a n level over t i m e , b u t a 
f u n d a m e n t a l difference ex i s t s b e t w e e n t h e m . Fo r t h e first m o d e l , a s t a t i o n a r y 
p r o c e s s {vt} r e s u l t s af ter d e t r e n d i n g , w h i l e for t h e s e c o n d m o d e l , a s t a t i o n a r y 
p r o c e s s {vt} r e su l t s af ter dif ferencing. If we w e r e t o difference t h e first m o d e l , 
t h e r e s u l t i n g p r o c e s s b e c o m e s 
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so t h a t a n o n i n v e r t i b l e p r o c e s s {Avt} r e s u l t s . T h i s is u n d e s i r a b l e . T h e r e a l 
q u e s t i o n b e c o m e s h o w we c a n d i f fe ren t ia te b e t w e e n t h e s e t w o m o d e l s . T h i s 
is o n e of t h e c h a l l e n g i n g p r o b l e m s for e c o n o m e t r i c i a n s , a n d o n e w a y t o r e -
so lve t h i s is t o b u i l d a m o d e l t h a t e n c o m p a s s e s b o t h s i t u a t i o n s . Specif ical ly, 
c o n s i d e r t h e m o d e l 

Yt = fo + Pit + vt, 

w h e r e 

vt = avt-i + Zu Ζ ί ~ Ν ( 0 , σ 2 ) , i . i .d. 

S i m p l e a l g e b r a s h o w s t h a t 

Yt = β0 + Pit + avt-i + Zt 

= β0 + β^ + α ( Υ - 1 - β 0 - β 1 ( ί - 1 ) ) + Ζί 

= β0(1 ~ a) + βι(ί - a(t - I)) + aYt-ι + Zt 

= β0(1 - a ) + βλα + t / ? i ( l - a ) + aYt-i + Zt 

·•= jo + 'yit + aYt-i+Zt, 

w h e r e t h e s y m b o l : = m e a n s "def ined a s . " I n t h i s ca se , 70 = /?o(l — a) + βχα 
a n d 71 = β\{\ — a). N o t e t h a t : 

1. If a — 1,70 = /3 i ,7 i = 0 a n d Yt = β\ +Yt-i + Zt, w e e n d u p w i t h m o d e l 
( D S ) , a d i f ferenced s t a t i o n a r y ser ies . 

2. If a < l,Yt = 70 + 7 i i + aYt-\ + Zt, we e n d u p w i t h m o d e l ( T S ) , a 
t r e n d s t a t i o n a r y ser ies . 

A l so o b s e r v e t h a t t h e t r e n d s t a t i o n a r y {Yt} sat isf ies 

Yt = To+1it + aYt-1+Zt, 

so t h a t 
(1 - B)Yt = 70 + 7 i * + {a- l)Yt-i + Zt. 

W e c a n t e s t for t h e coefficient a = 1. If a = 1, r eca l l t h a t 70 = βι a n d 71 = 0, 
so t h a t w e h a v e a di f ferenced s t a t i o n a r y se r i e s 

(1 - B)Yt =βι + Zt. (8 .1) 

O n t h e o t h e r h a n d , if a < 1, we h a v e a t r e n d s t a t i o n a r y ser ies 

(1 - B)Yt = 70 + 7 1 * +(a~ l)Yt-i + Zt. (8 .2) 

T o p e r f o r m t h i s t e s t , we h a v e t o i n s p e c t t h e r eg re s s ion coefficient (a — I) of 
Yt-i in e q u a t i o n (8.2) t o t e s t if i t is e q u a l t o ze ro . U n d e r t h e nu l l h y p o t h e s i s 
Η : a = 1, (8.2) r e d u c e s t o (8 .1) . 

L o o k i n g a t it differently, if we r e w r i t e (8.2) a s 

Yt = To + 'nt + aYt-i+Zt, (8 .3) 
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t h e n u n d e r Η : a = 1 ( recal l t h a t 70 = β\ a n d 71 = 0 ) , (8 .3) b e c o m e s 

Yt=fa + Yt-i + Zt. (8 .4) 

C o n s e q u e n t l y , t h e p r o b l e m of t e s t i n g for t h e r eg re s s ion coefficient Η : a— 1 = 0 
in (8.2) c a n b e r e f o r m u l a t e d a s t h e p r o b l e m of t e s t i n g for Η : a = 1 in (8 .3 ) , 
w h i c h in t u r n is r e f o r m u l a t e d t o t e s t i n g for Η : a = 1 in t h e fol lowing p r o b l e m : 

Yt = β! + aYt-! + Zt. 

T h i s p r o b l e m t u r n s o u t t o b e r e l a t e d t o t h e u n i t r o o t s t a t i s t i c , d i scussed in 
t h e n e x t sec t ion . 

8.4 U N I T R O O T T E S T 

T h e p r e v i o u s d i scuss ion l e a d s us t o cons ide r t h e fol lowing t e s t i n g p r o b l e m . 
C o n s i d e r t e s t i n g for t h e A R coefficient Η : a = 1 in t h e m o d e l 

Yt = βχ + o Y t - i + Zt. (8 .5) 

T o i l l u s t r a t e t h e key idea , let u s a s s u m e fu r the r t h a t β\ = 0 in e q u a t i o n (8 .5) . 
T h e n {Yt} follows a r a n d o m w a l k m o d e l u n d e r H, a n d s t a t i s t i c a l t e s t s for t h i s 
k i n d of m o d e l a r e co l lec t ive ly k n o w n in t h e t i m e ser ies a n d e c o n o m e t r i c l i te r -
a t u r e a s r a n d o m w a l k or u n i t r o o t t e s t s . C o n s i d e r t h e l eas t s q u a r e s e s t i m a t e 
a for a in (8 .5) . I t is of t h e fo rm 

a = 

I n p a r t i c u l a r , 

T o s t u d y t h e p r o p e r t i e s of t h e t e s t s t a t i s t i c in e q u a t i o n (8 .6) , we n e e d t o 
cons ide r t h e a s y m p t o t i c b e h a v i o r of t h e n u m e r a t o r a n d d e n o m i n a t o r . F o r 
t h e d e n o m i n a t o r , we re ly o n t h e s i m p l e fo rm of t h e func t i ona l c e n t r a l l imi t 
t h e o r e m ( inva r i ance p r i n c i p l e ) : 

T h e o r e m 8 . 1 Let Z\,...,Zn be a sequence of i.i.d. random variables with 
mean zero and variance 1. Let t £ [0,1] be given and letYn(t) = (1/y/n) 53 ["1 Zi, 
where [nt] denotes the integer part of the number nt. Then Yn(t) -+ W{t) as 

η tends to 0 0 , where W(t) is a standard Brownian motion defined on [0 ,1 ] . 

A p roo f of t h i s t h e o r e m c a n b e f o u n d in Bi l l ings ley (1999) . I n S e c t i o n 
8.5 we d i s cus s h o w t o use a d i s c r e t i z ed ve r s ion of t h i s t h e o r e m t o s i m u l a t e 
t h e s a m p l e p a t h of B r o w n i a n m o t i o n . I n t e r m s of (8 .6 ) , o b s e r v e t h a t u n d e r 
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Η : a — 1, Yt — Σ ί=ι Z%- T h e r e f o r e , d i r e c t a p p l i c a t i o n of T h e o r e m 8.1 
i m m e d i a t e l y y ie lds (l/i/n)Y(t) -+ W(t). Accord ing ly , t h e d e n o m i n a t o r in 

(8.6) c a n b e s h o w n t o conve rge t o 

»2έί k \ ^ ) n 

j W\t) dt. 

A n a l y z i n g t h e n u m e r a t o r in (8.6) is m o r e t r icky . C o n s i d e r t h e fol lowing 
d e r i v a t i o n . U n d e r Η : a — 1, 

Yt = Yt-i + Zt, 

Y? = Yf-x+ZYt-iZt + Z?. (8.7) 

S u m m i n g b o t h s ides of (8.7) f rom 1 t o η a n d s impl i fy ing y ie lds 

t=l \ t=l 

t h e s e fac ts i n t o (8 .8) , we o b t a i n 

Clear ly , Y „ 2 / n W2(l) a n d (1/rc) £ " = 1 Z? 1 a l m o s t sure ly . S u b s t i t u t i n g 

t=l 

W(t) dW{t), 

w h e r e t h e l a s t s t e p follows f rom I t o ' s ru le ; see, for e x a m p l e , 0 k s e n d a l ( 2003 ) . 
I n s u m m a r y , we h a v e d e r i v e d t h e fol lowing t h e o r e m . 

T h e o r e m 8 . 2 Let Yt follow (8 .5) with βι=0. Then under Η : a = 1, 

/„ W(t) dW{t) , x 

η (a - 1) - » J o . W — . 8.9 

T h e r e s u l t a b o v e is u s u a l l y k n o w n a s t h e u n i t r o o t t e s t s t a t i s t i c o r D i c k e y -
Ful le r s t a t i s t i c . I t s n u m e r i c a l p e r c e n t i l e s h a v e b e e n t a b u l a t e d b y v a r i o u s p e o -
p l e a n d c a n b e found in t h e b o o k s of Ful le r (1996) a n d T a n a k a (1996) . W h e n 
t h e a s s u m p t i o n t h a t β\ = 0 is r e m o v e d , t h e a r g u m e n t a b o v e c a n b e u s e d w i t h 
s l ight mod i f i c a t i on , a n d t h e r e s u l t i n g s t a t i s t i c will b e s l igh t ly different f rom 
(8 .9) . D e t a i l s of t h e s e e x t e n s i o n s c a n b e found in T a n a k a (1996) . 
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8.5 S I M U L A T I O N S 

A s t h e a s y m p t o t i c d i s t r i b u t i o n s r e l a t e d t o u n i t r o o t t e s t s a r e m o s t l y n o n -
s t a n d a r d , o n e h a s t o r e s o r t t o s i m u l a t i o n s in e m p i r i c a l s t u d i e s . T o t h i s e n d , 
T h e o r e m 9.1 serves a s t h e b u i l d i n g b lock , a n d o n e c a n s i m u l a t e func t iona l s of 
B r o w n i a n m o t i o n s a s follows. 

C o n s i d e r a d i sc re t i zed v e r s i o n of T h e o r e m 8 . 1 : 

W(tk+1) = W(tk) + etkVAt, (8 .10) 

w h e r e t k + i - tk — At, a n d k = 0,...,N w i t h ίο = 0. I n t h i s e q u a t i o n , 
e t k ~ N ( 0 , 1 ) a r e i . i .d. r a n d o m v a r i a b l e s . F u r t h e r , a s s u m e t h a t W(to) — 0 . 
E x c e p t for t h e f ac to r At, t h i s e q u a t i o n is t h e fami l ia r r a n d o m w a l k m o d e l . 
N o t e t h a t f rom t h i s m o d e l , we ge t for j < k, 

fc-l 
W(tk)-W(tj) = ^2etiVAt. 

i=j 

T h e r e a r e severa l c o n s e q u e n c e s : 

1. A s t h e r i g h t - h a n d s ide is a s u m of n o r m a l r a n d o m va r i ab l e s , W(tk) — 
W(tj) is a l so n o r m a l l y d i s t r i b u t e d . 

2. B y t a k i n g e x p e c t a t i o n s we h a v e 

E(W(tk) - W(tj)) = 0, 

va r (W(tk) - W{tj)) = E ^Σ £ u ^ i j = (* - j) At = t k - tj. 

3. Fo r h <t2 < t 3 < t4, 

W(U) - W{t3) is u n c o r r e l a t e d w i t h W{t2) - W{h). 

E q u a t i o n (8.10) p r o v i d e s a w a y t o s i m u l a t e a s t a n d a r d B r o w n i a n m o t i o n 
( W i e n e r p r o c e s s ) . T o see h o w , cons ide r a p a r t i t i o n of [0,1] i n to η s u b i n t e r v a l s 
e a c h w i t h l e n g t h 1 /n . For e a c h n u m b e r t in [0 ,1 ] , le t [nt] d e n o t e t h e g r e a t e s t 
in teger p a r t of i t . Fo r e x a m p l e , if η — 10 a n d t = | , t h e n [nt] = [ψ] — 3 . 
N o w define a s t o c h a s t i c p r o c e s s in [0,1] a s fol lows. F o r e a c h ί i n [0 ,1] , def ine 

1 [nt] 

S l n t ] = τ^Σ^' (8·η) 

w h e r e €i a r e i.i.d. s t a n d a r d n o r m a l r a n d o m va r i ab l e s . Clear ly , 

S[nt] =S[nt]-l + C [ „ t ] - F : , 



EXERCISES 103 

w h i c h is a spec i a l fo rm of (8.10) w i t h At = 1 /n . F u r t h e r m o r e , we k n o w t h a t 
a t t — 1, 

1 n 

h a s a s t a n d a r d n o r m a l d i s t r i b u t i o n . A l so b y t h e c e n t r a l l imi t t h e o r e m , w e 
k n o w t h a t Sn t e n d s t o a s t a n d a r d n o r m a l r a n d o m v a r i a b l e i n d i s t r i b u t i o n 
e v e n if t h e ei a r e o n l y i.i.d. b u t n o t necessa r i ly n o r m a l l y d i s t r i b u t e d . T h e 
i d e a is t h a t b y t a k i n g t h e l imi t a s η t e n d s t o oo, t h e p r o c e s s S[nt] w o u l d t e n d 
t o a W i e n e r p r o c e s s in d i s t r i b u t i o n . C o n s e q u e n t l y , t o s i m u l a t e a s a m p l e p a t h 
of a W i e n e r p r o c e s s , al l we n e e d t o d o is t o i t e r a t e e q u a t i o n (8 .11) . 

I n o t h e r w o r d s , b y t a k i n g l imi t a s Δ ί t e n d s t o ze ro , we ge t a W i e n e r p r o c e s s 
( B r o w n i a n m o t i o n ) : 

dW(t) = e{t)Vdt, 

w h e r e e(t) a r e u n c o r r e l a t e d s t a n d a r d n o r m a l r a n d o m v a r i a b l e s . W e c a n in-
t e r p r e t t h i s e q u a t i o n a s a c o n t i n u o u s - t i m e a p p r o x i m a t i o n of t h e r a n d o m w a l k 
m o d e l (8 .10) . Of c o u r s e , t h e va l id i ty of t h i s a p p r o x i m a t i o n re l ies o n T h e o -
r e m 8 .1 . 

8.6 E X E R C I S E S 

1. U s i n g e q u a t i o n (8 .11) , s i m u l a t e t h r e e s a m p l e p a t h s of a s t a n d a r d B r o w -
n i a n m o t i o n for η = 1 0 0 , 5 0 0 , a n d 1000 a n d p l o t o u t t h e s e p a t h s w i t h 
t h e S P L U S p r o g r a m . 

2. D o w n l o a d f rom t h e I n t e r n e t t h e da i l y s t o c k p r i ces of a n y c o m p a n y y o u 
l ike. 

(a) P l o t o u t t h e da i l y p r i ces . C a n y o u d e t e c t a n y t r e n d ? 

(b) C o n s t r u c t t h e r e t u r n s ser ies f rom t h e s e p r i ces a n d p l o t t h e h is -
t o g r a m of t h e r e t u r n s ser ies . D o e s it l ook like a n o r m a l c u r v e ? 

(c) C o n s t r u c t t h e log r e t u r n s se r ies f rom t h e s e p r i c e s a n d p l o t t h e 
h i s t o g r a m of t h e log r e t u r n s ser ies . D o e s it l ook l ike a n o r m a l 
c u r v e ? 

( d ) U s e E x e r c i s e 1 in c o n j u n c t i o n w i t h T h e o r e m 8.2 t o s i m u l a t e t h e 
l i m i t i n g d i s t r i b u t i o n of t h e u n i t r o o t s t a t i s t i c s . 

(e) P e r f o r m a u n i t r o o t t e s t o n t h e h y p o t h e s i s t h a t t h e log r e t u r n s 
ser ies of t h e c o m p a n y follows a r a n d o m w a l k m o d e l . 
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Heteroskedasticity 

9.1 I N T R O D U C T I O N 

Simi l a r t o l i nea r r eg res s ion a n a l y s i s , m a n y t i m e ser ies e x h i b i t a h e t e r o s k e d a s t i c 
( n o n c o n s t a n t v a r i a n c e ) s t r u c t u r e . I n a l i nea r r eg re s s ion m o d e l , if t h e r e s p o n s e 
v a r i a b l e Y h a s a n o n c o n s t a n t v a r i a n c e s t r u c t u r e s u c h a s 

Υ = Χβ + e, w h e r e va r (e) = σ 2 

/ Wi 
0 

0 
U>2 

o \ 
0 

w. 

t h e n i n s t e a d of u s i n g t h e o r d i n a r y leas t s q u a r e s p r o c e d u r e , we u s e a g e n e r -
a l ized leas t s q u a r e s ( G L S ) m e t h o d t o a c c o u n t for t h e h e t e r o g e n e i t y of e. I n 
t i m e ser ies it is o f ten o b s e r v e d t h a t v a r i a t i o n s of t h e t i m e ser ies a r e q u i t e s m a l l 
for a n u m b e r of success ive p e r i o d s of t i m e , t h e n m u c h l a rge r for a wh i l e , t h e n 
s m a l l e r a g a i n for a p p a r e n t l y n o r e a s o n . I t w o u l d b e d e s i r a b l e if t h e s e c h a n g e s 
in v a r i a t i o n (vo la t i l i ty ) cou ld b e i n c o r p o r a t e d i n t o t h e m o d e l . 

A ca se in p o i n t is a n a s se t p r i ce ser ies . If a t i m e ser ies of a n a s s e t p r i c e 
o n a log sca le (e .g. , s t o c k o r b o n d p r i ces , e x c h a n g e r a t e s in log sca le , e t c . ) 
is d i f ferenced, t h e differenced ser ies looks like w h i t e no i se . I n o t h e r w o r d s , if 
{Yt} d e n o t e s t h e ser ies of t h e log of t h e p r i ce of a n u n d e r l y i n g a s se t a t p e r i o d 
t, we u s u a l l y e n d u p w i t h a n A R I M A ( 0 , 1 , 0 ) m o d e l for {Yt}, 

AYt=Xt = et, w h e r e et ~ N ( 0 , 1 ) , i.i .d. (9.1) 
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T h i s e q u a t i o n s i m p l y s t a t e s t h a t t h e r e t u r n s of t h e u n d e r l y i n g asse t Xt — 
Yt — Yt-i b e h a v e l ike a G a u s s i a n w h i t e no ise s e q u e n c e , w h i c h is c o n s i s t e n t w i t h 
t h e c e l e b r a t e d r a n d o m w a l k h y p o t h e s i s . A l t h o u g h t h i s s e e m s r e a s o n a b l e a s 
a f i r s t -o rder a p p r o x i m a t i o n , f u r the r a n a l y s i s revea l s o t h e r k i n d s of s t r u c t u r e s 
t h a t c a n n o t b e e x p l a i n e d a d e q u a t e l y b y e q u a t i o n (9 .1) . T y p i c a l s i g n a t u r e s of 
t h e s e f ea tu r e s , u s u a l l y k n o w n a s s ty l i zed - fac t s a r e : 

1. {Xt} is h e a v y - t a i l e d , m u c h m o r e so t h a n t h e G a u s s i a n w h i t e no ise . 

2. A l t h o u g h n o t m u c h s t r u c t u r e is r evea led in t h e c o r r e l a t i o n func t ion of 
{Xt}, t h e ser ies { X t

2 } is h i g h l y c o r r e l a t e d . S o m e t i m e s , t h e s e c o r r e l a t i o n s 
a r e a l w a y s n o n n e g a t i v e . 

3 . T h e c h a n g e s i n {Xt} t e n d t o b e c l u s t e r e d . L a r g e c h a n g e s i n {Xt} t e n d 
t o b e followed b y l a r g e c h a n g e s , a n d s m a l l c h a n g e s in {Xt} t e n d t o b e 
fol lowed b y s m a l l c h a n g e s . 

T h e l a s t p o i n t d e s e r v e s s o m e a t t e n t i o n . T h e p u r s u i t for u n d e r s t a n d i n g 
c h a n g e s in t h e v a r i a n c e or vo l a t i l i t y {at} is i m p o r t a n t for f inancia l m a r k e t s ; 
i n v e s t o r s r e q u i r e h i g h e r e x p e c t e d r e t u r n s as a c o m p e n s a t i o n for h o l d i n g r i sk ie r 
a s se t s . F u r t h e r , a t i m e ser ies w i t h v a r i a n c e c h a n g i n g over t i m e def in i te ly h a s 
i m p l i c a t i o n s for t h e va l id i ty a n d efficiency of s t a t i s t i c a l in ference a b o u t t h e 
p a r a m e t e r s . F o r e x a m p l e , t h e c e l e b r a t e d B l a c k - S c h o l e s f o r m u l a u s e d in o p t i o n 
p r i c i n g r equ i r e s k n o w l e d g e of t h e vo la t i l i t y p r o c e s s {at}. 

I t is p a r t l y for t h e s e r e a s o n s t h a t t i m e ser ies m o d e l s w i t h h e t e r o s k e d a s -
t i c e r r o r s w e r e d e v e l o p e d . I n t h i s c h a p t e r we d i scuss t h e p o p u l a r A R C H 
a n d G A R C H m o d e l s briefly. T h e r e a r e o t h e r a l t e r n a t i v e s t h a t c a n b e u s e d 
t o c a p t u r e t h e h e t e r o s k e d a s t i c effects: for e x a m p l e , t h e s t o c h a s t i c vo la t i l i ty 
m o d e l . A n ice r e v i e w of s o m e r e c e n t d e v e l o p m e n t s in t h i s field c a n b e found 
in S h e p h a r d (1996) . T h e r e is a l so a G A R C H m o d u l e ava i l ab le in t h e S P L U S 
p r o g r a m . 

9.2 A R C H 

O n e of t h e ea r l i e s t t i m e ser ies m o d e l s for h e t e r o s k e d a s t i c i t y is t h e A R C H 
m o d e l . I n i t s s i m p l e s t fo rm, a n A R C H m o d e l exp re s se s t h e r e t u r n ser ies Xt 
a s 

Xt — crtet 

w h e r e i t is u s u a l l y a s s u m e d t h a t e t ~ N ( 0 , 1 ) , i . i .d. a n d at sat isf ies 

ρ 
(9.2) 
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L e t Tt-\ = a(Xt-i,Xt-2, · • ·) d e n o t e t h e s i g m a field g e n e r a t e d b y p a s s infor-
m a t i o n u n t i l t i m e t — 1. T h e n 

EiXflft-!) = E{o2e2\Tt-x) 

= <7?E(e?|.Ft-i) 

T h i s i d e n t i t y impl ies t h a t t h e c o n d i t i o n a l v a r i a n c e of Xt evo lves a c c o r d i n g 
t o p r e v i o u s va lues of X2 l ike a n A R ( p ) m o d e l : h e n c e t h e n a m e p t h - o r d e r 
a u t o r e g r e s s i v e c o n d i t i o n a l h e t e r o s k e d a s t i c , A R C H ( p ) , m o d e l . C lea r ly , c o n d i -
t i o n s n e e d t o b e i m p o s e d o n t h e coefficients in o r d e r t o h a v e a wel l -def ined 
p r o c e s s for e q u a t i o n (9 .2 ) . F o r e x a m p l e , t o e n s u r e t h a t σ\ > 0 a n d Xt is wel l 
def ined, o n e sufficient c o n d i t i o n is 

cti > 0 for i = 0 , . . . , p , 

a n d 
α ι - ( h ap < 1. 

W e d o n o t p u r s u e p r o o f of t h i s s t a t e m e n t h e r e . I n t e r e s t e d r e a d e r s c a n find 
r e l a t e d d i scuss ions in s t a n d a r d re fe rences o n A R C H [see, e.g. , C a m p b e l l , L o , 
a n d M a c K i n l a y (1997) o r G o u r i e r o u x (1997)] . I n s t e a d , le t us c o n s i d e r t h e 
fol lowing A R C H ( l ) e x a m p l e . 

E x a m p l e 9 . 1 Let Xt = otet with σ2 = an + αχΧ2^. Substituting this recur-
sion repeatedly, we have 

v 2 ^.2,2 
x t = °t et 

= e2{a0 + αχΧ2^) 

= a0e2 + axXf^e2 

2 , 2 / 2 2 \ 

= a0e2 + a ^ e ^ i a o + αχΧ2_2) 

η 
- a0 2 ^ a l e t - e t - j + a l e t e t - l • • - e t - n A t - n - l - U 

If Qi < 1, t h e l a s t t e r m of t h e e x p r e s s i o n a b o v e t e n d s t o z e r o a s η t e n d s t o 
infinity, a n d in t h i s case , 

o o 

Χ2 = α 0 γ ^ ^ 2 - - - ^ . (9 .3) 
j = 0 

I n p a r t i c u l a r , EX2 = a o / ( l — αχ). T h e fol lowing conc lu s ions c a n b e d e d u c e d 
f rom t h i s e x a m p l e . 
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1. I t follows f rom e q u a t i o n (9.3) t h a t Xt is c a u s a l a l t h o u g h n o n l i n e a r [i.e., 
i t is a n o n l i n e a r f u n c t i o n of ( e t , e t _ i , . . ·)]-

2. 
E(Xt) = E(E(Xt\Ft-i)) = E ( E ( < 7 t c t | ^ t _ i ) ) = 0. 

3 . v a r (Xt) = E{X2) = a0/{l - αχ). 

4 . Fo r h > 0 , 

E(Xt+hXt) = E ( E ( X t + f c X t | ^ i + f c _ i ) ) 

= E(XtE(at+h^t+h\^t+h-i)) 
= 0. 

5. E ( X t

2 | J f t _ i ) = σ2 = a0 + αχΧ2_λ. 

Al te rna t i ve ly , we c a n e x p r e s s t h e A R C H ( l ) m o d e l a s 

Λ 4 = at +Xt - at 

= αο + αχΧ^+σ2^2-!) 

Formal ly , we c a n t h i n k of a n A R C H ( l ) as a n A R ( 1 ) for t h e p r o c e s s {X2} 
d r iven b y a n e w no i se {vt}. B y a s s u m i n g t h a t 0 < αχ < 1 a n d t h e p r o c e s s t o 
b e s t a t i o n a r y , w h a t c a n we s a y a b o u t t h e c o v a r i a n c e s t r u c t u r e of a n A R C H ( l ) ? 
T o a n s w e r t h i s q u e s t i o n , we h a v e t o e v a l u a t e t h e cova r i ance func t ion of X2. 
T o t h i s e n d , cons ide r 

Ε ( σ 4 ) = Ε ( α 0 + αχΧ2_χ? 
= a% + 2aia2/(l - αχ) + a 2 { v a r X2_, + [EpQU)]2}. (9.4) 

Reca l l t h a t X2 = a n + <*ιΧ?-ι + vt> so t h a t 

v a r ( X 2 ) = va r (vt)/{l - a\) (9 .5) 

var (vt) = v a r ( σ 2 ( ε 2 - 1)) 

= Ε ( σ 4 ) Ε ( ε 2 - l ) 2 

= 2 Ε ( σ 4 ) . (9.6) 

S u b s t i t u t i n g e q u a t i o n s (9.5) a n d (9.6) i n t o (9 .4 ) , we o b t a i n 

Ε ( σ 4 ) = a2 + 2a2

ai/(l - αχ) + 2 Ε ( σ 4 ) α 2 / ( 1 - α 2 ) + α 2 α 2 / ( 1 - αχ)2. 

Simpl i fy ing t h i s exp re s s ion , we h a v e 

l + αχ 1 — αχ 
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If 1 > a\ > | , t h e l e f t - h a n d s ide of (9.7) is n e g a t i v e wh i l e i t s r i g h t - h a n d s ide 
is pos i t i ve , l e a d i n g t o a c o n t r a d i c t i o n ! T h e r e f o r e , for t h e p r o c e s s t o b e wel l 
def ined [i.e., Ε ( σ ^ ) ex i s t s ] , a\ < | . I n t h i s case we c a n d e d u c e t h e fol lowing 
o b s e r v a t i o n s : 

1. F o r s impl ic i ty , s u p p o s e t h a t EX? = a o / ( l — « i ) = l . T h e n 

EXt = E(aUt)=3E(at) 

1 - a ? 
= 3 

= 3 

( l - < * i ) 2 

1 - a 2 

1 - 3 a 2 

l - 3 a 2 

> 3 s ince a L < - . 

T h e r e f o r e , t h e h e a v y - t a i l e d p h e n o m e n o n is ref lected in t h i s m o d e l . 

2 . D u e t o t h e A R ( 1 ) s t r u c t u r e of {X?}, i t is c lear t h a t 

co r r (XlX2

t_s)=a\ > 0. 

T h i s r evea l s t h e n o n n e g a t i v e n a t u r e of t h e A C F of X%. 

3 . T h e A R C H ( l ) e q u a t i o n σ2 = αο + α\Χ2_λ p a r t i a l l y c a p t u r e s t h e p h e -
n o m e n o n t h a t l a rge c h a n g e s in r e t u r n w o u l d b e followed b y l a rge c h a n g e s 
in v a r i a n c e (vo la t i l i t y ) . 

9.3 G A R C H 

Simi l a r t o t h e e x t e n s i o n f rom a n A R m o d e l t o a n A R M A m o d e l , o n e c a n 
e x t e n d t h e n o t i o n of a n A R C H m o d e l t o a gene ra l i z ed A R C H , ( G A R C H ) 
m o d e l . Specifically, a G A R C H m o d e l c a n b e e x p r e s s e d in t h e f o r m 

Xt = atet, e t ~ N ( 0 , l ) , 
ρ ι 

σ\ = αο+Σ&σ^ + Σ^Χΐ^ (9 .8) 

C o n d i t i o n s o n a ' s a n d /3's n e e d t o b e i m p o s e d for e q u a t i o n (9.8) t o b e well 
def ined. S ince finding e x a c t c o n d i t i o n s for a g e n e r a l G A R C H ( p , q) m o d e l c a n 
b e t r icky , o n e h a s t o r e s o r t t o c a se -by -ca se s t u d y . A g l i m p s e of t h e t e c h n i c a l 
a s p e c t s of t h i s p r o b l e m c a n b e found in t h e a r t i c l e by Ne l son (1990) . O n e of 
t h e m a i n r e a s o n s t o c o n s i d e r t h e G A R C H e x t e n s i o n is t h a t b y a l l owing p a s t 
vo la t i l i t i e s t o affect t h e p r e s e n t vo la t i l i t y in (9 .8 ) , a m o r e p a r s i m o n i o u s m o d e l 
m a y r e su l t . W e sha l l n o t p u r s u e t h e G A R C H m o d e l in i t s full gene ra l i t y , b u t 
i n s t e a d , let u s cons ide r t h e fol lowing i l l u s t r a t i v e G A R C H ( 1 , 1 ) m o d e l . 
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E x a m p l e 9 . 2 Let Xt be a G A R C H ( 1 , 1 ) model so that 

σ\ = α 0 + αιΧ2_ι + βχσ\__χ. 

Since o~\_x is unobservable, one way is to estimate it from the initial stretch of 
the data, say the first 50 points. This procedure is often unsatisfactory, and a 
better approach is to reparametrize it and to think of it as an A R M A process. 
Specifically, consider 

X? = σ

2 + ( Χ 2 - σ

2 ) 

= a0 + αχΧ2_χ + β1σ2_1 + X} - σ\ 

= a0 + (αχ + β, )Xl 1 - β, (Xl 1 - σ 2 _ 1 ) + Χ2 - σ2 

= α 0 + ( α ϊ + βι)Χ?-ι+νι- P\vt-i, 

where vt — Χ2 — σ\ = o2(e2 — 1) . With this expression, the process {X2} can 
be viewed as an A R M A ( 1 , 1 ) process driven by the noise v t . • 

T h i s fact is t r u e in g e n e r a l . O n e c a n d e d u c e eas i ly t h a t 

T h e o r e m 9 . 1 If Xt is a G A R C H ( p , g ) process, then X2 is an A R M A ( m , p ) 
process in terms of vt = o f ( e 2 — 1) , where m — m a x { p , q} with a , = 0, i > q 
and Pj = 0 , j > p. 

R e m a r k s 

1. W h e n a G A R C H ( 1 , 1 ) m o d e l is e n t e r t a i n e d in p r a c t i c e , it is of ten found 
t h a t αχ + βι = 1. W h e n a\ + βι — 1, t h e u n d e r l y i n g p r o c e s s Xt is 
n o longer s t a t i o n a r y a n d i t l e a d s t o t h e n a m e i n t e g r a t e d G A R C H ( 1 , 1 ) 
[ I G A R C H ( 1 , 1 ) ] m o d e l . O n e of t h e i n t e r p r e t a t i o n s of t h e I G A R C H ( 1 , 1 ) 
m o d e l is t h a t t h e vo l a t i l i t y is p e r s i s t e n t . T o see t h i s p o i n t clearly, con-
s ider 

E («7 t

2

+ 1 | . F t - i ) = E(a0 + a1X2+Pia2\Tt-1) 

= a0 + (αχ +βι)σ2 = α 0 +σ2. 

Ε ( σ 2

+ 2 | ^ _ 0 = Ε ( Ε ( σ 2

+ 2 | ^ ) | ^ - ι ) 

= Ε ( α 0 + σ 2

+ 1 | ^ ί - 1 ) 

= 2 α 0 + σ 2 . 

I n gene ra l , b y r e p e a t i n g t h e p r e c e d i n g a r g u m e n t , w e h a v e 

E(a2

t+]\Tt-x)=ja0 + a2. ( 9 . 9 ) 

N o t i c e t h a t w e h a v e c o n d i t i o n e d o n Ft-i i n s t e a d of Tt s ince ot+i is 
m e a s u r a b l e w i t h r e s p e c t t o t h e sma l l e r s i g m a field Tt so t h a t 

Ε ( σ 2

+ 1 | ^ ) = σ (

2

+ 1 . 
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T h e r e f o r e , we w o u l d like t o look a t t h e g e n u i n e o n e - s t e p - a h e a d p r e d i c -
t i o n Ε ( σ 2

+ 1 | ^ t - i ) . A c c o r d i n g t o e q u a t i o n (9 .9 ) , t o d a y ' s v o l a t i l i t y affects 
t h e fo recas t of t o m o r r o w ' s vola t i l i ty , a n d t h i s effect k e e p s p e r p e t u a t i n g 
i n t o t h e inf ini te f u t u r e . H e n c e , a n y s h o c k t o X? o r σ 2 will b e c a r r i e d 
f o r w a r d (i .e. , p e r s i s t ) . A l t h o u g h t h e I G A R C H ( 1 , 1 ) m o d e l b e a r s a s t r o n g 
r e s e m b l a n c e t o t h e r a n d o m w a l k m o d e l , p r e c a u t i o n s n e e d t o b e t a k e n 
for s u c h a n a n a l o g y ; see N e l s o n (1990) for d e t a i l s . 

2 . I n e q u a t i o n (9 .8 ) , o n l y t h e s q u a r e s or m a g n i t u d e s of Xt-i a n d at-j affect 
t h e c u r r e n t vo l a t i l i t y σ\. T h i s is o f ten u n r e a l i s t i c s ince t h e m a r k e t r e a c t s 
d i f ferent ly t o b a d n e w s t h a n t o g o o d n e w s . T h e r e is a c e r t a i n a m o u n t 
of a s y m m e t r y t h a t c a n n o t b e e x p l a i n e d b y (9 .8 ) . 

3 . O w i n g t o t h e c o n s i d e r a t i o n s a b o v e , t h e r e a r e m a n y g e n e r a l i z a t i o n s of 
t h e G A R C H m o d e l t o c a p t u r e s o m e of t h e s e p h e n o m e n a . T h e r e a r e 
t - G A R C H , e - G A R C H , a n d n - G A R C H m o d e l s , j u s t t o n a m e a few. W e 
sha l l n o t d i scuss a n y of t h e s e h e r e , b u t t h e b a s i c c o n c e p t is t o e x t e n d 
t h e n o t i o n of c o n d i t i o n a l h e t e r o g e n e i t y t o c a p t u r e o t h e r o b s e r v e d p h e -
n o m e n a . 

4 . T h e G a u s s i a n a s s u m p t i o n of tt is n o t c ruc i a l . O n e m a y r e l a x i t t o a l low 
for m o r e h e a v y - t a i l e d d i s t r i b u t i o n s , s u c h a s a ^ - d i s t r i b u t i o n . S P L U S d o e s 
a l low o n e t o e n t e r t a i n s o m e of t h e s e g e n e r a l i z a t i o n s . O f c o u r s e , h a v i n g 
t h e G a u s s i a n a s s u m p t i o n fac i l i t a t es t h e e s t i m a t i o n p r o c e s s . 

9.4 E S T I M A T I O N A N D T E S T I N G F O R A R C H 

A c c o r d i n g t o t h e def in i t ion of A R C H , it is c lea r t h a t Xt\Tt-\ ~ N ( 0 , σ 2 ) w i t h 
c o n d i t i o n a l p r o b a b i l i t y d e n s i t y func t ion 

f(xt\Ft-i) = (2πσ2)~1/2 

w h e r e o f = a n + X)f=1 a ^ t - i - B y i t e r a t i n g t h i s c o n d i t i o n a l a r g u m e n t , w e 
o b t a i n 

/ ( x n , . . . , a : i | i o ) = / ( a r „ | x „ - i , . . . , x0) · • • / f o f c i , x0)f(xi | xo ) , 
η 

l o g / ( : r „ , . . . , £ i | x 0 ) = ^ l o g / f c t l - ^ t - i ) 
t = l 

= -~log2n + ±~hoga
2-l±^. (9 .10) 

1 t = i * 1 t = i σ * 

T h e r e f o r e , s u b s t i t u t i n g σ 2 ( α ο , α χ , . . . , ap) = a n + Σ ? = ι α%χ2-% m t o t n e e q u a -
t i o n a b o v e for different va lues of ( a n , . . . , a p ) , t h e M L E s c a n b e o b t a i n e d b y 
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m a x i m i z i n g t h e log- l ike l ihood func t ion a b o v e numer i ca l l y . If i t t u r n s o u t t h a t 
t h e £t is n o t n o r m a l , o n e c a n s t i l l u s e t h i s m e t h o d t o o b t a i n t h e p s e u d o (quas i ) 
m a x i m u m l ike l ihood e s t i m a t e ( P M L E o r Q M L E ) . D e t a i l s c a n b e found in 
G o u r i e r o u x (1997) . 

N o t e t h a t t h i s m e t h o d c a n a lso b e a p p l i e d t o t h e G A R C H m o d e l . Reca l l 
t h a t in t h e l inear t i m e ser ies c o n t e x t , i t is u s u a l l y m o r e t r i c k y t o e s t i m a t e a n 
A R M A m o d e l t h a n a p u r e A R m o d e l , d u e t o t h e p r e s e n c e of t h e M A p a r t . 
I n t h e e s t i m a t i o n of a G A R C H m o d e l , s imi l a r difficulties a r e e n c o u n t e r e d . T o 
i l l u s t r a t e t h e idea , cons ide r t h e s i m p l e G A R C H ( 1 , 1 ) e x a m p l e , w h e r e 

σ2 =a0 + aiX2

t_i + / W - i · ( 9 . H ) 

R e w r i t i n g t h e e q u a t i o n a b o v e in t e r m s of t h e vo l a t i l i t y σ\ y ie lds 

σ2 = (Ι - β β Γ^αο+αιΧί-ι) 
= {1 + βίΒ + β2Β2 + ---){αα + αιΧ2_ι). 

T h e r e f o r e , t h e vo la t i l i t y σ2 d e p e n d s o n all t h e p a s t va lue s of Xf. T o e v a l u a t e 
σ2 f rom t h i s e q u a t i o n , we t r u n c a t e t h e va lues of Xt — 0 for t < 0 a n d a2 = 
0 for t < 0 . T h e n σ2 is a p p r o x i m a t e d b y σ2 for t = 1 , 2 , . . . r ecur s ive ly a s 

σ\ =a0 + αιΧ2_λ + β\σ\_λ, 

w h e r e Xt = 0 for t < 0, Xt = Xt for t > 0, a n d o f = 0 for t < 0 . B y i t e r a t i n g 
t h i s e q u a t i o n , we g e t 

σ\ = α0, 

σ\ = a0 + αιΧ2 + β\σ\ 

= αο + αιΧ 2 + /3ιθ!η, 

S u b s t i t u t i n g t h i s e x p r e s s i o n for σ 2 for v a r i o u s va lues of θ = (αο,αι,βι) i n t o 
t h e l ike l ihood func t ion (9 .10) a n d m a x i m i z i n g i t , we c a n find t h e M L E n u -
mer ica l ly . I n g e n e r a l , t h e s a m e idea app l i e s t o a G A R C H ( p , q) m o d e l . 

F ina l ly , a n o t h e r p o p u l a r a p p r o a c h t o e s t i m a t i o n is t h e gene ra l i z ed m e t h o d 
of m o m e n t s or t h e efficient m e t h o d of m o m e n t s , de t a i l s of w h i c h c a n b e f o u n d 
in S h e p h a r d (1996) . 

A s far a s t e s t i n g is c o n c e r n e d , t h e r e a r e m a n y m e t h o d s . I n w h a t follows, 
we d i s cus s t h r e e s i m p l e a p p r o a c h e s . 

1. T i m e ser ies t e s t . S ince a n A R C H ( p ) imp l i e s t h a t { X 2 } follows a n A R ( p ) , 
o n e c a n use t h e B o x - J e n k i n s a p p r o a c h t o s t u d y t h e c o r r e l a t i o n s t r u c t u r e 
of X2 t o ident i fy t h e A R p r o p e r t i e s . 

2. P o r t m a n t e a u t e s t s for r e s i d u a l s . L e t t h e P o r t m a n t e a u s t a t i s t i c b e 
def ined a s 

h 
Q = n{n + 2)Yjr2{j)/{n-j), 
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9.5 E X A M P L E O F F O R E I G N E X C H A N G E R A T E S 

I n t h i s e x a m p l e , t h e week ly e x c h a n g e r a t e s of t h e U . S . d o l l a r a n d B r i t i s h 
p o u n d s t e r l i n g b e t w e e n t h e y e a r s 1980 a n d 1988 a n a l y z e d ea r l i e r a r e s t u d i e d 
a g a i n . T h e d a t a a r e s t o r e d in t h e file exchange. dat o n t h e W e b s i t e for t h i s 
b o o k . Le t ex.s d e n o t e t h e S P L U S o b j e c t t h a t c o n t a i n s t h e d a t a se t . W e 
p e r f o r m a t i m e ser ies a n a l y s i s o n ex. s a s follows. F i r s t , t h e h i s t o g r a m of t h e 
d a t a is p l o t t e d a n d i t is c o m p a r e d w i t h t h e n o r m a l dens i ty . A s u s u a l , we s t a r t 
b y d i f ferencing t h e d a t a . 

>dex<-diff(ex.s) 

>hist(dex, prob=T, col=0) 

>library(MASS) 

>c(ucv(dex,0),bcv(dex,0)) 

[1] 0.0038 0.032 

(This command gives an estimate for the size of the window 

w h e r e r(j) d e n o t e s t h e A C F of t h e f i t ted r e s i d u a l of X2. If t h e m o d e l 
is specif ied co r rec t ly , t h e n for l a r g e s a m p l e sizes, 

Q ~~2 X-h-mi 

w h e r e m is t h e n u m b e r of i n d e p e n d e n t p a r a m e t e r s u s e d in t h e m o d e l 
a n d -+ d e n o t e s c o n v e r g e n c e in d i s t r i b u t i o n a s t h e s a m p l e s ize η —• oo. 

3 . L a g r a n g e m u l t i p l i e r t e s t . 

T h e o r e m 9 . 2 Assuming that Xt is an A R C H ( p ) model, regress X? 
with respect to X2-\, • • •, X2-P

 a n d form the fitted regression equation 

ρ 
X? = άα + ΣάίΧΪ_ί- (9.12) 

i=l 

Let R2 denote the coefficient of determination from (9.12). Then under 
the null hypothesis H: ax = • • • — ap = 0 (i.e., no heterogeneity), 
nR2 - X2

P. 

N o t e t h a t T h e o r e m 9.2 is s t a t e d in t e r m s of nR2, w h i c h c a n b e s h o w n t o 
b e a s y m p t o t i c a l l y equ iva l en t t o t h e L a g r a n g e m u l t i p l i e r t e s t s t a t i s t i c . A g a i n , 
d e t a i l s of t h i s equ iva l ence c a n b e found in G o u r i e r o u x (1997). A l t h o u g h t h i s 
is a w ide ly u s e d s t a t i s t i c s , it h a s b e e n d o c u m e n t e d t h a t i t h a s r e l a t i ve ly low 
p o w e r . T h u s we s h o u l d use i t w i t h c a u t i o n . W h e n t h e u n d e r l y i n g c o n d i t i o n a l 
s t r u c t u r e is misspeci f ied , r e j ec t ing t h e nu l l h y p o t h e s i s m a y n o t neces sa r i l y 
m e a n t h a t t h e G A R C H effect ex i s t s . 
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used in constructing a kernel density.) 

>lines(density(dex,width=0.03),lty=3) 

(This command draws a kernel estimate of the histogram of 

the data with a bin width of 0.03) 

>x<-seq(-0.1,0.1,0.01) 

>lines(x,dnorm(x,mean(dex),sqrt(var(dex))),lty=l) 

(This command draws a normal density with mean and variance 

being the mean and variance of the data, i.e., treating the data 

as normally distributed.) 

> leg.names<-c("Kernel Density", "Normal Density") 

> legend(locatord), leg.names, lty=c(3,l)) 

(These last two commands produce the legends for the graphs.) 

If we look a t F i g u r e 9.1, t h e h e a v y - t a i l e d p h e n o m e n o n , p a r t i c u l a r l y t h e 
r i g h t - h a n d ta i l , is c lea r . N e x t , a n e x p l o r a t o r y t i m e ser ies a n a l y s i s is p e r f o r m e d 
t o c o m p a r e t h e s t r u c t u r e s of t h e A C F of t h e d a t a , t h e di f ferenced d a t a , a n d 
t h e s q u a r e s of t h e differenced d a t a . 

>par(mfrow=c(3,2)) 

>tsplot(ex.s) 

>acf(ex.s) 

>tsplot(dex) 

>acf(dex) 

>tsplot(dex*dex) 

>acf(dex*dex) 
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S e r i e s : ex.s 

1 « 200 300 « 0 ο 5 10 15 20 25 
L>0 

Fig. 9.2 Time series plots and ACFs for Xt and Xf. 
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I n t h e c a s e of R , r e p l a c e t h e c o m m a n d " t s p l o t " in S P L U S b y t h e c o m m a n d 
" t s . p lo t " in R . T h e o t h e r c o m m a n d s in R a r e e x a c t l y t h e s a m e a s in S P L U S . 

I n s p e c t i o n of F i g u r e 9.2 conf i rms t h e poss ib i l i ty of a n A R C H / G A R C H 
s t r u c t u r e . T o t e s t for t h i s poss ib i l i ty , w e u s e t h e L a g r a n g e m u l t i p l i e r ( L M ) 
t e s t . T o t h i s e n d , r eg re s s X? w i t h r e s p e c t t o X?_x,X?_2,X?_3,Xt-i- L a g 4 
is chosen b e c a u s e a n a l y s i s w i t h f u r t h e r lags d o e s n o t r e v e a l e x t r a i n f o r m a t i o n . 

>xl<-lag(dex) 

>xl<-c(0,xl[1:468]) 

>x2<-lag(xl) 

>x2<-c(0,x2[l:468]) 

>x3<-lag(x2) 

>x3<-c(0,x3[1:468]) 

>x4<-lag(x3) 

>x4<-c(0,x4[1:468]) 

>zl<-xl*xl 

>z2<-x2*x2 

>z3<-x3*x3 

>z4<-x4*x4 

>lm.K-lm(dex*dex~zl+z2+z3+z4) 

>summary(lm.1) 

Call: lm(formula = dex * dex " zl + z2 + z3 + z4) 

Residuals: 

Min 1Q Median 3Q Max 

-0.002848 -0.0006073 -0.0004331 0.0001337 0.0187 

Coefficients: 

Value Std. Error t value PrOltl 

(Intercept) 0.0005 0.0001 5.4863 0.0000 

zl 0.0469 0.0461 1.0171 0.3096 

z2 0.0333 0.0457 0.7275 0.4673 

z3 0.1379 0.0458 3.0130 0.0027 

z4 0.1099 0.0461 2.3813 0.0177 

Residual standard error: 0.00151 on 464 degrees of freedom 

Multiple R-Squared: 0.04026 

F-statistic: 4.866 on 4 and 464 degrees of freedom, the 

p-value is 0.0007485 

Correlation of Coefficients: 

(Intercept) zl z2 z3 

zl -0.2837 

z2 -0.3088 -0.0634 
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z3 -0.3065 -0.0387 -0.0682 

z4 -0.2807 -0.1450 -0.0389 -0.0655 

> t<-470*0.04026 

> l-pchisq(t,4) 

[1] 0.0008140926 

T h e p - v a l u e of t h e L M t e s t is 8 x 1 0 ~ 4 , a n d c o n s e q u e n t l y , t h e p r e s e n c e of 
h e t e r o g e n e i t y is con f i rmed . T h e l a s t s t e p is t o fit a G A R C H m o d e l t o t h e 
d a t a . 

>module(garch) 

>dex.mod<-garch(dex"-1,"garch(1,1)) 

I n t h e ca se of R , r e p l a c e t h e c o m m a n d " m o d u l e ( g a r c h ) " in S P L U S b y t h e 
c o m m a n d " l i b r a r y ( t s e r i e s ) " in R , s ince t h e R c o m m a n d " g r a c h ( ) " c o m e s 
f rom t h e " t se r i e s" l i b r a ry . T h e c o m m a n d for fitting a GARCH(1,1) in R 
is " g a r c h ( d e x , o r d e r = c ( l , l ) ) " . 

> summary(dex.mod) 

Call: garch(formula.mean = dex " -1, formula.var = " garch(l,l)) 

Mean Equation: dex -1 

Conditional Variance Equation: " garchd, 1) 

Conditional Distribution: gaussian 

Estimated Coefficients: 

Value Std.Error t value Pr(>lt|) 

A 3.157e-05 1.374e-05 2.298 0.0110107 

ARCH(l) 6.659e-02 2.045e-02 3.256 0.0006068 

GARCH(l) 8.915e-01 3.363e-02 26.511 0.0000000 

AIC(3) = -2064.388 

BIC(3) = -2051.936 

>plot(dex.mod) 
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Fig. 9.3 Plots of D E X . M O D . 
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F r o m t h i s fit, we a r r i v e a t t h e m o d e l 

σ\ = 3.2 χ 1 ( Γ 5 + 0 . 8 9 σ 2 _ ! + 0M7Xf_v 

F i g u r e 9.3 d i s p l a y s t h e p l o t of t h e f i t ted m o d e l , w h i c h cons i s t s of t h e A C F of 
t h e s q u a r e s of t h e d a t a , t h e c o n d i t i o n a l s t a n d a r d d e v i a t i o n s , t h e A C F of t h e 
r e s i d u a l s of t h e f i t ted m o d e l , t h e n o r m a l p r o b a b i l i t y (Q-Q n o r m ) p l o t of t h e 
r e s i d u a l s , a n d so o n . T h e r e a r e o t h e r o p t i o n s f rom t h e S P L U S p r o g r a m ; r e a d e r s 
c a n e x p e r i m e n t w i t h t h e m . F r o m t h e Q-Q n o r m p l o t , h e a v y - t a i l e d effects s t i l l 
ex i s t in t h e r e s i d u a l . F u r t h e r , άχ + βι — 1; a poss ib le I G A R C H ( 1 , 1 ) m o d e l is 
c o n s i d e r e d . W e c a n d o t h i s b y e x e c u t i n g t h e fol lowing c o m m a n d s : 

> n e w . m o d < - r e v i s e ( d e x . m o d ) 
Make a s e l e c t i o n ( o r 0 t o e x i t ) : 

1 : e d i t : C 
2 : e d i t : CO 
3 : e d i t : a r c h 
4 : e d i t : g a r c h 
S e l e c t i o n : 3 

Fig. 9.4 Da ta editor. 

A d a t a w i n d o w s u c h a s F i g u r e 9 .4 c o m e s u p a t t h i s p o i n t . F o r e x a m p l e , if 
y o u w a n t t o c h a n g e t h e αχ va lue in U N I X , h i g h l i g h t i t a t t h e t o p r o w a n d h i t 
t h e d e l e t e key. T y p e in t h e n e w va lue y o u w a n t , 0 .069, a n d h i t t h e r e t u r n key 
for t h i s e x a m p l e . T h i s will c h a n g e t h e a r c h . v a l u e f rom t h e o r ig ina l d i s p l a y 
i n t o 0 .069 . If y o u w o u l d l ike t o u s e t h i s a s a s t a r t i n g va lue a n d e s t i m a t e it 
f rom t h e m o d e l a g a i n , leave t h e de fau l t va lue u n d e r a r c h . w h i c h a s 1. If y o u 
w o u l d l ike t o fix i t , c h a n g e t h i s va lue t o 0. I n t h i s e x a m p l e , we leave it a s 1. 
Cl ick o n t h e c o m m i t a n d q u i t i cons t o c o m m i t t h e c h a n g e . 

S u p p o s e n o w t h a t w e w o u l d l ike t o se t a n = 0. C h o o s e 2 f rom t h e e d i t 
m e n u . A n o t h e r d a t a m e n u like F i g u r e 9.5 c o m e s u p . C h a n g e t h e va lue t o 0 
a n d t h e w h i c h level t o 0 t o fix i t . Cl ick o n t h e c o m m i t a n d q u i t i cons a g a i n . 
T h e m o d e l h a s n o w b e e n rev i sed . N o w fit t h e r ev i sed m o d e l w i t h g a r c h . 

> d e x l . m o d < - g a r c h ( s e r i e s = d e x , m o d e l = n e w . m o d ) 
> p l o t ( d e x l . m o d ) 
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Essen t ia l ly , we a r r i v e a t t h e r ev i sed m o d e l : 

σ\ = 0 . 0 6 9 X t 2 _ ! + 0 . 9 3 σ 2 . t- i-

T h i s is a n I G A R C H ( 1 , 1 ) w i t h p l o t s g iven in F i g u r e 9.6. T h i s s e e m s t o p r o v i d e 
a b e t t e r fit t h a n t h e G A R C H ( 1 , 1 ) a l o n e i n t h e s ense t h a t t h e Q-Q n o r m 
p lo t h a s a less h e a v y - t a i l e d effect. T h e i m p r o v e m e n t s e e m s t o b e m a r g i n a l , 
howeve r . 

T h e r e a r e o t h e r k i n d s of o p t i o n s t h a t o n e c a n t r y w i t h t h e S P L U S p r o g r a m . 
For e x a m p l e , o n e c a n s i m u l a t e t h e f i t t ed m o d e l , c h a n g e t h e d i s t r i b u t i o n of 
t h e e r r o r t e r m t o n o n n o r m a l , p r e d i c t f u tu r e at, a n d so on . W e sha l l n o t 
p u r s u e t h e s e de t a i l s ; i n t e r e s t e d r e a d e r s c a n exp lo re t h e s e o p t i o n s w i t h t h e 
h e l p c o m m a n d o r c o n s u l t t h e S P L U S G A R C H m a n u a l . 

9.6 E X E R C I S E S 

1. L e t Xt b e a n A R C H ( l ) p r o c e s s 

σ2 - a0 + aiXf_l. 

(a ) S h o w t h a t 

E(at4) 
1 - α ϊ 1 - 3 α 2 ' 

(b) D e d u c e t h a t 

2 . S h o w t h a t for a n I G A R C H ( 1 , 1 ) m o d e l , for j > 0, 

E(a2+s\Ft-i)=ja0 + a2. 

3 . L e t Xt b e a G A R C H ( 2 , 3 ) m o d e l , 

2 3 

a 0 + 

Fig. 9.5 D a t a editor. 
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Fig. 9.6 Plots of d e x l .mod. 
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S h o w t h a t X\ c a n b e w r i t t e n a s a n A R M A ( 3 , 2 ) m o d e l in t e r m s of t h e 
p r o c e s s vt = σ 2 ( ε 2 — 1). Ident i fy t h e p a r a m e t e r s of t h e A R M A p r o c e s s 
in t e r m s of t h e p a r a m e t e r s of t h e g iven G A R C H ( 2 , 3 ) m o d e l . 

4 . P e r f o r m a G A R C H a n a l y s i s o n t h e U . S . T r e a s u r y bi l l d a t a se t d i scussed 
in C h a p t e r 6. 



10 
Multivariate Time Series 

10.1 I N T R O D U C T I O N 

Of ten , t i m e ser ies a r i s i ng in p r a c t i c e a r e b e s t c o n s i d e r e d as c o m p o n e n t s of 
s o m e v e c t o r - v a l u e d ( m u l t i v a r i a t e ) t i m e ser ies {Xt} h a v i n g n o t o n l y se r i a l 
d e p e n d e n c e w i t h i n e a c h c o m p o n e n t ser ies {Xu}, b u t a l so i n t e r d e p e n d e n c e 
b e t w e e n different c o m p o n e n t s {Xu} a n d {Xtj}, i φ j- M u c h of t h e t h e o r y 
of u n i v a r i a t e t i m e ser ies e x t e n d s in a n a t u r a l w a y t o t h e m u l t i v a r i a t e case ; 
howeve r , t w o i m p o r t a n t p r o b l e m s a r i se . 

1. C u r s e of d i m e n s i o n a l i t y . A s t h e n u m b e r of c o m p o n e n t s in {Xt} in-
c r ea se s , t h e n u m b e r of p a r a m e t e r s i nc r ea se s . A s a n e x a m p l e , for a m u l -
t i v a r i a t e t i m e ser ies c o n s i s t i n g of a por t fo l io of 10 equ i t i e s , e v e n a s i m p l e 
v e c t o r A R ( 1 ) m o d e l m a y n e e d u p t o 100 freely v a r y i n g p a r a m e t e r s ; t h e 
c u r s e of d i m e n s i o n a l i t y c o m e s i n t o effect. 

2 . Ident i f iab i l i ty . C o n t r a r y t o t h e u n i v a r i a t e case , it is n o t t r u e t h a t a n 
a r b i t r a r y v e c t o r A R M A m o d e l c a n b e ident i f ied un ique ly . W e sha l l see 
a n e x a m p l e of t h i s l a t e r . 

I n t h i s c h a p t e r we a i m t o p r o v i d e a br ief s u m m a r y of m u l t i p l e t i m e ser ies 
w h i c h l e ads t o t h e d e v e l o p m e n t of v e c t o r a u t o r e g r e s s i v e a n d m o v i n g a v e r a g e 
( V A R M A ) m o d e l s . W e d o n o t a t t e m p t t o p r o v i d e a c o m p r e h e n s i v e a c c o u n t of 
t h e d e t a i l s of m u l t i p l e t i m e ser ies ; i n t e r e s t e d r e a d e r s a r e re fe r red t o L i i t k e p o h l 
(1993) a n d B r o c k w e l l a n d D a v i s (1991) . 

F i r s t i n t r o d u c e a few bas i c n o t i o n s . A k-variate time series is a s t o c h a s t i c 
p r o c e s s c o n s i s t i n g of fc-dimensional r a n d o m v e c t o r s (Xti,Xt2, • • •,Xtk)' o b -
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se rved a t t i m e s t (usual ly , t = 1 , 2 , . . . ) . T h e c o m p o n e n t ser ies {Xti} c o u l d 
b e s t u d i e d i n d e p e n d e n t l y a s u n i v a r i a t e t i m e ser ies , e a c h c h a r a c t e r i z e d , f rom 
a s e c o n d - o r d e r p o i n t of v iew, b y i t s o w n m e a n a n d a u t o c o v a r i a n c e func t ion . 
S u c h a n a p p r o a c h , however , fails t o t a k e i n t o a c c o u n t t h e poss ib le d e p e n d e n c e 
b e t w e e n t h e t w o c o m p o n e n t ser ies , a n d s u c h c r o s s - d e p e n d e n c e m a y b e of g r e a t 
i m p o r t a n c e for p r e d i c t i n g f u t u r e v a l u e s of t h e c o m p o n e n t ser ies . 

C o n s i d e r t h e ser ies of r a n d o m v e c t o r s , Xt = {Xti,··•, Xtk)' a n d define t h e 
m e a n v e c t o r 

M t = E ( X t ) = ( E ( X t l ) , . . . , E ( X t , ) ) ' 

a n d cova r i ance m a t r i c e s 

/ 7 n (i + M ) 

T{t + h,t) = cov{Xt+h,Xt) 

lik(t + h,t) \ 

\ 7fci(i + M ) · · · lkk{t + h,t) J 

w h e r e 7 y ( i + h,t) = c o v ( X t + h , i , X t , j ) - I n m a t r i x n o t a t i o n , 

Γ ( ί + h,t) = E(Xt+h - K+h){Xt - Mt)'. 

T h e ser ies {Xt} is s a id t o b e stationary if t h e m o m e n t s μ 4 a n d Γ ( ί + h, t) a r e 
b o t h i n d e p e n d e n t of t, in w h i c h case w e use t h e n o t a t i o n 

μ = E ( X t ) 

a n d 
T(h) = c o v ( X t + h , X t ) -

T h e d i a g o n a l e l e m e n t s of t h e m a t r i x a b o v e a r e t h e a u t o c o v a r i a n c e func t ions of 
t h e u n i v a r i a t e ser ies {Xti}, wh i l e t h e off -diagonal e l e m e n t s a r e t h e cova r i ances 
b e t w e e n Xt+h,i a n d XtJ, i φ j . N o t i c e t h a t jij(h) = •jji(-h). C o r r e s p o n d -
ingly, t h e a u t o c o r r e l a t i o n m a t r i x is d e n n e d a s 

R{h) 

( Pn(h) 

\ PkiW 

Pik{h) \ 

Pkk(h) J 

w h e r e 

Λ ί - ( Λ ) = 7 « ( Λ ) ( 7 « ( 0 ) 7 ώ · ( 0 ) ) - 1 / 2 · 

E x a m p l e 1 0 . 1 Consider the bivariate time series 

Xti = Zt, 
Xt2 = Zt+ 0.75Zt-w, Zt ~ W N ( 0 , 1 ) . 

Then μ = 0 and 

Γ ( 0 ) = Ε 
Zt 

Z t + 0 . 7 5 Z t - i o 
)(Zt, Z t + 0 . 7 5 Z t _ i o ) 

1 1 
1 1 + ( 0 . 7 5 ) 2 
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Similarly, 

i ^ - i o , . (J - r ( .o ,= U, „.?,)• 
Further, 

a n d 

«<-">> - iS „ ° i ) . « ( » ) = ( ο 1 , Τ 
fi(10» = I 0 ^ 0.48 I ° 

T h e o r e m 1 0 . 1 The following results hold: 

1. T(h) = T(-h)'. 

2. \Ίφ)\ < foiiOhviO)}1'2-

3. 
η 

Σ a^(i-j)aj>0, 
i,j=l 

for η — 1 , 2 , . . . and O i , a2, • • •, an £ Rk. 

P r o o f 
1. B y a s s u m i n g t h a t μ — 0 , 

T(h) = E(Xt+hX't) 
— E(xtx't+hy 
= E(Xt-h.X't)' ^ s t a t i o n a r i t y 
= Γ ( - Λ ) ' . 

2. Fol lows f rom < 1. 

3 . Fol lows f rom 

Ε Ι ^ Σ α ^ - ^ 

T h i s is a lso k n o w n as t h e positive semidefinite property of Γ ( · ) . • 
T h e s imp le s t m u l t i v a r i a t e t i m e ser ies is a w h i t e noise . 

D e f i n i t i o n 1 0 . 1 {Zt} ~ W N ( 0 , Σ ) if and only if {Zt} is stationary with 
μ — 0 and 

f Σ if Λ = 0, 
w | 0 o t h e r w i s e . 
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D e f i n i t i o n 1 0 . 2 {Zt} ~ i . i .d . (0 , Σ ) if {Zt} are independent identically dis-
tributed with μ = 0 and covariance matrix Σ . 

D e f i n i t i o n 1 0 . 3 {Xt} is a linear process if it can be expressed as 

oo 

Xt= Σ C 3 Z t - 3 f o r { Z t } ~ W N ( 0 , E ) , 
j=-oo 

where {Cj} is a sequence of k χ k matrices whose entries are absolutely 
summable, that is, 

oo 

Σ \Cj(i,l)\< oo for i,l = 1 , 2 , . . . ,k. 
j=-oo 

Clear ly , for a l i nea r p r o c e s s Xt, E(Xt) = 0 a n d 

oo 

T(h)= Σ Cj+hVC'j, Λ = 0, ± 1 , ± 2 
i = - o o 

A n M A ( o o ) r e p r e s e n t a t i o n is t h e case w h e r e Cj = 0 for j < 0 , 

oo 

X t = Σ, CjZt-j-

A n A R ( o o ) r e p r e s e n t a t i o n is s u c h t h a t 
oo 

Χί + Σ Α 3 Χ ϊ - ί = Ζ * -
i = i 

Fina l ly , for a s p e c t r a l r e p r e s e n t a t i o n , if 5Ι/ι ΐ 7 ϋ ( Ό Ι < 0 0 f ° r e v e r Y hj = 
1 , . . . , k, t h e n 

oo 

= ^ Σ e-iXhT(h), - π < λ < π , 
h= — oo 

a n d Γ c a n b e e x p r e s s e d in t e r m s of 

T{h)= ( eiXhf(X)d\. 
J — π 

N o t e t h a t b o t h T(h) a n d / ( λ ) a r e k x k m a t r i c e s in t h i s case . 
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10.2 E S T I M A T I O N O F μ A N D Γ 

A n a t u r a l e s t i m a t o r of t h e m e a n v e c t o r μ in t e r m s of t h e o b s e r v a t i o n s X\, X?, 
..., Xn, is t h e v e c t o r of s a m p l e m e a n s 

1 " 

Τ) ' 

t=l 

F o r r(h) w e u s e 

Γ(Λ) = { 

n—h 
-J2(xt+h-X){Xt~Xy forO<A<n-l, 
n t=l 

I f (-h)' for -n + 1 < h < 0. 

T h e c o r r e l a t i o n Pij(h) b e t w e e n Xt+h,i a n d Xtj is e s t i m a t e d b y 

Ρ ϋ ( ^ ) = 7 ϋ ( Λ ) ( 7 ϋ ( 0 ) 7 ^ · ( 0 ) ) - 1 / 2 , 

w h e r e 7 y ( / i ) is t h e (i, j)th e l e m e n t of T(h). If i = j , pij r e d u c e s t o t h e s a m p l e 
a u t o c o r r e l a t i o n func t ion of t h e i t h ser ies . 

10.3 M U L T I V A R I A T E A R M A P R O C E S S E S 

A s in t h e u n i v a r i a t e case , we c a n def ine a n e x t r e m e l y useful c lass of m u l t i v a r i -
a t e s t a t i o n a r y p r o c e s s e s {Xt} b y r e q u i r i n g t h a t {Xt} s h o u l d sa t i s fy a se t of 
l i nea r difference e q u a t i o n s w i t h c o n s t a n t coefficients. T h e m u l t i v a r i a t e w h i t e 
no i se {Zt} c o n s t i t u t e s t h e f u n d a m e n t a l b u i l d i n g b lock for c o n s t r u c t i n g v e c t o r 
A R M A p r o c e s s e s . 

D e f i n i t i o n 1 0 . 4 {Xt} is an A R M A ( p , q) process if {Xt} is stationary and 
if for every t, 

Xt - Φ ι Χ ί - ! ΦρΧί-ρ = Zt + 0 i Z t _ i + • · · + θ , Ζ ί _ „ 

where {Zt} ~ W N ( 0 , Σ ) . [{Xt} is an A R M A ( p , q ) process with mean μ if 
{Xt — μ} is an A R M A ( p , q) process ]. 

E q u i v a l e n t l y , we c a n w r i t e t h i s a s 

Φ(Β)Χί = ®{B)ZU {Zt} ~ W N ( 0 , E ) , 

w h e r e Φ ( ζ ) = Ik — Φ ι · ζ — • · · - Φρζρ a n d θ ( ^ ) = Ik + Θ ι ^ Η + ®qzq a r e 
m a t r i x - v a l u e d p o l y n o m i a l s . N o t e t h a t e a c h c o m p o n e n t of t h e m a t r i c e s Φ ( ζ ) 
a n d ®{z) is a p o l y n o m i a l in ζ w i t h r e a l coefficients a n d d e g r e e less t h a n p, q, 
respec t ive ly . 
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E x a m p l e 1 0 . 2 Setting ρ = 1 and q = 0 gives the defining equation 

Xt = Φ ! * * - ! + Zt 

of a multivariate A R ( 1 ) series {Xt}. By using a similar argument in the 
univariate case, we can express Xt as 

oo 

j = 0 

if all the eigenvalues of Φι are less than 1 in absolute value, that is, 

d e t ( J — ζΦ\) / 0 for all ζ Ε C such that \z\ < 1. 

In this case we have an M A ( o o ) representation with Cj = Φ{. • 

10.3.1 Causality and Invertibility 

D e f i n i t i o n 1 0 . 5 ( C a u s a l i t y ) An ARMA(p,q) process &{B)Xt = @(B)Zt 

is said to be c a u s a l if there exist matrices {Φ^} with absolutely summable 
components such that 

oo 

Xt = Y2^JZt-o for al l t. 

C a u s a l i t y is equ iva len t t o t h e c o n d i t i o n 

d e t ^ ( z ) ) φ 0 for al l ζ e C s u c h t h a t \z\ < 1. 

T h e m a t r i c e s Ψ^· a r e found recurs ive ly from t h e e q u a t i o n s 

oo 

fc=l 

w h e r e we define Θ η = Ik, ®j = 0 for j > q, Φj = 0 for j > ρ a n d = 0 for 
j < 0 . 

D e f i n i t i o n 1 0 . 6 ( I n v e r t i b i l i t y ) An A R M A ( p , q) process Φ(Β)Χί = ®(B)Zt 

is said to be i n v e r t i b l e if there exist matrices {Tlj} with absolutely summable 
components such that 

oo 

Zt = Σ η 3 Χ ί - 3 ί θ Γ a 1 1 ί· 
3=0 

Inve r t i b i l i t y is e q u i v a l e n t t o t h e c o n d i t i o n 

d e t ( 0 ( z ) ) φ 0 for al l ζ e C s u c h t h a t \z\ < 1. 
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T h e m a t r i c e s ΓΓ,· a r e found r ecu r s ive ly f rom t h e e q u a t i o n s 

oo 

Π,· = -Φ,·-53θ*Π,·_*, 3 = 0,1,..., 
fc=l 

w h e r e we define Φο = —Ik, Φ3 = 0 for j > p, &j = 0 for j > q, a n d Π , = 0 
for j < 0. 

10.3.2 Identifiability 

For t h e m u l t i v a r i a t e AR(1) p r o c e s s in E x a m p l e 10.2 w i t h 

, / 0 0.5 \ 
Φ ι = ( θ 0 ) ' 

we ge t 
oo 

SO * j = Φ · 7 . 

/* t i \ = ( 0 0.5 λ (Xt-i,A (ztA 
\Xa) \ 0 0 J U t - 1 , 2 / U t J 

/ O.bXt-1,2 + Zti\ = (ztA ,( 0 0.5 \ fZt-i,A 
\ Zt2 J \ z j + \0 0 J \Zt-iJ 

= Z t + Φ ι Ζ ί - ! 

[i.e., {Xt} h a s a n a l t e r n a t i v e r e p r e s e n t a t i o n a s a n MA(1) p roces s ] . A s a con-
c lus ion , t h e d a t a c a n b e r e p r e s e n t e d a s e i t h e r a VARMA(1,0) o r a VARMA(0,1) 
m o d e l . 

M o r e genera l ly , cons ide r a VARMA(1,1) m o d e l of t h e fo rm 

Xt = *Xt-i + Zt + e Z t - 1 , 

w h e r e Φ = ^ jj )̂ m ^ a n c^ ® = ^ ο θ" ) ' ^ C & n e a s u ^ ^ e s e e n *na^ 
(7 - Φ β ) - 1 = (I + ΦΒ), so t h a t t h e M A r e p r e s e n t a t i o n of Xt is 

Xt = (I -ΦΒ)-1(Ι + ΘΒ)Ζί 

= ( I + ΦΒ){Ι + ©B)Zt 

- z - + ( o 

F o r a n y g i v e n va lue of m, t h e g iven VARMA(1,1) m o d e l l e ads t o t h e p r e c e d i n g 
MA(1) r e p r e s e n t a t i o n . I n o t h e r w o r d s , t h i s MA(1) e q u a t i o n c o r r e s p o n d s t o 
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a n infini te n u m b e r of V A R M A ( 1 , 1 ) m o d e l s w i t h Φ = ^ ^ a ^ ) T O J a n c* 

Θ = ^ Q ™ ^ . M o r e o v e r , e a c h of t h e s e V A R M A ( 1 , 1 ) m o d e l s is a l w a y s 

c a u s a l a n d inve r t i b l e . C o n s e q u e n t l y , i t is n o t a l w a y s t r u e t h a t we c a n ident i fy 
a V A R M A m o d e l u n i q u e l y f rom a g i v e n M A ( o o ) r e p r e s e n t a t i o n . 

F u r t h e r r e s t r i c t i o n s n e e d t o b e i m p o s e d , a n d de t a i l s o n t h e s e i ssues a r e b e -
y o n d t h e s c o p e of t h i s c h a p t e r . I n t e r e s t e d r e a d e r s m a y find f u r t h e r d i scuss ion 
in L i i t k e p o h l (1993). F r o m n o w o n we sha l l a s s u m e t h a t a c o n v e n i e n t fo rm of 
a V A R M A m o d e l h a s b e e n e s t a b l i s h e d a n d we sha l l p r o c e e d w i t h o u r ana lys i s 
b a s e d o n t h i s form. 

10.4 V E C T O R A R M O D E L S 

C o n s i d e r a v e c t o r A R (or V A R ) t i m e ser ies m o d e l 

Xt=v + Φ ι Χ ί - ι + . . . + 9pXt-p + Zt, 

w i t h Zt ~ W N ( 0 , Σ ) . N o t e t h a t ν = {y\,..., Vk)' a fixed vec to r of i n t e r c e p t 
t e r m s a l lowing for t h e poss ib i l i t y of a n o n z e r o m e a n E ( X 4 ) . F i r s t c o n s i d e r a 
V A R ( l ) , 

Xt = v + *1Xt-i + Zt. 

If t h i s g e n e r a t i o n m e c h a n i s m s t a r t s a t t i m e t = 1, we g e t 

Χχ = U + ΦχΧο + Ζχ 
X2 = ι/ + Φ1Χ1 + Ζ2=ν + Φι{ΐ' + ΦιΧο + Ζι) + Ζ2 

= (ΙΙς + Φι)ν + Φ2

1Χ0 + ΦιΖ1 + Z2 

t - l 

Xt = ( Ι λ + Φ 1 + · · · + Φ ί Γ 1 ) ι / + Φ ί Χ ο + Σ φ ι Ζ *-ί · 
i = 0 

C o n t i n u i n g w i t h t h i s p r o c e s s i n t o t h e r e m o t e p a s s , w e m a y w r i t e t h e V A R ( l ) 
p r o c e s s a s 

oo 

i = 0 

w h e r e t h e m e a n v e c t o r of Xt, E ( X t ) = μ = ν + Φ\ν + Φ 2 ι / Η if Φ ι h a s 
a l l of i t s e igenva lues less t h a n 1 in a b s o l u t e v a l u e . 

S ince t h e c o n d i t i o n o n t h e e igenva lues of t h e m a t r i x Φ ι is of i m p o r t a n c e , 
we call a V A R ( l ) p r o c e s s s t a b l e if 

det(I j t - ζΦι) φ 0 for \z\ < 1. 
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N o t e t h a t t h i s is e q u i v a l e n t t o t h e s t a t e m e n t t h a t t h e e igenva lues of Φ ι a r e 
less t h a n 1 in m o d u l u s s ince t h e e igenva lues of Φ ι a r e def ined t o b e t h e va lue s 
λ sa t i s fy ing t h e e q u a t i o n d e t ^ i — XI k) = 0. Fo r a g e n e r a l V A R ( p ) p r o c e s s , 
we c a n e x t e n d t h e p r e v i o u s d i scuss ion b y w r i t i n g a n y g e n e r a l V A R ( p ) in a 
V A R ( l ) fo rm. Specifically, we c a n w r i t e 

Xt = 

a n d 

Xt-1 

V Xt-p+l J 

V 
0 

V ο y 

/ Φχ φ 2 • Φ ρ - 1 * P \ 
Ik 0 • 0 0 

φ = 0 Ik 0 0 

0 · Ik 0 / 

( Z t \ 
' 0 1 

w h e r e Xt, i>, a n d Zt a r e of d i m e n s i o n s kp χ 1 a n d Φ is kp χ kp. T h e n t h e 
o r ig ina l V A R ( p ) m o d e l , 

Xt = ν + Φ ι Χ ί _ ι + · · • + ΦρΧί-ρ + Zt, 

c a n b e e x p r e s s e d a s 

Xt = 

( Xt \ 
Xt-1 

\ Xt-p+l j 

( Ν \ I Φ χ Φ 2 

0 

V o J 
+ 

Ik ο 

V ο ο 

Φ ρ - 1 Φ ρ \ / Xt-1 \ 
0 0 

Ik ο ) 

Xt-2 

\ Xt-p ) 

+ 

I ZT\ 
0 

V ο J 

= v + StXt-x+Zf 

Fol lowing t h e fo regoing d i scuss ion , Xt will b e s t a b l e if 

d e t ( I f c p - ζ Φ ) φ 0 for \z\ < 1. 

I n t h i s case , t h e m e a n v e c t o r b e c o m e s 

μ = E(Xt) = (Ikp - Φ ) " 1 ! / , 

a n d t h e a u t o c o v a r i a n c e s a r e 

oo 

z = 0 

Γ(Λ) = Σ * < + ^ ( * ν , 
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w h e r e = E(Ztz't). U s i n g t h e k χ kp m a t r i x 

J = ( I f c , 0 , . . . , 0 ) , 

t h e p r o c e s s X t c a n b e o b t a i n e d b y s e t t i n g Xt = JXt- S ince { X t } is a 
wel l -def ined s t o c h a s t i c p r o c e s s , so is {Xt}- I t s m e a n v e c t o r is E(Xt) = J / x , 
w h i c h is c o n s t a n t for al l t, a n d i t s a u t o c o v a r i a n c e s Γ χ (h) = JT j^{h)J' a r e 
a l so t i m e i n v a r i a n t . 

F u r t h e r , o n e c a n s h o w t h a t 

det(Ikp - ζΦ) = det(Jfc - Φχζ ΦΡζρ), 

w h i c h is ca l led t h e r eve r se c h a r a c t e r i s t i c p o l y n o m i a l of t h e V A R ( p ) p r o c e s s . 
Hence , t h e VAR(j?) p r o c e s s is s t a b l e if i ts r eve r se c h a r a c t e r i s t i c p o l y n o m i a l 
h a s n o r o o t s o n t h e c o m p l e x u n i t c i rc le . Fo rma l ly , a V A R ( p ) p r o c e s s { X t } is 
sa id t o b e s t a b l e if 

d e t ( 7 f c - Φχζ Φρζρ) φ 0 for \z\ < 1. 

T h i s c o n d i t i o n is a l so ca l led t h e stability condition a n d i t is e a s y t o check for 
a V A R m o d e l . C o n s i d e r , for e x a m p l e , t h e t w o - d i m e n s i o n a l V A R ( 2 ) p r o c e s s 

γ ( 0.5 0.1 λ 
Χ * = " + { 0.4 0.5 ) X t ~ 1 + 

I t s r eve r se c h a r a c t e r i s t i c p o l y n o m i a l is 

, J / 1 0 \ / 0 .5 0.1 
d G t [{θ 1 ) - { 0.4 0.5 

= 1 - ζ + 0 . 2 1 z 2 - 0 . 0 2 5 2 3 . 

0 0 
0 .25 0 - t - 2 + zt 

0 0 
0 .25 0 

T h e r o o t s for t h i s p o l y n o m i a l a r e 

zi = 1.3, z2 = 3 .55 + 4 . 2 6 i , a n d z3 = 3 .55 - 4 .26 i . 

Y o u c a n find t h e r o o t s u s i n g t h e S P L U S / R c o m m a n d 

> p o l y r o o t ( c ( 1 , - 1 , 0 . 2 1 , - 0 . 0 2 5 ) ) 

[ 1 ] 1 . 2 9 9 9 5 7 + 9 . 2 3 3 9 3 3 e - 1 5 i 3 . 5 5 0 0 2 2 + 4 . 2 6 2 3 4 6 e + 0 0 i 
[ 3 ] 3 . 5 5 0 0 2 2 - 4 . 2 6 2 3 4 6 e + 0 0 i 

N o t e t h a t t h e m o d u l u s of z 2 a n d 23 is l ^ l = = λ / 3 . 5 5 2 + 4 . 2 6 2 = 5 .545 . 
T h u s t h e p r o c e s s sat isf ies t h e s t a b i l i t y c o n d i t i o n s ince al l r o o t s a r e o u t s i d e t h e 
u n i t circle . A c o m m o n f e a t u r e of s t a b l e V A R p roces se s ( w h e n y o u p l o t t h e m 
w i t h , say, t s p l o t in S P L U S a n d t s . p l o t in R ) is t h a t t h e y f l u c t u a t e a r o u n d 
c o n s t a n t m e a n s , a n d t h e i r v a r i a b i l i t y d o e s n o t c h a n g e a s t h e y w a n d e r a long . 
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10.5 E X A M P L E O F I N F E R E N C E S F O R V A R 

M o s t of t h e in fe rences o n e s t i m a t i o n a n d t e s t i n g for V A R m o d e l s a r e s i m i l a r 
t o t h o s e of t h e u n i v a r i a t e ca se , a l t h o u g h n o t a t i o n s for w r i t i n g d o w n t h e es t i -
m a t o r c a n b e c o m e n o t o r i o u s l y c o m p l i c a t e d . A g a i n , we sha l l n o t d i s cus s t h e s e 
d e t a i l s b u t m e n t i o n t h a t m o s t of t h e e s t i m a t i o n m e t h o d s a r e s t i l l l ike l ihood 
b a s e d . A s in t h e u n i v a r i a t e case , c o m p u t a t i o n s of l ike l ihood p r o c e d u r e s c a n b e 
v e r y t r i c k y w h e n M A p a r t s a r e i n c o r p o r a t e d , a n d t h i s p r o b l e m b e c o m e s m o r e 
s eve re for V A R M A m o d e l s . N o t i c e t h a t a t t h e w r i t i n g of t h i s b o o k , S P L U S 
o n l y s u p p o r t s V A R m o d e l s . A l t h o u g h t h i s is s o m e w h a t l im i t ed , i t s h o u l d b e 
p o i n t e d o u t t h a t V A R m o d e l s w o r k q u i t e well in m a n y of t h e f inanc ia l a n d 
e c o n o m e t r i c a p p l i c a t i o n s . C o n s e q u e n t l y , t h e r e s t of t h i s s ec t i on is d e v o t e d t o 
a n e x a m p l e t o i l l u s t r a t e t h e V A R f e a t u r e s of S P L U S . 

C o n s i d e r a t h r e e - d i m e n s i o n a l s y s t e m c o n s i s t i n g of q u a r t e r l y s e a s o n a l l y a d -
j u s t e d G e r m a n fixed i n v e s t m e n t s d i s p o s a b l e i n c o m e , a n d c o n s u m p t i o n e x p e n -
d i t u r e s in b i l l ions of D e u t s c h e m a r k s . T h e d a t a a r e f rom 1960 t o 1982 b u t we 
wil l o n l y u s e d a t a u p t o 1978 for t h e a n a l y s i s . T h i s d a t a s e t c a n b e f o u n d i n 
L u t k e p o h l (1993) a n d is a l so s t o r e d o n t h e W e b p a g e for t h i s b o o k u n d e r t h e 
file n a m e weg.dat. T h e a c t u a l d a t a file c o n s i s t s of five c o l u m n s . T h e first 
c o l u m n c o n t a i n s t h e yea r , t h e s e c o n d t h e q u a r t e r , a n d c o l u m n s 3 t h r o u g h 5 
c o n t a i n t h e a c t u a l d a t a . 

W e first r e a d t h e d a t a in S P L U S u s i n g t h e read.table c o m m a n d , a n d le t 
S P L U S k n o w t h a t we a r e d e a l i n g w i t h t i m e ser ies d a t a u s i n g t h e rts c o m m a n d 
a s follows: 

> weg<-read.table('weg.dat',row.names=NULL) 

> weg 

> weg 
VI V2 V3 V4 V5 

1 1960 1 180 451 415 
2 1960 2 179 465 421 

3 1960 3 185 485 434 

4 1960 4 192 493 448 

5 1961 1 211 509 459 

6 1961 2 202 520 458 

75 1978 3 675 2121 1831 

76 1978 4 700 2132 1842 

77 1979 1 692 2199 1890 

78 1979 2 759 2253 1958 
79 1979 3 782 2276 1948 

80 1979 4 816 2318 1994 

81 1980 1 844 2369 2061 

82 1980 2 830 2423 2056 
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83 1980 3 853 2457 2102 
84 1980 4 852 2470 2121 

85 1981 1 833 2521 2145 
86 1981 2 860 2545 2164 
87 1981 3 870 2580 2206 
88 1981 4 830 2620 2225 
89 1982 1 801 2639 2235 
90 1982 2 824 2618 2237 
91 1982 3 831 2628 2250 
92 1982 4 830 2651 2271 

> WEG<-weg[l:76,] 

> invest<-rts(WEG$V3,start=c(1960,l),freq=4) 

> income<-rts(WEG$V4,start=c(1960,l),freq=4) 

> consum<-rts(WEG$V5,start=c(1960,1),freq=4) 

> invest 
1 2 3 4 

1960: 180 179 185 192 

1961: 211 202 207 214 
1962: 231 229 234 237 
1963: 206 250 259 263 
1964: 264 280 282 292 

1965: 286 302 304 307 

1966: 317 314 306 304 
1967: 292 275 273 301 

1968: 280 289 303 322 

1969: 315 339 364 371 
1970: 375 432 453 460 

1971: 475 496 494 498 
1972: 526 519 516 531 

1973: 573 551 538 532 

1974: 558 524 525 519 

1975: 526 510 519 538 
1976: 549 570 559 584 

1977: 611 597 603 619 
1978: 635 658 675 700 

start deltat frequency 

1960 0.25 4 

W e p lo t t h e ser ies in F i g u r e 10.1 a n d t h e i r a u t o c o r r e l a t i o n s in F i g u r e 10.2. 
N o t i c e t h a t in F i g u r e 10.2, t h e d i a g o n a l e l e m e n t s a r e t h e A C F s of t h e u n i -
v a r i a t e ser ies of e a c h c o m p o n e n t , a n d t h e s u p e r d i a g o n a l p l o t s a r e t h e c ross 
A C F s b e t w e e n t h e c o m p o n e n t s . For t h e s u b d i a g o n a l p l o t s , o b s e r v e t h a t t h e 
l ags a r e n e g a t i v e . T h e s e a r e t h e p l o t s of Rij(-h), w h i c h a c c o r d i n g t o p a r t 
1 of T h e o r e m 10.1, e q u a l Rji(h). T h i s p r o v i d e s a w a y t o ge t h o l d of Rji(h). 
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i n v e s t m e n t 
i n c o m e 
c o n s u m p t i o n 

1 9 6 0 1 9 6 5 1 9 7 0 

T i m e 

1 9 7 5 

Fig. 10.1 German investment, income, and consumption data . 

Fo r e x a m p l e , t h e (2,1) e n t r y of F i g u r e 10.2 r e p r e s e n t s Ri2(—h) = R2\{h). 
T h e r e f o r e , Λ 2 ι ( 1 3 ) = fli2(-13) = 0 .058 . 

> w e g . t s < - t s . u n i o n ( i n v e s t , i n c o m e , c o n s u m ) 
> t s p l o t ( w e g . t s ) 
> l e g e n d ( I 9 6 0 , 2 0 0 0 , l e g e n d = c ( " i n c o m e " , " c o n s u m p t i o n " , 
+ " i n v e s t m e n t " ) , l t y = l : 3 ) 
> a c f ( w e g . t s ) 

T h e o r i g i n a l d a t a h a v e a t r e n d a n d a r e t h u s c o n s i d e r e d n o n s t a t i o n a r y . T h e 
t r e n d is r e m o v e d b y t a k i n g first differences of l o g a r i t h m s : 

> d l i n v K - d i f f ( l o g ( i n v e s t ) ) 
> d l i n c K - d i f f ( l o g ( i n c o m e ) ) 
> d l c o n K - d i f f ( l o g ( c o n s u m ) ) 
> p a r ( m f r o w = c ( 3 , 1 ) ) 
> t s p l o t ( d l i n v l ) ; t i t l e ( " i n v e s t m e n t " ) 
> t s p l o t ( d l i n c l ) ; t i t l e ( " i n c o m e " ) 
> t s p l o t ( d l c o n l ) ; t i t l e ( " c o n s u m p t i o n " ) 
> d w e g . t s < - t s . u n i o n ( d l i n v l , d l i n c l , d l c o n l ) 
> a c f ( d w e g . t s ) 
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T h e t i m e ser ies p l o t s of t h e first differences a s well a s t h e s a m p l e a u t o c o r -
r e l a t i o n func t ions a r e s h o w n in F i g u r e s 10.3 a n d 10.4, r e spec t ive ly . 

W e fit a V A R m o d e l u s i n g t h e ar func t ion , w h i c h u s e s t h e A I C c r i t e r i o n 
t o select t h e o r d e r . 

> weg.ar<-ar(dweg.ts) 

> weg.ar$aic 

[1] 12.536499 7.375732 0.000000 12.605591 17.017822 

[6] 30.794067 35.391541 50.271301 54.909058 66.699646 

[11] 71.657837 80.051147 92.501953 93.377502 

> weg.ar$order 

tl] 2 

> weg.ar$ar[1,,] 

[,1] [ , 2 ] [,3] 

[1,] -0.309421629 0.1552022 0.8746032 

[2,] 0.041505784 -0.1069321 0.2424691 

[3,] -0.003082463 0.2385896 -0.2722486 

10.2 Sample A C F of German data . 
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Fig. 10.3 First differences of logarithms of German investment, income, and consump-
tion. 

> w e g . a r $ a r [ 2 , , ] 
[ , 1 ] [ , 2 ] [ , 3 ] 

[ 1 , ] - 0 . 1 5 1 5 0 6 1 6 0 . 1 4 1 5 2 1 8 6 0 . 8 3 8 7 4 4 4 0 
[ 2 , ] 0 . 0 4 7 7 8 2 4 9 0 . 0 3 4 9 9 8 0 4 - 0 . 0 2 9 0 6 9 6 4 
[ 3 , ] 0 . 0 3 4 0 8 6 8 7 0 . 3 5 2 2 5 7 7 0 - 0 . 0 3 1 1 6 5 6 6 
> w e g . a r $ v a r . p r e d 

[ , 1 ] [ , 2 ] [ , 3 ] 
[ 1 , ] 2 . 1 5 6 0 0 3 e - 0 3 7 . 2 4 2 6 9 3 e - 0 5 1 . 2 6 7 9 1 4 e - 0 4 
[ 2 , ] 7 . 2 4 2 6 9 3 e - 0 5 1 . 4 8 6 5 4 4 e - 0 4 6 . 3 1 6 1 6 7 e - 0 5 
[ 3 , ] 1 . 2 6 7 9 1 4 e - 0 4 6 . 3 1 6 1 6 7 e - 0 5 9 . 0 7 0 5 5 9 e - 0 5 

T h i s m e a n s t h a t t h e p a r a m e t e r e s t i m a t e s a r e 

- 0 . 3 0 9 0 .155 0 .875 \ / - 0 . 1 5 2 0 .142 0 .839 
Φ ι = I 0 .042 - 0 . 1 0 7 0.242 , Φ 2 = 0 .048 0 .035 - 0 . 0 3 0 

- 0 . 0 0 3 0 .239 - 0 . 2 7 2 / \ 0 .034 0.352 - 0 . 0 3 1 

a n d 
2 .156003e-03 7 .242693e-05 1.267914e-04 
7 .242693e-05 1.486544e-04 6 .316167e-05 
1.267914e-04 6 .316167e-05 9 .070559e-05 
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T h e r e s idua l s c a n b e seen in F i g u r e 1 0 . 5 . 

> tsplot(weg.ar$resid) 

> legend(1975,-.10,legend=c("income","consumption","investment"), 
+ lty=l:3) 

I n t h e ca se of R , r e p l a c e t h e c o m m a n d s " r t s " a n d " t sp lo t " in S P L U S b y 
t h e c o m m a n d s " t s " a n d " t s . p lo t " r e s p e c t i v e l y in R . T h e o t h e r c o m m a n d s in 
R a r e e x a c t l y t h e s a m e a s in S P L U S . 

F ina l ly , u s i n g t h e f i t ted m o d e l for t h e d a t a f rom 1 9 6 0 t o 1 9 7 8 , we c a n 
a t t e m p t t o p r e d i c t t h e n e x t e igh t q u a r t e r s u s i n g t h e func t ion pred. ar, w h i c h 
is p r e s e n t e d in t h e S P L U S help w i n d o w for ar. F i g u r e 1 0 . 6 s hows t h e p r e d i c t e d 
va lues (sol id) a n d t h e a c t u a l va lues ( d o t t e d l ines ) . 

# function to predict using an ar model: 

# ahead gives the number of predictions to make 

pred.ar <- function(series, ar.est, ahead = 1) 

nUnvl myjdlkicl amy, anddlconl 

ι I , I 

rfSncI indrHrrvl 

_Li_L 

oteonl and dllnvl 

Λ I I I 
• M ' | L | 1 

Fig. 10. 4 Sample A C F of the differenced da ta . 



order <- ar.est$order 

series <- as.matrix(series) 

pred.out <- array(NA, dim = c(order + ahead, 

ncol(series)),dimnames = list(NULL, 

dimnames(series)[[2]])) 

mean.ser <- apply(series, 2, mean) 

ser.cent <- sweepiseries, 2, mean.ser) 

pred.out[seq(order), ] <- ser.cent[rev(nrow( 

series) - seq(order) + 1), ] 

for(i in (order + 1):nrow(pred.out)) { 

pred.out[i, ] <- apply(aperm(ar.est$ar, 

c(l, 3, 2)) * as.vector(pred.out 

[i - seq(order), ]), 3, sum) 

} 
sweep(pred.out[ - seq(order), , drop = F], 2, 

mean.ser, "+") 
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0 to 20 Μ 40 50 eo 70 w 

Fig. 10.6 Predicted values for German series. 

> weg.pred<-pred.ar(dweg.ts,weg.ar,ahead=8) 

> weg.pred 

dlinvl dlincl dlconl 

[1.] -0 008301602 0 02043956 0 02162485 

[2,] 0 011163449 0 02080164 0 01499163 

[3,] 0 021437457 0 01790787 0 02019181 

[4,] 0 013896021 0 02104020 0 01905175 

[5,] 0 018114067 0 02035429 0 01930151 

[6,] 0 017550547 0 02044569 0 01993871 

[7,] 0 017769750 0 02073731 0 01968315 

[8,] 0 018156437 0 02061101 0 01981476 

I n t h e case of R , we u s e t h e fol lowing c o m m a n d 

>weg.pred<-predict(weg.ar,η.ahead=8) 
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10.6 E X E R C I S E S 

1. C o n s i d e r t h e G e r m a n e c o n o m y e x a m p l e d i scussed in S e c t i o n 10 .5 . 

(a) F i t a u n i v a r i a t e t i m e ser ies t o e a c h c o m p o n e n t in t h i s d a t a se t . 

(b ) C o m b i n e t h e t h r e e fits t h a t y o u o b t a i n e d f rom p a r t (a) a n d fo rm 
a t h r e e - d i m e n s i o n a l m u l t i v a r i a t e t i m e ser ies b y s t a c k i n g t h e m t o -
g e t h e r . H o w d o y o u c o m p a r e t h i s m o d e l w i t h t h e V A R ( 2 ) u s e d in 
S e c t i o n 10.5? 

(c) P e r f o r m a forecas t b a s e d o n y o u r c o m b i n e d ser ies a n d c o m p a r e 
y o u r r e su l t w i t h t h o s e g iven in S e c t i o n 10 .5 . 

2 . (a) For a n y m a t r i x Φ s u c h t h a t Φ 2 = 0, s h o w t h a t ( / - Φ Β ) - 1 = 
( / + Φ.Β), w h e r e Β is t h e backsh i f t o p e r a t o r . 

(b) E s t a b l i s h t h e r eve r se c h a r a c t e r i s t i c p o l y n o m i a l r e su l t for t h e ca se 
k = 2 a n d ρ = 2; t h a t is , for a V A R ( 2 ) m o d e l ( J 2 - ΦχΒ -
Φ2Β2)Χί = Z t , s h o w t h a t 

3 . I n t h e U n i t e d S t a t e s of W o n d e r l a n d , t h e g r o w t h r a t e s for i n c o m e ( G N P ) 
a n d m o n e y d e m a n d ( M 2 ) a n d a n i n t e r e s t r a t e ( IR) a r e r e l a t e d in t h e 
fol lowing V A R ( 2 ) m o d e l : 

d e t ( / 2 — Φ\ζ Φ 2 ζ 2 ) = d e t ( J 4 - ζΦ), 

w h e r e 

- 0 . 2 
0 
0 

0 0 
0.1 0.1 
0 0 

GNPt-2 

M 2 t _ 2 

IRt-2 

Z u 

•2-3t 

w h e r e 

Σζ = 0 .03 0 .09 

(a) S h o w t h a t t h e p r o c e s s Xt = (GNPt,M2t, IRt)' is s t a b l e . 

(b) D e t e r m i n e t h e m e a n v e c t o r of Xt. 

(c) W r i t e t h e p r o c e s s of Xt in t h e Xt, V A R ( l ) fo rm. 
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State Space Models 

11.1 I N T R O D U C T I O N 

S t a t e s p a c e r e p r e s e n t a t i o n s of t i m e ser ies h a v e h a d a l o n g h i s to ry . T h e y h a v e 
f o u n d a p p l i c a t i o n s in d ive r se d i sc ip l ines . U n d e r a s t a t e s p a c e s e t t i n g , a n 
e x t r e m e l y r i ch c lass of t i m e ser ies , i n c l u d i n g a n d go ing well b e y o n d t h e l i nea r 
m o d e l s c o n s i d e r e d in t h i s b o o k , c a n b e f o r m u l a t e d a s spec ia l cases of t h e 
g e n e r a l s t a t e s p a c e m o d e l def ined be low. E a r l y a c c o u n t s of s t a t e s p a c e m o d e l s 
a n d t h e a s s o c i a t e d K a l m a n filter r e c u r s i o n s c a n b e found in c o n t r o l e n g i n e e r i n g 
l i t e r a t u r e [see, e.g., K a i l a t h (1980) o r H a n n a n a n d De i s t l e r (1988)] . A r e c e n t 
a c c o u n t of t i m e ser ies a n a l y s i s t h a t e m p h a s i z e s t h e s t a t e s p a c e m e t h o d o l o g y is 
g iven in S h u m w a y a n d Stoffer (2006) , see a l so Cha t f i e ld (2003) a n d D u r b i n 
a n d K o o p m a n (2001) . O t h e r re fe rences for s t a t e s p a c e f r a m e w o r k s i n t h e 
e c o n o m e t r i c l i t e r a t u r e a r e H a r v e y (1993) a n d A o k i (1990) . A v e r y g e n e r a l 
B a y e s i a n s t a t e s p a c e f r a m e w o r k u n d e r t h e c o n t e x t of t h e d y n a m i c l i nea r m o d e l 
is g iven in W e s t a n d H a r r i s o n (1997) . 

11.2 S T A T E S P A C E R E P R E S E N T A T I O N 

A s t a t e s p a c e m o d e l of a g i v e n t i m e ser ies (pos s ib ly m u l t i v a r i a t e ) {Yt : t = 
1 , 2 , . . . } c o n s i s t s of t w o e q u a t i o n s : t h e o b s e r v a t i o n e q u a t i o n a n d t h e s t a t e 
e q u a t i o n . T h e o b s e r v a t i o n e q u a t i o n r e l a t e s t h e o b s e r v e d d a t a {Yt} t o t h e 
u n d e r l y i n g s t a t e s {Xt : t = 1 , 2 , . . . } ( m o s t l ikely u n o b s e r v a b l e o r l a t e n t ) t h a t 
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gove rn t h e s y s t e m v i a 

Yt = GtXt + W u (11.1) 

w h e r e { W ^ } ~ W N ( 0 , fit) r e p r e s e n t s t h e o b s e r v a t i o n e r r o r s a n d Gt is a se-
q u e n c e of m a t r i c e s . T h e s t a t e e q u a t i o n d e s c r i b e s t h e e v o l u t i o n of t h e s t a t e s 
v i a 

X t + l = FtXt + Vt, (11.2) 

w h e r e {Ft} is a s e q u e n c e of m a t r i c e s a n d { V t } ~ W N ( 0 , Qt) d e n o t e s t h e e r r o r s 
i n c u r r e d in d e s c r i b i n g t h e s t a t e s . I t is u s u a l l y a s s u m e d t h a t t h e o b s e r v a t i o n er-
r o r s a n d t h e s t a t e e r r o r s a r e u n c o r r e l a t e d [i.e., E(WsVt) = 0 for al l s a n d t]. 
T o c o m p l e t e t h e spec i f ica t ion , t h e in i t i a l va lue of X\ is a s s u m e d t o b e u n c o r -
r e l a t e d w i t h all t h e e r r o r s {Vt} a n d { W t } . 

D e f i n i t i o n 1 1 . 1 A time series {Yt} has o, state space representation if there 
exists a state space model for {Yt} as specified in equations (11.1) and (11 .2 ) . 

R e m a r k s 

1. T h e u n c o r r e l a t e d n e s s a s s u m p t i o n b e t w e e n t h e e r r o r s c a n b e r e l a x e d . 
F u r t h e r , o n e c a n i n c l u d e a c o n t r o l t e r m HtUt in t h e s t a t e e q u a t i o n (11.2) 
t o a c c o u n t for e x o g e n o u s i n f o r m a t i o n . I n a n A R M A c o n t e x t , s u c h a n 
inc lus ion is u s u a l l y k n o w n as a n ARMAX model. 

2. I n m a n y a p p l i c a t i o n s , t h e o b s e r v a t i o n a n d s y s t e m m a t r i c e s {Ft}, {Gt}, 
{Rt}, {Qt} a r e i n d e p e n d e n t of t i m e , r e s u l t i n g in a t i m e - i n v a r i a n t s y s t e m . 
W e dea l o n l y w i t h t i m e - i n v a r i a n t s y s t e m s in t h i s b o o k . 

3 . B y i t e r a t i n g t h e s t a t e e q u a t i o n , i t c a n eas i ly b e seen t h a t 

Xt = / t ( X i , V i , . . . , V t _ i ) , 
Yt = gt{Xi,Vu...,Vt-uWt), 

for s o m e func t ions ft a n d gt. I n p a r t i c u l a r , we c a n de r ive 

E(VtX's) = 0 , B(VtY'3) = 0 , 1 < a < t, 

E(WtX's) = 0 , 1 < s < t, a n d E{WtY'a) = 0 , 1 < s < t. 

T h e usefu lness of a s t a t e s p a c e r e p r e s e n t a t i o n is t h a t i t is h i g h l y flexible 
a n d c a n b e used t o r e p r e s e n t a l a rge n u m b e r of t i m e ser ies m o d e l s . A s g iven , 
n e i t h e r {Xt} or {Yt} is necessa r i ly s t a t i o n a r y . W h e n e v e r a s i m p l e s t a t e s p a c e 
r e p r e s e n t a t i o n c a n b e found , w e c a n s t u d y t h e b e h a v i o r of t h e s t a t e s {Xt} 
f rom t h e o b s e r v a t i o n s {Yt} v i a t h e o b s e r v a t i o n e q u a t i o n (11 .1) . N o t i c e t h a t 
t h e s t a t e s a n d t h e o b s e r v a t i o n s d o n o t h a v e t o b e c o m p l e t e l y u n r e l a t e d . P a s t 
o b s e r v a t i o n s c a n b e c o m p o n e n t s in a s t a t e . T o i l l u s t r a t e t h i s p o i n t , cons ide r 
a n A R ( p ) m o d e l . 
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E x a m p l e 1 1 . 1 Let {Yt} be a causal A R ( p ) model <f)(B)Yt = Zt- To express 
it in a state space representation, define Xt = (Yt-p+i,Yt-p+2, • • •, Yt)' a n d 
Z t + i = ( Ο , . . . , Ο , Ζ ί + i ) ' . Then 

•t+i — 

( 0 
0 

0 0 0 

V Φρ Φρ-1 Φρ-2 

FXt + Zt+i, 

o \ 
0 

Xt + z, t+i 

Yt = (0,---,0,l)Xt. 

These equations have the required forms of (11.1) and ( 11 .2 ) . In this case, 
Wt = 0 and V t = Zt+i • The causality condition is equivalent to the condi-
tion that the state equation is stable (i.e., the eigenvalues of the state matrix 
F all lie inside the unit disk). • 

A s a s e c o n d e x a m p l e , let u s cons ide r t h e structural model, w h i c h p e r m i t s 
r a n d o m v a r i a t i o n in t h e t r e n d p r o c e s s . Reca l l t h a t in C h a p t e r 1, we d e c o m -
p o s e d a t i m e ser ies i n t o Yt = Mt + Wt, w h e r e Mt r e p r e s e n t s t h e t r e n d . 

E x a m p l e 1 1 . 2 Consider the random walk plus noise model represented by 

Yt = Mt + Wt, i y t ~ W N ( 0 , C T 2 ) , 

Mt+i =Mt + Vt, Vt~ W N ( 0 , σ ξ ) , 

with the initial value M\ = m\ fixed. 
Notice that this model is already written in a state space representation. 

The trend component is unobservable and follows a random walk model, while 
the observation is expressed in a signal plus noise equation. This is sometimes 
known as a loca l level or r a n d o m w a l k p l u s no ise m o d e l . The signal-to-noise 
ratio is defined as 

S N R = - f , 

which is an important factor in determining the features of the model. The 
larger this factor is, the more information can be gathered about the signal Mt. 
On the other hand, when σ2, is zero, Mt is constant and the model reduces to 
a trivial constant mean model. If we extend the trend equation to incorporate 
a linear trend, we have 

Mt = Mt-i+Bt-i + Vt-i, 

B t = Bt-i + Ut-i, Ut~WN(0,al), 
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where Mt represents a local linear trend with slope Bt-i at time t — 1. To 
write this equation in a state space form, define Xt = {Mt,Bt)'. Then 

where Vt = (Vt, Ut)1. This constitutes the state equation. For the observation 
equation, we have 

where we assume {X\, U\, V\, Wi, U2, V2, W2, • • ·} to be an uncorrelated se-
quence of random variables. In this model, 

T h e s e t w o e x a m p l e s d e m o n s t r a t e t h e v e r s a t i l i t y of t h e s t a t e s p a c e fo rmu-
l a t i o n . I n gene ra l , w e c a n w r i t e a n A R I M A ( p , d, q) m o d e l or a n y r a n d o m l y 
v a r y i n g t r e n d p l u s no ise c o m p o n e n t m o d e l s in s t a t e s p a c e fo rms , a l t h o u g h 
f inding o n e t h a t is c o n v e n i e n t t o w o r k w i t h cou l d b e a t r i c k y exerc ise . 

11.3 K A L M A N R E C U R S I O N S 

T h e f u n d a m e n t a l p r o b l e m s a s s o c i a t e d w i t h a s t a t e s p a c e m o d e l c a n b e col lec-
t ive ly classified i n t o o n e of t h e fol lowing t h r e e ca t eg o r i e s , w h i c h a r e c o n c e r n e d 
w i t h e s t i m a t i n g t h e s t a t e v e c t o r Xt i n t e r m s of t h e o b s e r v a t i o n s Y \ , Y 2 , · · · 
a n d a n in i t i a l va lue Yo- E s t i m a t i o n of Xt in t e r m s of 

1. Yq, • • ·, Yt-i defines a K a l m a n p r e d i c t i o n p r o b l e m . 

2. Yo,... ,Yt defines a K a l m a n filtering p r o b l e m . 

3 . Yo, • • •, Yn(n > t) def ines a K a l m a n s m o o t h i n g p r o b l e m . 

E a c h of t h e s e p r o b l e m s c a n b e so lved b y u s i n g a n a p p r o p r i a t e se t of K a l m a n 
r e c u r s i o n s . Usua l ly , Yo is c h o s e n t o b e e q u a l t o t h e v e c t o r ( 1 , . . . , 1 ) ' . Def ine 

Pt(Xi) = P(Xi\Yo,...,Yt) = P3-p{Y0,...yt}Xu i = a s t h e b e s t 
l i nea r p r e d i c t o r of Xi in t e r m s of Yo,... ,Yf F u r t h e r , i n t r o d u c e t h e n o t a t i o n 

Yt = (l,0)Xt + Wt 

• 

w h e r e Q t d e n o t e s t h e o n e - s t e p - a h e a d p r e d i c t i o n e r r o r c o v a r i a n c e m a t r i x . 
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T h e o r e m 1 1 . 1 ( K a l m a n P r e d i c t i o n ) For a given state space model, the 
one-step-ahead predictors and their error covariance matrices are determined 
uniquely by the initial conditions 

Χ ι = Ρ(Χι\Υο), Ω ι = E [ ( X i - Xi)(Xi - Xi)'}, 

and the recursions for t = 1 , 2 , . . . : 

Xt+l = FtXt + et^iYt-GtXt), 
ilt+i = FtntFl + Qt-QtA^Q't, 

where 

At=GtntG't + Ru et = FtntG't, 

and Af1 denotes the generalized inverse of the matrix At. 

T h e o r e m 1 1 . 2 ( K a l m a n F i l t e r i n g ) The filtered estimates Xt\t = Pt(Xt) 
and their error covariance matrices Qt\t = E[(JCt ~ Xt\t){Xt — Xt)t)'] a r e 

determined by the relations 

Pt(Xt) = Pt-iXt + SltG'tAT\Yt - GtXt) 

and 

^t\t = fit — n(G(A^"1Gffi(. 

T h e o r e m 1 1 . 3 ( K a l m a n S m o o t h i n g ) The smoothed estimates Xt\n — 
Pn(Xt) and the error covariance matrices Ω4|„ = E [ ( X t — Xt\n)(Xt — Xt\n)'] 
are determined for fixed t by the following recursions, which can be solved suc-
cessively for η = t, t + 1 , . . . : 

Pn(Xt) = Pn-l{Xt) + Qt,nG'nAn

l(Yn - GnXn), 
Ωί,η+1 = Qt,n[F„ — QnA^Gn]', 

Qt\n — Ωί|„_1 - £lt,nG'nAn

lGn?l'tn, 

where ilt,n — E [ ( X t — Xt){Xn — ^n)'] with initial conditions Pt-\{Xt) = 
Xt and Ω^ = Q,t\t-i — &>t being determined from the Kalman prediction 
recursions. 

P r o o f s of t h e s e t h e o r e m s c a n b e f o u n d in B r o c k w e l l a n d D a v i s (1991) . 
A l t h o u g h t e d i o u s , t h e s e r e s u l t s p r o v i d e t h e n e c e s s a r y a l g o r i t h m s t o c o m p u t e 
p r e d i c t i o n in a n on- l ine m a n n e r , a n d t h e y h a v e b e e n p r o g r a m m e d in m a n y 
p a c k a g e s , i n c l u d i n g S P L U S . F u r t h e r m o r e , b y c o m b i n i n g t h e s e a l g o r i t h m s w i t h 
G a u s s i a n l ike l ihood , we c a n c o m p u t e t h e M L E v e r y efficiently. C o n s i d e r t h e 
p r o b l e m of f ind ing t h e p a r a m e t e r θ t h a t m a x i m i z e s t h e l ike l ihood func t ion for 
g i v e n Y i , . . . ,Yn- Le t t h e c o n d i t i o n a l d e n s i t y of Yt g iven (Yt-i, • •. ,Yo) b e 
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ft(Yt\Yt-i, • • •, Yo)- T h e l ike l ihood func t ion of Y\,..., Yn c o n d i t i o n a l o n 
Yo c a n b e w r i t t e n a s 

η 

L(0, Y1,...,Yn) = H MYt\Yt-u Yi). 
t = i 

A s s u m i n g al l t h e e r r o r s t o b e j o i n t l y G a u s s i a n a n d l e t t i n g It = Yt — Pt-iYt = 
Yt — GXt a s t h e o n e - s t e p - a h e a d p r e d i c t i o n e r r o r w i t h c o v a r i a n c e m a t r i x At — 
E(ItI't), t h e c o n d i t i o n a l d e n s i t y c a n b e w r i t t e n a s 

ft(Yt\Yt-i, • • •, Υχ) = ( 2 π ) - ω / 2 ( d e t Δ , Γ ^ β χ ρ ( - ^ Δ Γ 1 J t ) . 

T h e r e f o r e , t h e l ike l ihood f u n c t i o n of t h e o b s e r v a t i o n s Υ Ί , . . . , Yn is g iven b y 

L(d, Yu...,Yn) = ί » " ™ ' 2 (j[ A^ e x p ^ - i g I'jAj1!^ . 
I n p a r t i c u l a r , w h e n w = 1 (i.e., t h e ser ies is u n i v a r i a t e ) , we h a v e 

1/2 |-

5 Σ Η " (n - l 

Π v i ) θ χ ρ 

3=0 J = l 

w h e r e = P , _ i ( l ^ ) d e n o t e s t h e o n e - s t e p - a h e a d p r e d i c t i o n of Yj w i t h Ϋ\ = 0 
a n d iij = E ( l j + i — ί ^ + i ) 2 d e n o t e s t h e v a r i a n c e of t h e o n e - s t e p - a h e a d p r e -
d i c t i o n ( i n n o v a t i o n ) e r ro r . U s i n g K a l m a n f i l ter ing, b o t h Yj a n d Vj c a n b e 
u p d a t e d recurs ive ly . T h i s a l g o r i t h m h a s b e e n u s e d in S P L U S t o e v a l u a t e t h e 
M L E for a n A R M A m o d e l . 

I n gene ra l , g iven t h e o b s e r v a t i o n s , a n in i t i a l va lue Yq, a n d a s t a r t i n g v a l u e 
0 o , t h e l ike l ihood func t ion c a n b e m a x i m i z e d n u m e r i c a l l y f rom t h e p r e c e d i n g 
e q u a t i o n w i t h t h e a id of t h e K a l m a n r e c u r s i o n s . F u r t h e r m o r e , o n c e t h e M L E 
is found , we c a n c o m p u t e fo recas t s b a s e d o n t h e s t a t e s p a c e r e p r e s e n t a t i o n 
a n d m e a n s q u a r e e r r o r s b y m e a n s of K a l m a n p r e d i c t i o n s . 

11.4 S T O C H A S T I C V O L A T I L I T Y M O D E L S 

O n e of t h e a p p l i c a t i o n s of a s t a t e s p a c e r e p r e s e n t a t i o n in f inance is in m o d e l i n g 
h e t e r o s k e d a s t i c i t y . I n a d d i t i o n t o G A R C H m o d e l s , s t o c h a s t i c vo l a t i l i t y m o d -
els offer a useful a l t e r n a t i v e for d e s c r i b i n g vo l a t i l i t y c l u s t e r i n g . I t is n o t o u r 
i n t e n t i o n t o p r o v i d e a c o m p r e h e n s i v e a c c o u n t of t h e d e v e l o p m e n t s of s t o c h a s -
t i c vo la t i l i t y m o d e l s h e r e ; i n t e r e s t e d r e a d e r s m a y find d e t a i l e d d i scuss ions 
a b o u t v a r i o u s a s p e c t s of s t o c h a s t i c vo la t i l i t y m o d e l s in G h y s e l s , H a r v e y , a n d 



STOCHASTIC VOLATILITY MODELS 149 

R e n a u l t (1996) a n d T a y l o r (1994) . R a t h e r , o u r a i m h e r e is t o i n t r o d u c e t h e 
s t o c h a s t i c vo la t i l i t y m o d e l t h r o u g h t h e s t a t e s p a c e r e p r e s e n t a t i o n . 

I n s t o c h a s t i c vo l a t i l i t y m o d e l s , t h e i n s t a n t a n e o u s v a r i a n c e of t h e ser ies 
o b s e r v e d is m o d e l e d a s a n o n o b s e r v a b l e o r l a t e n t p r o c e s s . L e t {xt} d e n o t e 
t h e r e t u r n s o n a n equ i ty . A bas i c s e t u p of a s t o c h a s t i c vo l a t i l i t y m o d e l t a k e s 
t h e fo rm 

w h e r e { £ t } is u s u a l l y a s s u m e d t o b e a s e q u e n c e of i n d e p e n d e n t s t a n d a r d n o r -
m a l r a n d o m va r i ab l e s , a n d t h e log vo la t i l i t y s e q u e n c e {vt} sat isf ies a n A R M A 
r e l a t i o n 

H e r e , {%} is a G a u s s i a n w h i t e no i se s e q u e n c e w i t h v a r i a n c e r , φ(·) a n d θ(·) 
a r e p o l y n o m i a l s of o r d e r p, q, r e spec t ive ly , w i t h all t h e i r r o o t s o u t s i d e t h e u n i t 
c i rc le a n d w i t h n o c o m m o n r o o t , a n d Β is t h e backsh i f t o p e r a t o r Bxt = xt-i-
C o n c e p t u a l l y , t h i s r e p r e s e n t s a n e x t e n s i o n w i t h r e s p e c t t o G A R C H m o d e l s , 
s ince t h e e v o l u t i o n of t h e vo la t i l i t y is n o t d e t e r m i n e d c o m p l e t e l y b y t h e p a s t 
o b s e r v a t i o n s . I t a l so i nc ludes a s t o c h a s t i c c o m p o n e n t a n d a l lows for a m o r e 
flexible m e c h a n i s m . U n f o r t u n a t e l y , s ince {at} is n o t o b s e r v a b l e , t h e m e t h o d 
of q u a s i m a x i m u m l ike l ihood c a n n o t b e d i r e c t l y a p p l i c a b l e . B y l e t t i n g yt — 
l oga r 2 , ut = log ξ 2 , a n d t a k i n g t h e log a n d s q u a r i n g e q u a t i o n (11 .3) , we h a v e 

I n t h i s e x p r e s s i o n , t h e log vo l a t i l i t y s e q u e n c e sat isf ies a l i nea r s t a t e s p a c e 
m o d e l w i t h s t a t e e q u a t i o n (11.6) a n d o b s e r v a t i o n e q u a t i o n (11 .5 ) , w h i l e t h e 
o r ig ina l p r o c e s s {at} follows a n o n l i n e a r s t a t e s p a c e m o d e l . T o c o m p l i c a t e 
m a t t e r s f u r the r , t h e o b s e r v a t i o n e r r o r ut = log ζ 2 in (11.5) is n o n - G a u s s i a n . 
C o n s e q u e n t l y , d i r e c t a p p l i c a t i o n s of t h e K a l m a n filter m e t h o d for l i nea r G a u s -
s i an s t a t e s p a c e m o d e l s s e e m u n r e a l i s t i c . Seve ra l e s t i m a t i o n p r o c e d u r e s h a v e 
b e e n d e v e l o p e d for S V m o d e l s t o c i r c u m v e n t s o m e of t h e s e difficult ies. M e l i n o 
a n d T u r n b u l l (1990) u s e a g e n e r a l i z e d m e t h o d of m o m e n t s ( G M M ) , w h i c h is 
s t r a i g h t f o r w a r d t o i m p l e m e n t b u t n o t efficient. H a r v e y , R u i z , a n d S h e p h a r d 
(1994) p r o p o s e a q u a s i m a x i m u m l ike l ihood a p p r o a c h b a s e d o n a p p r o x i m a t -
ing t h e o b s e r v a t i o n e r r o r {ut} b y a m i x t u r e of G a u s s i a n r a n d o m v a r i a b l e s 
w h i c h r e n d e r s (11.5) a n d (11.6) i n t o a l i nea r G a u s s i a n s t a t e s p a c e s e t u p . A 
B a y e s i a n a p p r o a c h is t a k e n b y J a c q u i e r , P o i s o n , a n d Ross i (1994) . K i m , 
S h e p h a r d , a n d C h i b (1998) s u g g e s t a s i m u l a t i o n - b a s e d e x a c t m a x i m u m likeli-
h o o d e s t i m a t o r , a n d S a n d m a n n a n d K o o p m a n (1998) p r o p o s e a M o n t e C a r l o 
m a x i m u m l ike l ihood p r o c e d u r e . A l t h o u g h e a c h of t h e s e m e t h o d s is r e p o r t e d 
t o w o r k well u n d e r c e r t a i n c o n d i t i o n s , it is difficult t o assess t h e i r overa l l 
p e r f o r m a n c e s a c r o s s different d a t a s e t s . A l t e r n a t i v e l y , t h e S V m o d e l c a n b e 
c o n s i d e r e d a s a d i s c r e t e - t i m e r e a l i z a t i o n of a c o n t i n u o u s - t i m e p r o c e s s . 

(11.3) 

Φ(Β)ΙΗ=Θ{Β)ΤΗ. (11.4) 

yt = vt + ut, 

<t>{B)vt = 9(B)Vt. 

(11.5) 

(11.6) 
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I n s u m m a r y , a l t h o u g h s t o c h a s t i c vo la t i l i t y m o d e l s h a v e n a t u r a l l inks t o 
s t a t e s p a c e r e p r e s e n t a t i o n s , t h e y a r e n o n l i n e a r a n d n o n - G a u s s i a n s t a t e s p a c e 
fo rms . A s such , it t a k e s m o r e w o r k t o e s t i m a t e a n d t e s t for a n S V m o d e l . 
F u r t h e r d e v e l o p m e n t s a b o u t e s t i m a t i n g S V m o d e l s a n d l o n g - m e m o r y effects 
c a n b e f o u n d in C h a n a n d P e t r i s (2000) . F r o m a p u r e m o d e l i n g p e r s p e c t i v e , 
a n S V m o d e l s e e m s t o b e m o r e flexible, b u t t h e lack of ava i l ab le sof twares 
for SV m o d e l s a l so m a k e s it less r e a d i l y a p p l i c a b l e in p r a c t i c e . E m p i r i c a l 
ev idence sh o ws t h a t b o t h G A R C H a n d S V m o d e l s p e r f o r m s imi lar ly , a n d i t 
is n o t c lea r t h a t o n e fo rm c a n b e u n i f o r m l y b e t t e r t h a n t h e o t h e r . P e r h a p s i t 
is for t h i s r e a s o n t h a t G A R C H m o d e l s h a v e b e e n r ece iv ing c o n s i d e r a b l y m o r e 
a t t e n t i o n a t t h e u s e r ' s e n d . 

11.5 E X A M P L E O F K A L M A N F I L T E R I N G O F T E R M S T R U C T U R E 

I n t h i s e x a m p l e w e i l l u s t r a t e h o w t o u s e K a l m a n fi l ters in e s t i m a t i n g t h e s i m p l e 
Vas icek t e r m - s t r u c t u r e m o d e l d i s c u s s e d in B a b b s a n d N o w m a n (1999) . I n 
t h e bas ic f r am ewo rk , cons ide r t h e i n s t a n t a n e o u s s p o t r a t e r(t) d e s c r i b e d b y 

j 

r ( t ) = μ ( ί ) - £ Χ , ( ί ) , 

dXj ( i) = Xj (t)dt + οj dWj (t). 

For a fixed j , t h e d i s c r e t i z ed ve r s ion of t h e s e c o n d e q u a t i o n c a n b e w r i t t e n a s 

Xk = | l - ^ X n + ijk 

w h e r e % ~ N ( 0 , V2). I n t h i s s e t t i n g , Χχ,..., Xj r e p r e s e n t s t h e c u r r e n t effects 
of J s t r e a m s of e c o n o m i c " n e w s " w h o s e i m p a c t is d e s c r i b e d b y t h e s t a t e 
e q u a t i o n . Here , w e s implify t h e case w h e r e Wj d e n o t e s i n d e p e n d e n t B r o w n i a n 
m o t i o n s , a l t h o u g h t h i s a s s u m p t i o n c a n b e r e l a x e d t o i n c o r p o r a t e c o r r e l a t i o n s 
a m o n g different c o m p o n e n t s a s s t u d i e d in B a b b s a n d N o w m a n . F r o m n o w on , 
w e fu r the r r e s t r i c t o u r a t t e n t i o n t o a one - f ac to r m o d e l , J = 1, w i t h c o n s t a n t 
p a r a m e t e r s [i.e., μ(ί) — μ,σί = σ,ξ^ = ξ, a n d Wj = W]. If we d e n o t e t h e 
m a r k e t p r i ce of r i sk a s s o c i a t e d w i t h W a s Θ, t h e r e s u l t i n g p r i c i n g f o r m u l a for 
B(M,t), t h e p r i ce of a u n i t n o m i n a l p u r e d i s c o u n t b o n d m a t u r i n g a t t i m e 
M, is g iven in e q u a t i o n (5) of B a b b s a n d N o w m a n . U s i n g t h e fact t h a t t h e 
t h e o r e t i c a l i n t e r e s t r a t e 

R(M,t) = --logB{t + T,t), 
τ 

w h e r e τ = Μ — t d e n o t e s t h e r e s i d u a l t e r m t o m a t u r i t y , a n d e q u a t i o n s (5), 
(14) , a n d (15) of B a b b s a n d N o w m a n , we c a n w r i t e 

R{M,t)=Mr)-Mr)X(t), 
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w h e r e 

AI(T) 

R{oc) 

R(oo) — W(T), 

η(ξτ), 

μ + θν-υ2/2, 

(11.7) 

(11.8) 

w(r) 

σ 
ν 

ξ' 

Η(χ) 
1 -e~ 

χ 

W h e n we d i s c r e t i z ed t h e e q u a t i o n for r(t) a n d X(t), a s t a t e s p a c e f o r m u l a -
t i o n r e s u l t e d , w i t h t h e fol lowing o b s e r v a t i o n a n d s y s t e m e q u a t i o n s . Fo r e a c h 

w h e r e eik ~ Ν(0,σ2(φ)) a n d ~ N ( 0 , V2(ip)) d e n o t e t h e o b s e r v a t i o n a n d 
s y s t e m noise , r espec t ive ly . I n t h i s s e t t i n g , t h e u n k n o w n p a r a m e t e r s a r e d e -
s c r i b e d col lec t ive ly b y a h y p e r p a r a m e t e r φ = (μ, θ, ξ, σ)', so t h a t t h e v a r i a n c e s 
of b o t h of t h e o b s e r v a t i o n a n d s y s t e m e r r o r s a r e func t ions of φ. A l so , n o t e 
t h a t t h e s t a t e X is u n o b s e r v a b l e a n d t h a t t h e o n l y o b s e r v a b l e c o m p o n e n t 
is t h e i n t e r e s t r a t e Rik, w h e r e k = 1 , . . . , n d e n o t e s t h e t i m e of t h e obse r -
v a t i o n s a n d ί = I,...,Ν d e n o t e s t h e d i m e n s i o n of t h e o b s e r v a t i o n v e c t o r 
Rk = {R\k, • • •, RNk)'- T h i s f r a m e w o r k p r o v i d e s a g o o d c a n d i d a t e for m a k i n g 
u s e of t h e K a l m a n filter a l g o r i t h m t o e s t i m a t e t h e p a r a m e t e r s φ = (μ, θ, ξ, σ)'. 

Specifical ly, cons ide r t h e fol lowing s p o t r a t e s e x a m p l e (see 

h t t p : / / e c o n o m i c s . s b s . o h i o - s t a t e . e d u / j h m / t s / m c c k w o n / m c c u l l . h t m 

for a d e t a i l e d d e s c r i p t i o n of t h e d a t a ) . T h e d a t a a r e s p o t i n t e r e s t r a t e s for 
e igh t m a t u r i t i e s for e a c h m o n t h f rom A u g u s t 1985 t o F e b r u a r y 1991 (so t h a t 
n — 6 7 m o n t h s in t o t a l ) . T h e s e a r e bas i ca l ly p o i n t s o n t h e z e r o - c o u p o n y ie ld 
c u r v e . T h e e igh t m a t u r i t i e s c h o s e n a r e for t h r e e a n d six m o n t h s ; o n e , t w o , 
t h r e e , five, s even , a n d t e n y e a r s ; a n d Ν = 8. T h e d a t a a r e s t o r e d in t h e file 
z e r o s . d a t o n t h e W e b p a g e for t h i s b o o k . I n t h i s e x a m p l e , n = 67 a n d iV = 
8, w i t h Rik d e n o t i n g t h e t h r e e - m o n t h r a t e s for k = 1 , . . . , 6 7 , R2k d e n o t i n g 
t h e s i x - m o n t h r a t e s for A; = 1 , . . . , 6 7 , . . . , a n d Rsk d e n o t i n g t h e t e n - y e a r 
r a t e s for k = 1 , . . . , 6 7 . W r i t i n g i t in a v e c t o r form, t h e o b s e r v a t i o n e q u a t i o n 
b e c o m e s 

Rk = d(il>) + Z(iJ>)Xk + ek, 

w h e r e ά{φ) = {Αο(η),..., Α0(τ8))' and Ζ (φ) = ( Λ ^ η ) , . . . , A ^ r g ) ) ' a r e 8 x l 
v e c t o r s w i t h AQ a n d Αι def ined in e q u a t i o n s (11.7) a n d (11 .8 ) , r e spec t ive ly , 

i = l,...,N. 

Rik = A0(Ti) - Ai{ri)Xk + eik 

Xk = e - € ( t . . - * * - i ) A : f c _ 1 + ! 7 f c > 

http://economics.sbs.ohio-state.edu/jhm/ts/mcckwon/mccull.htm
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a n d η , . . . , τ$ d e n o t e t h e r e s i d u a l t e r m s t o e a c h m a t u r i t y . In t h i s e q u a t i o n i t 
is a s s u m e d t h a t ek ~ N ( 0 , Σ(φ)). T h e s t a t e e q u a t i o n is t h e s a m e a s before: 

w h e r e ~ N ( 0 , V2(tp)). W i t h t h i s s e t t i n g , we c a n n o w e s t i m a t e a n d p r e d i c t 
t h e i n t e r e s t r a t e s b y m e a n s of t h e K a l m a n filter r e c u r s i o n . T h e m a i n i dea lies 
in w r i t i n g d o w n t h e log- l ike l ihood func t ion of al l t h e u's v i a t h e K a l m a n e q u a -
t i o n in a r ecu r s ive m a n n e r a n d o p t i m i z e t h i s l ike l ihood func t ion numer i ca l ly . 
Before d o i n g t h a t , we p r e s e n t s o m e bas i c d a t a s u m m a r i e s in T a b l e 11 .1 . 

Table 11.1 Summary Statistics 

r ( t ) M e a n S t a n d . D e v . 

3 - m o n t h 6 .93597 1.0570630 
6 - m o n t h 7 .102134 0 .9762329 
1-year 7 .385955 0 .9251570 
2-year 7 .723090 0 .8190899 
3-year 7 .914313 0 .7738133 
5-year 8 .146104 0 .7417155 
7-year 8 .330224 0 .7380349 
10-year 8 .484090 0 .7152038 

T o ge t a feeling a b o u t t h e d a t a we c a n i m p o r t t h e m i n t o S P L U S a s follows: 

> zeros_read.table('zeros.dat',row.names=NULL,header=T) 

B y us ing t h e fol lowing c o m m a n d s , w e o b t a i n a f igure of t h e y ie ld c u r v e for 
F e b r u a r y 91: 

> maturity_c(0.25,0.5,l,2,3,5,7,10) 

> plot(maturity,zeros$Feb91,type='b',xlab="maturity(years)", 

+ ylab="rate",axes=F) 

> axis(1,at=maturity,labels=as.character(maturity)) 

> axis(2) 

> box(bty = "1") 

U n f o r t u n a t e l y , S P L U S c a n n o t d o m u c h m o r e for u s in t e r m s of u s ing t h e 
K a l m a n filter, so we h a v e t o u s e s o m e o t h e r p a c k a g e . T h e r e a r e ava i l ab le 
K a l m a n filter r o u t i n e s in M a t L a b a s wel l a s I M S L , w h i c h is a co l lec t ion of 
n u m e r i c a l a n d s t a t i s t i c a l l i b ra r i e s w r i t t e n in F o r t r a n , a n d it c a n b e ca l led 
f rom b o t h F o r t r a n a n d C . I n p a r t i c u l a r , t h e KALMN r o u t i n e p e r f o r m s t h e s t a n -
d a r d K a l m a n filter, a n d it c a n b e u s e d in c o n j u n c t i o n w i t h t h e UMINF r o u t i n e 
t o o b t a i n m a x i m u m l ike l ihood e s t i m a t e s u s i n g a q u a s i - N e w t o n o p t i m i z a t i o n 
m e t h o d . I t is s t o r e d in t h e file imsl2.f o n t h e W e b p a g e for t h i s b o o k . 
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T h e F o r t r a n c o d e follows: 

c MAIN PROGRAM, CALLS THE SUBROUTINES UMINF AND FUNC 

program kalman 

integer nobs, nparam 

parameter (nobs=67,nparam=4) 

c 

integer iparam(7) 

real func.fscale,fvalue,rparam(7),param(nparam).xguess 

& (nparam).xscale(nparam),ydata(8,67),r(8,8),cow(8,8) 

common ydata,r,covv 

external func.uminf,hfun,wfun,rfun 

c IMPORT THE DATA AS WELL AS THEIR SAMPLE VARIANCE COVARIANCE 
c MATRIX 

open(5,f ile='zeros.dat') 

read(5,*) ((ydata(i,j),j=l,67),i=l,8) 

open(50,f ile='varcovar') 

read(50,*) ((r(i,j),j-1,8),1-1,8) 

c STARTING VALUES FOR THE LIKELIHOOD MAXIMIZATION AS WELL AS 
c PARAMETERS NEEDED IN UMINF 

c******************************** 

data xguess/7.0,70.0,15.0,2.0/,xscale/1.0,1.0,1.0,1.0/, 

& fscale/1.0/ 

c 

iparam(l)=0 

call uminf(func.nparam,xguess,xscale,fscale,iparam, 

& rparam.param.fvalue) 

c STANDARD OUTPUT 

write(*,*) 

>* * * Final estimates for Psi * * 

'mu = ',param(l) 

'theta = ',param(2) 

'ksi = ',param(3) 

'sigma = ',param(4) 

write(*,* 

write(*,* 

write(*,* 

write(*,* 

write(*,* 

write(*,* 

write(*,* 

write(*,* 
'* * * optimization notes * * * ' 

'the number of iterations is ', iparam(3) 
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write(*,*) 'and the number of function evaluations is ', 

& iparam(4) 

do 30 i = 1,8 

write(*,*) 'prediction standard errors = ', sqrt(covv 

& (i,i)) 

30 continue 

end 

c SUBROUTINE FUNC USED BY UMINF 

c CALLS KALMN 
c************************************************ 

subroutine func (nparam.param.ff) 

integer nparam 

real param(nparam), ff 

c 

integer ldcovb,ldcovv,ldq,ldr,ldt,ldz,nb,nobs,ny 

parameter (nb=2,nobs=67,ny=8,ldcovb=2,ldcovv=8,ldq=2, 

& ldr=8,ldt=2,ldz=8) 

c 

integer i,iq.it,η 

real alog,alndet,b(nb),covb(ldcovb,nb),cow(ldcovv,ny), 

& q(ldq,nb),ss,t(ldt,nb),tol,v(ny),y(ny),ydata(ny, 

& nobs),r(ldr,ny),z(ldz,nb),tau(ny),ksi(ny),phi 

common ydata,r,covv 

intrinsic alog 

external amach,kalmn,hfun,rfun,wfun 

c 
data tau/3.0,6.0,12.0,24.0,36.0,60.0,84.0,120.0/ 

c 
tol=100.0*amach(4) 

do 5 i = l,ny 

ksi(i) = param(3)*tau(i) 

z(i,l) = rfun(param,4) - wfun(param,4,tau(i)) 

z(i,2) = -1.0*hfun(ksi(i)) 

5 continue 

c 

covb(l.l) = 0.0 

covb(l,2) = 0.0 

covb(2,l) = 0.0 

covb(2,2) =1.0 

do 6 i =l,nb 

do 7 j=l,nb 

c 

http://iq.it
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q(i.j) = covb(i.j) 

7 continue 

6 continue 

c 

b(l) = 1.0 

b(2) = 0.0 

n=0 

ss=0 

alndet=0 

iq=0 

it=0 

c 

phi = exp(-1.0*param(3)/nobs) 

t(l,l) = 1.0 

t(l,2) = 0.0 

t(2,l) = 0.0 

t(2,2) = phi 

c 

10 i = l.nobs 

y(l) = ydata(l.i) 

y(2) = ydata(2,i) 

y(3) = ydata(3,i) 
y(4) = ydata(4,i) 

y(5) = ydata(5,i) 

y(6) = ydata(6,i) 

y(7) = ydata(7,i) 

y(8) = ydata(8,i) 

call kalmn(ny,y,nb,ζ,ldz,r,ldr,it,t,ldt,iq,q,ldq,tol, 

& b,covb,ldcovb,η,ss,alndet,ν,cow,ldcovv) 

10 continue 

ff=n*alog(ss/n) + alndet 

return 

end 

c UTILITY FUNCTIONS 

real function hfun(x) 

real χ 

c 

hfun = (1 - exp(-x))/x 

return 

end 

c 

c 
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real function rfun(x.n) 

integer η 

real x(n) 

c 

rfun = x(l) + x(2)*(x(4)/x(3)) -0.5*((x(4)**2)/(x(3)**2)) 

return 

end 

c 

c 

real function wfun(x,n,tau) 

integer η 

real x(n),tau 

c 

external hfun 

real ksit,ksit2 

ksit = x(3)*tau 

ksit2 = 2.0*ksit 

wfun = hfun(ksit)*(x(2)*(x(4)/x(3)) - ((x(4)**2)/(x(3)**2 

& ))) + 0.5*hfun(ksit2)*((x(4)**2)/(x(3)**2)) 

return 

end 

The output is given below: 

* * * Final estimates for Psi * * * 

mu = 5.05167 

theta = 65.71723 

ksi = 44.0575 

sigma = 2.03501 

* * * optimization notes * * * 

the number of iterations is 11 

and the number of function evaluations is 30 

prediction standard errors = 1.0571 

prediction standard errors = .9762429 

prediction standard errors = .9251597 

prediction standard errors = .8190907 

prediction standard errors = .7738137 

prediction standard errors = .7417156 

prediction standard errors = .7380349 

prediction standard errors = .7152039 

The estimated values of μ = 5.05167, θ = 65.7172, and σ = 2.03501 are 
very close to the results that Babbs and Nowman report (μ = 5.94, θ = 64.83, 
and σ = 1.32). Our estimated value for ξ — 44.0575, however, is somewhat 

different from the value reported there (ξ = 19.1). There could be many 



EXERCISES 157 

r e a s o n s for t h i s d i s c r e p a n c y . F i r s t , t h e d a t a s e t s a r e different s ince we d o n o t 
u s e a n y s w a p t i o n d a t a in o u r e x a m p l e . Second , t h e t i m e p e r i o d s of t h e t w o 
different d a t a s e t s a r e a l so different . N e v e r t h e l e s s , we see t h a t t h e K a l m a n 
filter p r o v i d e s a n efficient a l g o r i t h m t o e s t i m a t e t h e p a r a m e t e r s of a t e r m -
s t r u c t u r e m o d e l . 

11.6 E X E R C I S E S 

1. C o n s i d e r t h e s i m p l e l i nea r r eg re s s ion m o d e l 

yt = ztb + wt, wt ~ Ν ( 0 , σ 2 ) , t = 1 , 2 , . . . . 

(a) E x p r e s s t h i s r eg re s s ion m o d e l in a s t a t e s p a c e fo rm. N o t i c e t h a t 
t h e p r e d i c t o r zt is k n o w n . Iden t i fy al l t h e n e c e s s a r y coefficient 
m a t r i c e s a n d e r r o r s in y o u r s t a t e s p a c e fo rm. 

(b) L e t bn d e n o t e t h e leas t s q u a r e s e s t i m a t e of t h e r eg re s s ion coefficient 
b e v a l u a t e d a t t i m e n. B y m e a n s of d i r e c t c o m p u t a t i o n , s h o w t h a t 

bn = &n-i + Kn(yn - znbn-i) 

for a n a p p r o p r i a t e l y def ined K a l m a n g a i n m a t r i x Kn a n d ident i fy 

(c) C o m p a r e y o u r r e su l t w i t h t h e K a l m a n filter r e c u r s i o n s a n d ident i fy 
Δ η , Gn, a n d Ω „ . 

(d ) S h o w t h a t 

va r (6„ ) = (1 - Knzn) v a r ( 6 n _ i ) . 

A g a i n , c o m p a r e y o u r f o r m u l a w i t h t h e K a l m a n filter r e c u r s i o n s . 

2. C o n s i d e r t h e loca l t r e n d m o d e l 

Yt = Mt + Wt, W t ~ W N ( 0 , a 2 ) , 

Mt+i = Mt + Vt, V t ~ W N(0 , < 7 2 ) . 

(a ) S h o w t h a t Yt c a n b e w r i t t e n a s a n A R I M A ( 0 , 1 , 1 ) m o d e l 

Yt = Y t - 1 + Z t + 9Zt-1 

for a n a p p r o p r i a t e l y c h o s e n no i se s e q u e n c e Zt, w h e r e Zt ~ W N ( 0 , σ2). 

(b) D e t e r m i n e θ a n d σ2 in t e r m s of a n d σ2. 

(c) B y l e t t i n g = 8 a n d σ 2 = 20 , s i m u l a t e a ser ies of Yt a c c o r d i n g 
t o t h i s loca l t r e n d m o d e l . 

(d) P e r f o r m a t i m e ser ies a n a l y s i s o n t h e s i m u l a t e d Yt. W h a t conc lu -
s ions c a n y o u d e d u c e ? 
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L e t Yt b e a n A R M A ( p , ςτ) m o d e l w i t h ρ = 1 a n d q = 2 def ined b y 

(1 - φ1Β)Υί = (1 - 9χΒ - 92B2)Zt, Zt ~ W N ( 0 , < r 2 ) . 

(a) B y l e t t i n g r = m a x { p , q + 1} = 3 , φ3- — 0 for j > 1, 0 ; = 0 for 
j > 2, a n d #o = 1, s h o w t h a t c a n b e w r i t t e n in a s t a t e s p a c e fo rm 
w i t h t h e s t a t e v e c t o r def ined b y Xt = {Xt-2, Xt-i,Xt)', w h e r e Xt 
sat isf ies t h e A R ( 1 ) m o d e l Xt = φ-yXt-i + Zt- C o n s i d e r a s t a t e 
s p a c e s y s t e m w i t h o b s e r v a t i o n e q u a t i o n 

Yt = (-e2,-e1,90yxt (11.9) 

a n d s t a t e e q u a t i o n 

t+i-

Ident i fy t h e s y s t e m m a t r i c e s F,G,R, a n d Q. S h o w t h a t t h e i t 
def ined b y e q u a t i o n (11.9) follows t h e A R M A ( 1 , 2 ) m o d e l g iven; 
t h a t is , s h o w t h a t Yt a c t u a l l y sat isf ies 

(1 - φ1Β)Υι = (1 - θιΒ - 62B2)Zt. 

(b) A l t e r n a t i v e l y , le t m = max{j>, q} = 2, φ3- = 0 for j > 1, a n d let Xt 
b e a t w o - d i m e n s i o n a l s t a t e vec to r t h a t sat isf ies t h e s t a t e e q u a t i o n 

w h e r e Η = (ψι,ψ2)', Φι, a n d φ2 a r e t h e coefficients of ζ a n d z2 in 
t h e e x p a n s i o n of (1 - d\z — θ2Ζ2)/(1 — φχζ). Le t 

y t = ( l , 0 ) X t + Z t . 

(c) Solve for Η in t e r m s of φι, θχ, a n d θ2 expl ic i t ly . 

(d) Ident i fy t h e s y s t e m m a t r i c e s F a n d G a n d d e d u c e t h a t F2 - 0 i F = 
0 . 

(e) B y w r i t i n g 

Xt+i — FXt + HZt, 

Yt = GXt + Zt, (11.10) 

s h o w t h a t t h e Yt def ined in t h i s w a y a c t u a l l y follows a n A R M A ( 2 , 1 ) 
m o d e l ; t h a t is, d e d u c e t h a t t h e Yt def ined in e q u a t i o n (11.10) s a t -
isfies 

(1 - φ1Β)Υί = (1 - θλΒ - 92B2)Zt. 

T h i s is k n o w n a s t h e canonical observable representation of a n 
A R M A p r o c e s s . 

(f) W h i c h of t h e t w o s t a t e s p a c e f o r m u l a t i o n s in p a r t s (a) a n d (b) 
w o u l d y o u pre fe r? C o m m e n t briefly. 
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Multivariate GARCH 

12.1 I N T R O D U C T I O N 

B a s e d o n t h e d i scuss ions a b o u t m u l t i v a r i a t e A R M A m o d e l s , i t b e c o m e s v e r y 
n a t u r a l t o c o n s i d e r m o d e l i n g t h e vo l a t i l i t y p r o c e s s i n a h i g h e r - d i m e n s i o n a l 
s i t u a t i o n . So far, we h a v e o n l y c o n s i d e r e d t h e vo l a t i l i t y of s ingle a s s e t r e t u r n s 
a n d h a v e t r i e d t o m o d e l t h e vo la t i l i t y p r o c e s s in t e r m s of a u n i v a r i a t e G A R C H 
m o d e l o r a u n i v a r i a t e s t o c h a s t i c vo l a t i l i t y m o d e l . Reca l l t h a t for a u n i v a r i a t e 
G A R C H , t h e u n d e r l y i n g e q u a t i o n is g o v e r n e d b y 

Xt=ottu e t ~ W N ( 0 , l ) , 

w h e r e σ\ = E ( X t

2 | ^ r t - i ) d e n o t e s t h e c o n d i t i o n a l v a r i a n c e t h a t sa t isf ies t h e 
e q u a t i o n 

q ρ 

i=l j=l 

I n g e n e r a l , we m a y w a n t t o cons ide r a por t fo l io t h a t c o n s i s t s a v e c t o r 
of a s s e t r e t u r n s w h o s e c o n d i t i o n a l c o v a r i a n c e m a t r i x evo lves t h r o u g h t i m e . 
S u p p o s e t h a t a f te r f i l ter ing t h i s m u l t i v a r i a t e se r ies t h r o u g h A R M A m o d -
els , we a r r i v e a t a po r t fo l io t h a t cons i s t s of k a s s e t s of r e t u r n i n n o v a t i o n s 
Xi,t, i — l , . . . , f c . S t a c k i n g t h e s e i n n o v a t i o n s i n t o a v e c t o r Xt, we de -
fine au,t = v a r ( X i , t | ^ r

t _ 1 ) a n d a i j i t = cov(Xiit,Xj,t\Ft-\)- I n t h i s case , 
S t = [o~ij,t] d e n o t e s t h e c o n d i t i o n a l var iance—covar iance m a t r i x of al l t h e 
r e t u r n s . T h e s i m p l e s t g e n e r a l i z a t i o n of t h e u n i v a r i a t e G A R C H ( 1 , 1 ) m o d e l 

159 

Time Series: Applications to Finance with R and S-PlusKy, Second Edition 
by Ngai Hang Chan 

Copyright © 2010 John Wiley & Sons, Inc. 



160 MULTIVARIATE GARCH 

r e l a t e s t h e c o n d i t i o n a l v a r i a n c e - c o v a r i a n c e m a t r i x T,t t o XtX't a s follows: 

Xt = E t

1 / 2 Z t l 

Z t ~ W N ( 0 , J ) ; 

E i X t X i l ^ t - ! ) = E t . 

O n e m a i n difficulty e n c o u n t e r e d in t h i s e q u a t i o n lies in f inding a s u i t a b l e 
s y s t e m t h a t d e s c r i b e s t h e d y n a m i c s Σ * p a r s i m o n i o u s l y . W i t h o u t i m p o s i n g 
fu r the r s impl i f i ca t ions , it is eas i ly seen t h a t t h e m o d e l will b e c o m e u n m a n a g e -
ab l e r a t h e r quickly. F u r t h e r m o r e , t h e m u l t i p l e G A R C H e q u a t i o n a lso n e e d s 
t o sat isfy t h e p o s i t i v e def in i teness of Σ 4 . T o i l l u s t r a t e t h e key ideas a n d t o 
avo id u n n e c e s s a r i l y c u m b e r s o m e n o t a t i o n , un l e s s o t h e r w i s e specified, we sha l l 
r e s t r i c t o u r a t t e n t i o n t o a m u l t i v a r i a t e G A R C H (1,1) m o d e l w i t h k = 3 for t h e 
r e m a i n d e r of t h i s c h a p t e r . 

12.2 G E N E R A L M O D E L 

T o beg in , we i n t r o d u c e t h e vech o p e r a t o r as follows. G i v e n a n y s q u a r e m a t r i x 
A, vechA s t a c k s e l e m e n t s o n a n d b e l o w t h e m a i n d i a g o n a l of A a s follows: 

v e c h 

«11 \ 
\ a2i 

«13 \ 
a2i 

1 d31 
«23 = 

/ «22 
«33 / 

«22 
«32 
033 / 

I n gene ra l , if A is a n m χ m m a t r i x , v e c h ( A ) is a n m ( m + l ) / 2 - d i m e n s i o n a l 
vec to r . T h e vech o p e r a t o r is u s u a l l y a p p l i e d t o s y m m e t r i c m a t r i c e s in o r d e r 
t o s e p a r a t e e l e m e n t s only. W i t h t h i s n o t a t i o n , w e c a n m o d e l S t a s follows: 

v e c h ( E t ) = ω + * v e c h ( E t _ i ) + A v e c h ( X t - i - X ' i - i ) - (12.1) 

N o t e t h a t Xt a n d Zt a r e 3 x 1 v e c t o r s , Ω is a 6 χ 1 vec to r , a n d Φ a n d Λ a r e 
6 x 6 s q u a r e m a t r i c e s . T h e t o t a l n u m b e r of p a r a m e t e r s in t h i s m o d e l is 

'Jfe(Jfe + l) 

E v e n for m o d e r a t e k, i t is c l ea r t h a t t h i s m o d e l c a n b e c o m e ve ry c o m p l i c a t e d . 
C e r t a i n r e s t r i c t i o n s n e e d t o b e i m p o s e d o n (12.1) t o r e d u c e t h e n u m b e r of 
p a r a m e t e r s a n d t o e n s u r e t h a t Σ ί is pos i t i ve def ini te . 
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E x a m p l e 12 .1 To get an idea as to how the dynamics of volatilities are de-
scribed by (12 .1 ) , consider the special case where ω = 0 and Φ = 0: 

v e c h ( E t ) = 

\ / A n A l 2 1 • Χΐ5 λ ιβ Ν ( *i,t- \ 
X2i λ 2 2 ' • λ 2 5 λ 2 6 X 2 , t - -lX\,t-l 

°~31,t ΧΆΙ ^32 - • ^35 λ36 X3 , t - - l X l , t - l 
°~22,t X41 ΧΑ2 • • Χί5 ^46 %2,t- lXl,t-l 
°~32,t λδΐ Χδ2 • • Χδ5 λδ6 %3,t- •1^2 , t - l 

/ V λβι Χβ2 • • Χβ5 Χββ ) \ Xi,t- l X 3 , t - l / 

When equating the elements on the two sides of the preceding equation, we see 
that each volatility is related to past squares of returns in a rather complicated 
manner. For example, writing out the first equation gives 

σ ι ι , ί = λ ι ι Χ ι ^ ! + A i 2 X 2 ; t _ i X i i t _ i + A ^ X s ^ - i X ^ - i 

+ λ ΐ 4 Χ | , ί - 1 + λ ΐ 5 Χ 3 , ί - 1 - ^ 2 , ί - 1 + λ ΐ 6 Χ 3 ι ί - ΐ · 

Even under the simplifying assumptions that Σ 4 depends only on Xt, but not 
ω or S t _ i (i.e., ω = 0 and Φ = 0) , this equation is far from being simple. • 

12.2.1 D iagonal Form 

T h e first s i m p l e m o d e l of (12.1) is t h e case w h e n Φ a n d Λ a r e b o t h d i a g o n a l 
m a t r i c e s . I n t h i s case t h e (i,j)th e l e m e n t of S t is 

&ij,t = &ij + PijC~ij,t-l + OSijXiit-lXj,t-l- (12 .2) 

For t h i s m o d e l , e a c h e l e m e n t of Σ 4 follows a u n i v a r i a t e G A R C H ( 1 , 1 ) m o d e l 
d r i v e n b y t h e c o r r e s p o n d i n g e l e m e n t s of t h e c r o s s - p r o d u c t m a t r i x X t _ i X j _ j 
a n d t h e e l e m e n t Oi^t-i- T h i s m o d e l h a s t h r e e p a r a m e t e r s for e a c h e l e m e n t of 
Σ 4 a n d t h u s h a s 3k(k + l ) / 2 = 18 p a r a m e t e r s for t h e e n t i r e m o d e l . 

E x a m p l e 12.2 Continuing with Example 12.1, where ω = 0 and Ψ = 0, 

the matrix Λ = d i a g ( A i , . . . , Xe). In this case, the elements aij in (12.2) are 
related to the diagonal elements through the equation (X\, X2, X3, X4, X5, Xe) = 
(ctn, C Y 2 I , OJ31, α 2 2 , a 3 2 , a 3 3 ) . 

In S P L U S , this model is known as the vector-diagonal model. Specifically, 
let a three-dimensional vector a = (a\,02,03)'. Then an equivalent vectorize 
version becomes 

v e c h ^ t ) = d i a g ( v e c h ( a a T ) ) v e c h ( X t _ i X ^ _ 1 ) . 

Note that this is a special case of the diagonal form with Λ = d i a g ( v e c h ( a a T ) ) . • 
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12.2.2 Alternative Matr ix Form 

I n s t e a d of vec to r i z ing S t , w e m a y w a n t t o m o d e l it d i r e c t l y in a m a t r i x form. 
T h e r e a p p e a r s t o b e n o u n i q u e w a y of d o i n g t h i s . I n S P L U S i t u s e s t h e f o r m 

q ρ 

i=l i=l 
w h e r e t h e s y m b o l ® s t a n d s for t h e H a d a m a r d p r o d u c t ( e l e m e n t - b y - e l e m e n t 
m u l t i p l i c a t i o n ) . Al l q u a n t i t i e s in e q u a t i o n (12.3) a r e k x k m a t r i c e s (k is t h e 
d i m e n s i o n of t h e o b s e r v e d v e c t o r ) e x c e p t for Xt, w h i c h is a fc χ 1 c o l u m n 
vec to r . T h e m a t r i c e s ω, Ai, a n d Bi m u s t b e symmetric. 

For t h e G A R C H ( 1 , 1 ) ca se , e q u a t i o n (12.3) r e d u c e s t o 

Σ« = ω + A ® ( X t _ i X ^ ) + Β ® Σ ( - ι · 

C o n s i d e r a g a i n t h e s i m p l e e x a m p l e w h e r e ω = Β = 0. I n t h e d i a g o n a l fo rm 
(12.2) , t h i s e q u a t i o n b e c o m e s 

w h e r e A is s y m m e t r i c a n d v e c h ( A ) = Λ = d i a g ( A i , . . . , λ β ) . I n t h e p a r t i c u l a r 
c a se t h a t A = (aaT), w h e r e a = ( 0 1 , 0 2 , 0 3 ) ' , t h e d i a g o n a l fo rm s t u d i e d in 
(12.2) b e c o m e s 

Σ< = ( α α τ ) ® (Xt-xXj^). 

12.3 Q U A D R A T I C F O R M 

A m o d e l t e r m e d t h e B E K K m o d e l b y E n g l e a n d K r o n e r (1995) w o r k s w i t h 
q u a d r a t i c fo rms r a t h e r t h a n i n d i v i d u a l e l e m e n t s of Σ, ; . I n t h i s case we w r i t e 

Σ , = C'C + B'Ht-xB + A'Xt-iX't^A, (12.4) 

w h e r e C is a lower t r i a n g u l a r m a t r i x w i t h k(k + l ) / 2 p a r a m e t e r s , a n d Β a n d 
A a r e k χ k s q u a r e m a t r i c e s w i t h k2 p a r a m e t e r s , g iv ing r ise t o a t o t a l of 
2fc 2 + k(k +1)/2 = (5A;2 + k)/2 = 24 p a r a m e t e r s . W e a k r e s t r i c t i o n s on Β a n d 
A g u a r a n t e e t h a t Σ ( is a l w a y s p o s i t i v e def ini te . A g a i n , S P L U S a l lows for t h i s 
spec i f ica t ion , k n o w n a s t h e BEKK model. I n t h i s case , t h e m a t r i c e s A a n d Β 
d o n o t necessa r i ly h a v e t o b e s y m m e t r i c . 

12.3.1 Single-Factor G A R C H ( l . l ) 

A spec ia l c a se of t h e q u a d r a t i c fo rm o r B E K K m o d e l is k n o w n a s t h e single-
factor model. I n t h i s case w e t r y t o m o d e l t h e vo la t i l i t i e s a m o n g t h e a s se t s in 
t e r m s of o n e s ingle sou rce ( a f a c t o r ) . Specifically, we w r i t e 

Σ» = C'C + \X'(Pw'Vt-iw + a(w'Xt-x)2), (12.5) 
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w h e r e λ a n d w a r e Ar-dimensional v e c t o r s a n d a a n d β a r e s c a l a r s . C is a g a i n 
a lower t r i a n g u l a r m a t r i x w i t h k(k + l ) / 2 p a r a m e t e r s . Usua l ly , we a s s u m e 
t h a t w = (w\,... ,Wk)' s u c h t h a t J2i w» = 1 (i-e., we t h i n k of tu a s w e i g h t s ) . 
Le t Xpt = w'Xt a n d σ Ρ Ρ ι ί = w'lltw. T h e n t h e (i,j)th e l e m e n t of E t c a n b e 
w r i t t e n a s 

&ij,t = Cij + AjAj/3CTpPit_i + \i\jOlXpt_i, 

w h e r e c,j is t h e (i,j)th e l e m e n t of t h e m a t r i x C ' C . C o n s i d e r t h e e x p r e s s i o n 

σ ρ ρ ,< = w'Et-iW = w'C'Cw + w'\\'wtfw'i:t-iw + a(w'Xt-i)2) 

= (Cw)'(Cw) + {Χ^)2{βσρρ^χ + aX2^). 

W e d e d u c e t h a t 

vPp,t = wPp + (3app>t-i + aXp^!, 

w h e r e Aj = Xi/(X'w)2, a = (\'w)2a, β = (\'ιν)2β, w i t h Wij, a n d wpp def ined 
a p p r o p r i a t e l y . I n t h i s s e t t i n g , t h e c o v a r i a n c e of a n y t w o a s s e t s ( r e t u r n s ) m o v e 
t h r o u g h t i m e o n l y w i t h t h e v a r i a n c e of t h e por t fo l io , aPPjt, a n d t h i s v a r i a n c e 
follows a u n i v a r i a t e G A R C H ( 1 , 1 ) . I t c a n eas i ly b e seen t h a t t h i s is a spec i a l 
case of t h e B E K K m o d e l w h e r e t h e m a t r i c e s in t h e q u a d r a t i c fo rm A = 
ν / α wX' a n d Β = sf$ wX'. I t h a s (A;2 + 5k + 2 ) / 2 = 13 p a r a m e t e r s . S ince 
t h i s is a spec ia l case of t h e B E K K m o d e l , S P L U S c a n b e u s e d t o fit t h i s m o d e l . 

12.3.2 Constant-Correlat ion M o d e l 

I n t h i s m o d e l , e a c h r e t u r n v a r i a n c e follows a G A R C H ( 1 , 1 ) m o d e l a n d t h e 
c o v a r i a n c e b e t w e e n a n y t w o r e t u r n s is g iven by a c o n s t a n t c o r r e l a t i o n t i m e s 
t h e c o n d i t i o n a l s t a n d a r d d e v i a t i o n . Specifically, we w r i t e 

ou,t = wu + βασα^-ι + aaX2_Xi, 

°~i3,t = Pij{o'ii,tO'ii,tY^2 • 

T h i s m o d e l h a s a t o t a l of k a's, k β'ε, k w's a n d k(k — l ) / 2 p's g i v i n g a t o t a l 
of k(k + 5)/2 = 12 p a r a m e t e r s . I n S P L U S t h i s m o d e l is g iven b y t h e c o m m a n d 
c c c . g ( p , q ) . W e i l l u s t r a t e t h e s e a r r a y s of m o d e l s w i t h S P L U S in t h e n e x t 
s e c t i o n . 

12.4 E X A M P L E O F F O R E I G N E X C H A N G E R A T E S 

I n t h i s e x a m p l e we s t u d y t h e foreign e x c h a n g e r a t e s u s e d in D i e b o l d a n d 
Ner love (1989) . A l t h o u g h D i e b o l d a n d Ner love u s e a s ing le - fac tor A R C H 
m o d e l , we d o n o t follow t h e i r a p p r o a c h comple t e ly . I n s t e a d , we u s e t h e d a t a 
as a vehic le t o i l l u s t r a t e t h e v a r i o u s f e a t u r e s of S P L U S in fitting a m u l t i v a r i a t e 
G A R C H m o d e l . 
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12.4.1 T h e D a t a 

W e s t u d y seven m a j o r do l l a r s p o t r a t e s ; t h e C a n a d i a n do l l a r , D e u t s c h e m a r k , 
B r i t i s h p o u n d , J a p a n e s e y e n , F r e n c h f ranc , I t a l i a n l i ra , a n d Swiss f ranc . T h e 
d a t a a r e f rom t h e first week of J u l y 1973 t o t h e s e c o n d week of A u g u s t 1985 
a n d r e p r e s e n t s e a s o n a l l y u n a d j u s t e d i n t e r b a n k c los ing s p o t p r i ce s o n W e d n e s -
d a y s , t a k e n f rom t h e I n t e r n a t i o n a l M o n e t a r y M a r k e t s Y e a r b o o k . T h e y a r e 
ava i l ab le o n t h e W e b p a g e for t h i s b o o k u n d e r t h e file f o r e x . d a t . W e r e a d 
t h e d a t a i n S P L U S u s i n g t h e r e a d . t a b l e c o m m a n d , a n d c o n v e r t t h e m i n t o 
r e g u l a r t i m e ser ies a s follows: 

> f o r e x < - r e a d . t a b l e ( ] f o r e x . d a t ' , r o w . n a m e s = N U L L , h e a d e r = T ) 
> f o r e x 2 < - r t s ( f o r e x [ , 2 : 8 ] , s t a r t = c ( 1 9 7 3 , 2 9 ) , f r e q = 5 2 ) 

12.4.2 Multivariate G A R C H in S P L U S 

Fol lowing t h e foregoing d i scuss ion , we r e s t r i c t o u r a t t e n t i o n t o t h r e e c o m p o -
n e n t s , k = 3 . W e d e a l w i t h t h e D e u t s c h e m a r k ( D M ) , t h e B r i t i s h p o u n d ( B P ) , 
a n d t h e J a p a n e s e y e n ( Y E N ) only, d e n o t e d b y St = (Su,S2t, £34)'. T h e i r t i m e 
ser ies p l o t s a r e s h o w n in F i g u r e 12 .1 . 

A v i s u a l i n s p e c t i o n i n d i c a t e s n o n s t a t i o n a r i t y i n e a c h of t h e ser ies , so we 
p r o c e e d b y t a k i n g differenced n a t u r a l logs [i.e., Xt = (I — B) log .St], wh ich a l -
low co n v en i en t i n t e r p r e t a t i o n b y m e a n s of t h e a p p r o x i m a t e p e r c e n t a g e c h a n g e . 
T h e t i m e ser ies p l o t s of Xt a r e g iven in F i g u r e 12.2 . 

> d l m p y < - d i f f ( l o g ( m p y ) ) 
> t s p l o t ( d l m p y ) 
> l e g e n d ( 1 0 0 , 0 . 0 6 , l e g e n d = n a m e s ( a s . d a t a . f r a m e ( d l m p y ) ) , l t y = l : 3 ) 

After t a k i n g t h i s n o n s t a t i o n a r i t y i n t o a c c o u n t , we c a n use t h e func t ion 
m g a r c h t o fit m u l t i v a r i a t e G A R C H m o d e l s . O n e of t h e m o s t g e n e r a l m o d e l s 
h a n d l e d is t h e d i a g o n a l - v e c form d i s cus sed in Sec t ion 3 .2 .2 . I n o u r case w h e r e 
ρ = q = 1, t h e c o n d i t i o n a l v a r i a n c e m a t r i x is g iven b y 

Σ 4 = ω + At ® [Xt-iX^) + Β ι ® E t _ i , (12.6) 

w h e r e t h e s y m b o l ® s t a n d s for t h e H a d a m a r d p r o d u c t ( e l e m e n t - b y - e l e m e n t 
m u l t i p l i c a t i o n ) . Al l q u a n t i t i e s in e q u a t i o n (12.6) a r e 3 x 3 m a t r i c e s e x c e p t for 
Xt, w h i c h is a 3 χ 1 c o l u m n v e c t o r . T h e m a t r i c e s ω, Αι, a n d Β χ m u s t b e 
symmetric. N o t i c e t h a t t h i s fo rm m o d e l s t h e c o n d i t i o n a l cova r i ance m a t r i x 
in a n e l e m e n t - b y - e l e m e n t m a n n e r . T h e c o m m a n d 

s e r i e s . m o d < - m g a r c h ( s e r i e s " - l , ~ d v e c ( l , 1 ) ) 

wil l fit t h e m o d e l s h o w n in e q u a t i o n (12.6) for ρ = 1 a n d « 2 = 1 . T h i s m o d e l 
is a l so r e fe r red t o a s t h e order (1,1) diagonal-vec model. 
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1ST* 1979 187S 1 9 » 1949 1964 199S 
JAPAN 

Fig. 12.1 Time series plots of the raw data . 

Example 12.3 We use the function mgarch to fit the order (1,1) diagonal-
vec model: 

> mpy.mod.dvec<-mgarch(dlmpy ~dvec(l,l)) 

To see a brief display of the model and the estimated coefficient values, type 

> mpy.mod.dvec 

Call: mgarch(formula.mean = dlmpy"-l, formula.var=~dvec(l,l)) 

Mean Equation: dlmpy " -1 

Conditional Variance Equation: " dvec(l,l) 

Coefficients: 

A(l, 1) 1.199e-05 
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Fig. 12.2 Differenced logarithms of the series. 

A(2, 1) -4 955e--06 

A(3, 1) 1 066e--05 
A(2, 2) 2 207e--06 

A(3, 2) -1 724e--06 

A(3, 3) 1 235e--06 
ARCH(1 1, 1) 1 070e--01 

ARCH(1 2, 1) 1 090e--01 

ARCH(1 3, 1) 1 032e--01 
ARCH(1 2, 2) 6 910e--02 

ARCH(1 3, 2) 7 747e--02 

ARCH(1 3, 3) 5 348e--02 
GARCH(1 1, 1) 8 211e--01 

GARCH(1 2, 1) 8 344e--01 

GARCH(1 3, 1) 8 385e--01 

GARCH(1 2, 2) 9 OOOe--01 

GARCH(1 3, 2) 8 748e--01 
GARCH(1 3, 3) 9 393e--01 
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From the output above, the estimated coefficients in equation (12.6) are 

1.199e-05 - 4 . 9 5 5 e - 0 6 1.066e-05 
ω = I - 4 . 9 5 5 e - 0 6 2 .207e-06 - 1 . 7 2 4 e - 0 6 

1.066e-05 - 1 . 7 2 4 e - 0 6 1.235e-06 

8.211 e-01 8 .344e-01 8 .385e-01 
B i = ( 8 .344e-01 9 .000e-01 8 .748e-01 

8 .385e-01 8 .748e-01 9 .393e-01 

1.070e-01 1.090e-01 1.032 e-01 
A i = [ 1.090e-01 6 .910e-02 7 .747e-02 

1.032e-01 7 .747e-02 5 .348e-02 

and 

The function summary provides not only the information above, but also 
standard inference results about the parameter estimates and test statistics : 

> summary(mpy.mod.dvec) 

Call: mgarch(formula.mean=dlmpy~-l, formula.var=~dvec(l,1)) 

Mean Equation: dlmpy -1 

Conditional Variance Equation: " dvec(1,1) 

Conditional Distribution: gaussian 

Estimated Coefficients: 

Value Std.Error t value PrOltl) 

A(l, 1) 1 199e-05 2 660e-06 4 507 3 915e-06 

A(2, 1) -4 955e-06 1 438e-06 -3 446 3 036e-04 

A(3, 1) 1 066e-05 2 155e-06 4 946 4 878e-07 
A(2, 2) 2 207e-06 7 930e-07 2 784 2 769e-03 

A(3, 2) -1 724e-06 7 750e-07 -2 224 1 324e-02 

A(3, 3) 1 235e-06 4 002e-07 3 086 1 060e-03 
ARCH(1; 1, 1) 1 070e-01 1 463e-02 7 312 4 030e-13 
ARCH(1; 2, 1) 1 090e-01 1 454e-02 7 496 1 126e-13 
ARCH(1; 3, 1) 1 032e-01 1 908e-02 5 407 4 564e-08 
ARCH(1; 2, 2) 6 910e-02 1 161e-02 5 949 2 239e-09 
ARCH(1; 3, 2) 7 747e-02 1 304e-02 5 941 2 351e-09 
ARCH(1; 3, 3) 5 348e-02 6 215e-03 8 604 0 000e+00 
GARCH(1; 1, 1) 8 211e-01 2 308e-02 35 569 0 000e+00 

GARCH(1; 2, 1) 8 344e-01 1 983e-02 42 084 0 000e+00 
GARCH(1; 3, 1) 8 385e-01 2 614e-02 32 074 0 000e+00 
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GARCH(1; 2, 2) 9.000e-01 

GARCH(1; 3, 2) 8.748e-01 

GARCH(1; 3, 3) 9.393e-01 

1.599e-02 56.271 0.000e+00 

2.274e-02 38.472 0.000e+00 

5.588e-03 168.100 0.000e+00 

AIC(18) = -11804.52 

BICU8) = -11724.44 

Normality Test: 

Jarque-Bera P-value Shapiro-Wilk P-value 

GERMANY 14.76 0.0006226 0.9869 0.6746 

UK 1203.23 0.0000000 0.9521 0.0000 

JAPAN 876.58 0.0000000 0.9560 0.0000 

Ljung-Box test for standardized residuals: 

Statistic P-value Chi-square d.f. 

GERMANY 25.34 0.01331 12 

UK 17.27 0.13965 12 

JAPAN 17.71 0.12482 12 

Ljung-Box test for squared standardized residuals: 

Statistic P-value Chi-square d.f. 

GERMANY 8.433 0.7505 12 

UK 1.433 0.9999 12 

JAPAN 4.835 0.9633 12 

Lagrange multiplier test: 

Lag 1 

GERMANY 1.15796 

UK -0.24630 

JAPAN 0.08048 

Lag 2 Lag 3 

1.224393 -0.48768 

-0.031264 0.06862 

-0.006353 -0.08270 

Lag 4 Lag 5 

-0.5168 -0.6364 

-0.3687 -0.3745 

-0.1131 -0.4491 

GERMANY 

UK 

JAPAN 

Lag 6 

1.5077 

-0.5422 

-0.5800 

Lag 7 

-0.98599 

-0.08647 

0.30541 

Lag 8 

-0.205 

-0.102 

1.154 

GERMANY 

UK 

Lag 9 

0.4657 

0.1230 

Lag 10 Lag 11 

0.4067 1.1327 

-0.1714 0.8290 

Lag 12 C 

-0.1457 0.66144 

-0.0212 0.09538 
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JAPAN -0.4607 -0.3207 -0.8834 0.1006 1.15361 

TR~2 P-value F-stat P-value 

GERMANY 9.112 0.6933 0.8407 0.7094 

UK 1.440 0.9999 0.1312 1.0000 

JAPAN 4.556 0.9712 0.4173 0.9935 

To make visual assessment of the goodness of fit of the model mpy. mod. dvec, 

we can use the plot function 

> plot(mpy.mod.dvec) 

Make a plot selection (or 0 to exit): 

1: plot: All 

2: plot: Observations and ACFs 

3: plot: ACFs of Cross-product of Observations 

4: plot: ACF of the Squared Norm of the Observations 

5: plot: Residuals and Conditional SDs 

6: plot: Standardized Residuals arid ACFs 

7: plot: ACFs of Cross-product of Std Residuals 

8: plot: ACF of the Squared Norm of the Std Residuals 

9: plot: QQ-plots of the Standardized Residuals 

• 

V i s u a l c o m p a r i s o n s b e t w e e n t h e b e h a v i o r of t h e m u l t i v a r i a t e t i m e ser ies a n d 
t h e b e h a v i o r of t h e m u l t i v a r i a t e standardized residuals for t h e f i t ted m o d e l p r o -
v ide exce l len t g u i d a n c e in assess ing t h e fit of t h e m o d e l . N o t e h e r e t h a t whi le 
in t h e u n i v a r i a t e case t h e s t a n d a r d i z e d r e s i d u a l s a r e s i m p l y t h e m o d e l r e s idu -
als d iv ided b y t h e c o n d i t i o n a l s t a n d a r d d e v i a t i o n , t h e s t a n d a r d i z e d r e s i d u a l s 
for a m u l t i v a r i a t e G A R C H a r e o b t a i n e d b y t h e whitening matrix transforma-
tion: 

Σ ί " 1 / 2 Ζ ί . 

For a wel l - f i t ted m u l t i v a r i a t e G A R C H m o d e l , t h i s t r a n s f o r m a t i o n p r o d u c e s 
s t a n d a r d i z e d r e s i d u a l v e c t o r s t h a t h a v e a n a p p r o x i m a t e l y d i a g o n a l c o n d i t i o n a l 
cova r i ance m a t r i x . 

W e c a n m a k e a c o m p a r i s o n p l o t a s follows. Select m e n u choices 2 a n d 6 t o 
o b t a i n t h e p l o t s in F i g u r e s 12.3 a n d 12.4. T h e fitted m o d e l h a s r e s u l t e d in 
s o m e w h a t s m a l l e r A C F va lues for t h e s t a n d a r d i z e d r e s i d u a l s r e l a t i ve t o t h e 
ser ies o b s e r v e d . 

M a k e m e n u se lec t ions 3 a n d 7 t o ge t t h e A C F s of t h e c r o s s - p r o d u c t p lo t s 
s h o w n in F i g u r e s 12.5 a n d 12.6. B y t h e ACFs of cross-products, we m e a n t h e 
A C F s of all pa i rw i se p r o d u c t s of t w o or m o r e m u l t i v a r i a t e t i m e ser ies . For our 
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Fig. 12.3 Selecting menu choice 2: observations and ACFs. 
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Fig. 12.4 Selecting menu choice 6: s tandardized residuals and ACFs. 
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t r i - v a r i a t e series w e ge t t h e fol lowing: T h e u p p e r - l e f t - h a n d p l o t is t h e A C F 
of t h e s q u a r e d va lue s of t h e D M ser ies ; t h e l o w e r - r i g h t - h a n d p l o t is t h e A C F 
of t h e s q u a r e d va lue s of t h e Y E N ser ies a n d t h e lower - le f t -hand p lo t is t h e 
A C F of t h e p r o d u c t of t h e D M a n d Y E N ser ies . F i g u r e 12.5 for t h e ser ies 
o b s e r v e d revea l s s ignif icant a u t o c o r r e l a t i o n in a l l six p l o t s , i n d i c a t i n g a n e e d 
for G A R C H m o d e l i n g . 

0 5 1 5 20 25 

1 5 20 25 5 1 0 1 5 2 0 

Fig. 12.5 Selecting menu choice 3: ACFs of cross-product observations. 

F i g u r e 12.6 for t h e s t a n d a r d i z e d r e s i d u a l s ser ies s h o w s t h a t m o s t b u t n o t al l 
of t h e a u t o c o r r e l a t i o n s t r u c t u r e h a s b e e n r e m o v e d b y t h e f i t ted d i a g o n a l - v e c 
G A R C H m o d e l . W e m a y w i s h t o t r y a n d refine t h e t r i v a r i a t e G A R C H m o d e l 
in o r d e r t o r e m o v e t h e s m a l l n u m b e r of r e m a i n i n g s ignif icant c o r r e l a t i o n s in 
t h e A C F s of t h e s t a n d a r d i z e d r e s i d u a l s . 

W h e n we h a v e m o r e t h a n t w o ser ies t o m o d e l , it m a y b e i nconven i en t t o 
p l o t a n d c o m p a r e t h e A C F s of al l c r o s s - p r o d u c t s . S P L U S a d d r e s s e s t h i s i s sue 
b y p r o v i d i n g p l o t s for t h e A C F s of t h e E u c l i d e a n n o r m of t h e r e s i d u a l s a n d 
t h e s t a n d a r d i z e d r e s idua l s , w h e r e t h e Euclidean norm is t h e s q u a r e r o o t of 
t h e s u m of s q u a r e s of t h e e l e m e n t s of a vec to r . If t h e A C F of t h e n o r m of 
t h e m u l t i v a r i a t e ser ies e x h i b i t s s ignif icant c o r r e l a t i o n , m u l t i v a r i a t e G A R C H 
m o d e l i n g m a y b e ca l led for. If t h e A C F of t h e n o r m of t h e s t a n d a r d i z e d 
r e s i d u a l s for t h e fitted m o d e l e x h i b i t s l i t t l e c o r r e l a t i o n , t h e G A R C H m o d e l fit 
is p r o b a b l y p r e t t y g o o d . M e n u se l ec t ions 4 a n d 8 r e su l t in t h e s e A C F p l o t s . 
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a 5 10 IS Μ AS 

- ATTV - ,Ι,ι 1 ill ι 
A 

S 

l I ι 1 1 
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1 I 1 '' I ί 
1 S 

9 

"|| ΙΙ||ΊΙΙΙ|"| " 1 

Fig. 12.6 Selecting menu choice 7: ACFs of cross-product of s tandardized residuals. 

W e c a n a l so ge t p a i r e d p l o t s of t h e r e s i d u a l s a n d t h e i r c o n d i t i o n a l s t a n d a r d 
d e v i a t i o n s b y m a k i n g m e n u se lec t ion 5. F ina l ly , b y m a k i n g m e n u se l ec t i on 9, 
we c a n look a t t h e n o r m a l Q - Q p l o t s of t h e s t a n d a r d i z e d r e s i d u a l s , w h i c h a r e 
s h o w n in F i g u r e 12.7 . 

T h e o b j e c t mpy.mod.dvec h a s seve ra l c o m p o n e n t s w h i c h c a n b e e x t r a c t e d . 
U s i n g residuals or sigma.t will r e t u r n m a t r i c e s w i t h e a c h c o l u m n c o r r e -
s p o n d i n g t o o n e of t h e t i m e ser ies in t h e m u l t i v a r i a t e s e t . F o r e x a m p l e , 

residuals(mpy.mod.dvec) 

is a 632 χ 3 m a t r i x w i t h t h e first c o l u m n c o r r e s p o n d i n g t o t h e D M ser ies 
of l e n g t h 632 , t h e s e c o n d c o l u m n c o r r e s p o n d i n g t o t h e BP se r ies , a n d t h e 
t h i r d t o t h e Y E N ser ies . W e c a n e x t r a c t t h e s t a n d a r d i z e d r e s i d u a l s u s i n g t h e 
standardized o p t i o n in t h e call of t h e func t ion residuals. 

W e ge t F i g u r e s 12.8 a n d 12.9 u s i n g t h e c o m m a n d s 

> pairs(dlmpy) 

> pairs (residuals (mpy .mod. dvec, standardized)) 

A s we c a n see in F i g u r e 12.8 , t h e d a t a s e t s for t h e o r ig ina l ser ies a r e h igh ly 
c o r r e l a t e d , w i t h a few o u t l i e r s in ev idence . I n F i g u r e 12.9 we see t h a t t h e 
b u l k of t h e s t a n d a r d i z e d b i v a r i a t e r e s i d u a l s h a v e a n e a r l y c i r cu l a r s c a t t e r 
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Fig. 12.7 Selecting menu choice 9: Q - Q plots of the standardized residuals. 

p l o t , wh ich m e a n s t h a t t h e s t a n d a r d i z a t i o n h a s r e s u l t e d in t h e b u l k of t h e 
r e s idua l s b e i n g u n c o r r e l a t e d . T h e few o u t l i e r s seen in F i g u r e 12.8 r e m a i n in 
F i g u r e 12.9 b u t w i t h different o r i e n t a t i o n s . 

12.4.3 Prediction 

O n c e we fit a m u l t i v a r i a t e G A R C H m o d e l , we c a n u s e t h e predict func-
t i o n , w i t h t h e f i t t ed m o d e l o b j e c t a s a n a r g u m e n t , t o c r e a t e a n o b j e c t of t h e 
c lass m g a r c h . p r e d i c t . T h i s predictions o b j e c t h a s t h e fol lowing c o m p o n e n t s : 
series.pred, t h e p r e d i c t e d va lues of t h e ser ies ; sigma.pred, t h e p r e d i c t e d 
va lues of t h e c o n d i t i o n a l s t a n d a r d d e v i a t i o n s ; a n d R. pred, t h e p r e d i c t e d val-
u e s of t h e c o n d i t i o n a l c o r r e l a t i o n m a t r i x . Af te r c r e a t i n g t h e m g a r c h . p r e d i c t 
o b j e c t , we c a n u s e t h e p l o t func t ion t o ge t p l o t s of t h e s e p r e d i c t e d ser ies . 

12.4.4 Predicting Portfolio Condit ional Standard Deviat ions 

If we h a v e a por t fo l io w i t h w e i g h t s w = (wi,... ,w<i), w h e r e d r e p r e s e n t s many-
f inancia l t i m e ser ies r e t u r n s , w i t h t h e w e i g h t s s u m m i n g t o 1, we c a n p r e d i c t t h e 
c o n d i t i o n a l s t a n d a r d d e v i a t i o n s of t h e por t fo l io y u s i n g a r g u m e n t s o p t i o n a l for 
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Fig. 12.8 Bivariate scatter plot of the original series. 

t h e plot f unc t ion . I n o u r e x a m p l e , if t h e w e i g h t s a r e w = ( 0 . 2 5 , 0 . 5 0 , 0 . 2 5 ) , 
we c a n u s e t h e fol lowing: 

> mpy.mod.dvec.pred<-predict(mpy.mod.dvec,20) 
> plot(mpy.mod.dvec.pred,portfolio=T,weights=c(0.25,0.5,0.25)) 

12.4.5 B E K K M o d e l 

T h e q u a d r a t i c m o d e l , a l so k n o w n a s t h e B E K K m o d e l , c a n b e f i t t ed in S P L U S 
u s i n g "bekk(p.q) a s t h e s e c o n d a r g u m e n t t o m g a r c h . Fo r e x a m p l e : 

> mpy.mod.bekk<-mgarch(dlmpy ~bekk(l,1),trace=F) 

T h e B E K K (1,1) m o d e l h a s t h e fol lowing c o n d i t i o n a l c o v a r i a n c e m a t r i x 
s t r u c t u r e : 

S t = AAT + A^Xt-iXj^Af + B i S t - i B f . (12 .7) 

B e c a u s e of t h e p r e s e n c e of a p a i r e d t r a n s p o s e d m a t r i x fac to r for e a c h of t h e 
dxd m a t r i c e s Α, Αχ, a n d Βχ, s y m m e t r y a n d n o n n e g a t i v e - d e f i n i t e n e s s of t h e 
c o n d i t i o n a l c o v a r i a n c e m a t r i x S t a r e a s s u r e d . 

Fo r o u r e x a m p l e , we h a v e 

/ 1 .890e -03 1 .105e-04 3 . 3 3 0 e - 0 3 \ 
A = 1 .105e-04 - 1 . 4 6 9 e - 0 3 1 .296e-04 , 

\ 3 . 3 3 0 e - 0 3 1 .296e-04 6 . 7 7 9 e - 0 7 / 
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G E R M A N Y 

UK 

J A P A N 

"5 5 5 1 1 ^ 1 ' 5 δ ί ί W 

Fig. 12.9 Bivariate scatter plot of the standardized residuals. 

/ 9 . 1 8 7 e - 0 1 - 3 . 6 3 2 e - 0 2 6 . 5 2 6 e - 0 2 \ 
Αι = - 9 . 5 2 6 e - 0 4 8 . 9 2 5 e - 0 1 3 . 7 7 6 e - 0 2 , 

\ 4 . 4 7 2 e - 0 2 - 1 . 3 9 8 e - 0 2 9 . 3 3 9 e - 0 1 / 

a n d 
/ 3 . 5 1 0 e - 0 1 - 1 . 0 0 5 e - 0 4 - 9 . 3 7 9 e - 0 2 \ 

Βχ = - 8 . 4 2 6 e - 0 3 3 . 1 9 5 e - 0 1 - 5 . 9 0 6 e - 0 2 
\ - 1 . 0 3 4 e - 0 1 1 .873e-02 3 . 0 3 5 e - 0 1 / 

12.4.6 Vector -Diagonal M o d e l s 

I n v e c t o r - d i a g o n a l m o d e l s we a s s u m e t h a t Φ a n d Λ in e q u a t i o n (12.1) a r e 
d i a g o n a l m a t r i c e s . I n t h i s c a se we h a v e 

Σ 4 = AAT + a i a J ® (Xt^Xj^) + brf ® Σ « _ ι . (12.8) 

F o r t h i s m o d e l , e a c h e l e m e n t of S t follows a u n i v a r i a t e G A R C H m o d e l d r i v e n 
b y t h e c o r r e s p o n d i n g e l e m e n t of t h e c r o s s - p r o d u c t m a t r i x Xt-iX't_i. T h i s 
m o d e l is o b t a i n e d b y m a k i n g t h e m a t r i c e s Λ a n d Φ d i a g o n a l . 

T h e d i a g o n a l fo rm, seen in (12 .8 ) , c a n a l so b e f i t ted i n S P L U S u s i n g t h e 
" d v e c . v e c . v e c ( p . q ) a r g u m e n t . F o r e x a m p l e 

> m p y . m o d . v e c < - m g a r c h ( d l m p y "-1, ~ d v e c . v e c . v e c ( l , l ) , t r a c e = F ) 
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l e a d s u s t o t h e e s t i m a t e s 

/ 2 .606e-03 
A= - 1 . 6 7 3 e - 0 3 

\ 2 .860e-03 

- 1 . 6 7 3 6 - 0 3 2 .860e-03 \ 
7 .679e-04 - 5 . 6 2 9 e - 0 5 , 

- 5 . 6 2 9 e - 0 5 8 .097e-04 / 

/ 9 .320e-01 \ 
α ϊ = 9 .152e-01 J , 

\ 9 .698e-01 / 

a n d 
/ 2 .991e-01 \ 

bi = 3 .1956-01 . 
\ 2 .292e-01 / 

12.4.7 A R M A in Conditional M e a n 

If t h e r e is a m e a n s t r u c t u r e , we fit t h e fol lowing g e n e r a l m o d e l w i t h a v e c t o r 
A R M A s t r u c t u r e : 

r a 
Vt = c+J2 9iyt-i + Σ ® i * t - i + Xt- (12.9) 

i = l i = l 

For e x a m p l e , we fit a d i a g o n a l A R M A ( 1 , 1 ) w i t h a d v e c ( l , l ) m o d e l for t h e 
r e s i d u a l s b y u s i n g t h e c o m m a n d 

> m p y . m o d . a r m a < - m g a r c h ( d l m p y ~ a r m a ( l , l ) , " d v e c ( l , l ) , t r a c e = F ) 

I n o u r e x a m p l e we ge t 

a n d 

- 7 . 8 6 7 e - 0 5 
- 3 . 9 1 4 e - 0 4 
- 1 . 4 8 9 6 - 0 4 

Φ ι = d i a g { 4 . 4 5 2 e - 0 1 , 5 . 8 2 4 e - 0 1 , 6 . 5 9 0 e - 0 1 } , 

© i = d i a g { - 3 . 5 3 2 e - 0 1 , - 4 . 8 3 0 e - 0 1 , - 5 . 9 9 8 e - 0 1 } , 

8 .365e-01 8 .335e-01 8 .309e-01 
At = [ 8 .335e-01 9 .141e-01 8 .791e-01 

8 .309e-01 8.791 e-01 9 .402e-01 

9 .904e-02 1.088e-01 1.072e-01 
Bi = ( 1.088e-01 6 .085e-02 7 .395e-02 

1.072e-01 7 .395e-02 5 .342e-02 
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12.5 C O N C L U S I O N S 

I n th i s c h a p t e r we h a v e c o n s i d e r e d a n a r r a y of m u l t i v a r i a t e G A R C H m o d e l s . 
D u e t o t h e h i g h - d i m e n s i o n a l n a t u r e of t h e p r o b l e m , it b e c o m e s i n e v i t a b l e 
t h a t m a n y of t h e m o d e l s u s e d in f i t t ing m u l t i v a r i a t e G A R C H ser ies posses s a 
r a t h e r c o m p l i c a t e d form. I t is h o p e d t h a t b y fol lowing t h e e x a m p l e s g iven in 
t h i s c h a p t e r , r e a d e r s c a n a c q u i r e t h e e s sen t i a l s of f i t t ing s o m e c o m m o n l y u s e d 
m u l t i v a r i a t e G A R C H m o d e l s . I t s h o u l d a lso b e p o i n t e d o u t t h a t a t t h e t i m e 
of w r i t i n g of t h i s b o o k , t h e r e a r e v e r y few sof tware p r o d u c t s t h a t s u p p o r t 
m u l t i v a r i a t e G A R C H m o d e l s . T h e o n l y t w o c o m m o n l y u s e d p l a t f o r m s a r e 
SPLUS a n d S A S . I t is a r u l e r a t h e r t h a n a n e x c e p t i o n t h a t u se r s m u s t d e v e l o p 
t h e i r o w n sof tware s u p p o r t for fitting m u l t i v a r i a t e G A R C H ser ies . 

12.6 E X E R C I S E S 

1. C o n s i d e r t h e foreign e x c h a n g e r a t e e x a m p l e a n a l y z e d in D i e b o l d a n d 
Ner love (1989) a n d S e c t i o n 12 .4 .1 of t h i s c h a p t e r . D o w n l o a d t h i s d a t a 
set f rom t h e W e b p a g e for t h i s b o o k . 

(a) P e r f o r m a u n i v a r i a t e G A R C H a n a l y s i s on a l l seven c o u n t r i e s a s 
d o n e in t h e p a p e r . Y o u m i g h t a l so w a n t t o fit a n A R s t r u c t u r e 
o n t h e c o n d i t i o n a l m e a n a s well . C o m m e n t o n y o u r a n a l y s i s w i t h 
r e s p e c t t o t h e f ind ings g iven in D i e b o l d a n d Ner love . 

(b ) P e r f o r m a m u l t i v a r i a t e G A R C H a n a l y s i s o n t h e fol lowing four c o u n -
t r i es : U . K . , G e r m a n y , C a n a d a , a n d J a p a n . Y o u m i g h t w a n t t o fit 
a n u m b e r of m o d e l s , s u c h a s t h e B E K K or t h e d i a g o n a l m o d e l . 
C o m m e n t o n y o u r a n a l y s i s . 

(c) I n p a r t i c u l a r , u t i l i ze a c o n s t a n t c o r r e l a t i o n m o d e l for t h e s e four 
c o u n t r i e s . C o m m e n t o n y o u r r e s u l t s w i t h t h e findings of t h e s ingle-
fac to r m o d e l g iven in D i e b o l d a n d N e r l o v e (1989) . 

2. F i n d i n g a r e a s o n a b l e t h e o r e t i c a l a s s i g n m e n t for t h i s c h a p t e r is a l m o s t 
imposs ib l e . Fo r c u l t u r a l e n r i c h m e n t a n d e n t e r t a i n m e n t , w i t h t h e obv i -
o u s mod i f i c a t i ons , o n e m i g h t w a n t t o cons ide r t h e fol lowing c e l e b r a t e d 
a s s i g n m e n t f rom L a n g (1965) . T a k e a n y a r t i c l e or b o o k o n G A R C H 
m o d e l s a n d p r o v e al l t h e t h e o r e m s w i t h o u t l ook ing a t t h e proofs g iven 
in t h a t a r t i c l e o r b o o k ! 
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Cointegrations and 

Common Trends 

13.1 I N T R O D U C T I O N 

C o i n t e g r a t i o n d e a l s w i t h t h e c o m m o n b e h a v i o r of a m u l t i v a r i a t e t i m e ser ies . 
I t o f ten h a p p e n s in p r a c t i c e t h a t e a c h c o m p o n e n t of a m u l t i v a r i a t e t i m e ser ies 
m a y b e n o n s t a t i o n a r y , b u t c e r t a i n l i nea r c o m b i n a t i o n s of t h e s e c o m p o n e n t s 
a r e s t a t i o n a r y . C o i n t e g r a t i o n s t u d i e s t h e effects of t h e s e c o m b i n a t i o n s a n d 
t h e r e l a t i o n s h i p s a m o n g t h e c o m p o n e n t s . 

A l a r g e n u m b e r of t e x t s h a v e b e e n w r i t t e n o n c o i n t e g r a t i o n s ince t h e p u b -
l i c a t i on of t h e s e m i n a l p a p e r b y E n g l e a n d G r a n g e r (1987) . Fo r e x a m p l e , 
t h e b o o k b y J o h a n s e n (1995) p r o v i d e s o n e of t h e m o s t c o m p l e t e c o v e r a g e s of 
t h e s t a t i s t i c a l t h e o r y of c o i n t e g r a t e d t i m e ser ies . A s u c c i n c t s u r v e y of s o m e of 
t h e r e s u l t s p r e s e n t e d in t h i s b o o k is g iven in t h e r ev i ew a r t i c l e b y J o h a n s e n 
(1996 ) . O t h e r re fe rences a b o u t s t a t i s t i c a l in ference for c o i n t e g r a t e d s y s t e m s 
i n c l u d e S t o c k a n d W a t s o n (1988) , P h i l l i p s (1991) , P a r k (1992) , R e i n s e l 
a n d A h n (1992) , a n d C h a n a n d T s a y (1996) . 

O n t h e e c o n o m e t r i c f ront , s eve ra l m o n o g r a p h s a n d spec ia l co l l ec t ions of 
p a p e r s h a v e a l so b e e n d e v o t e d t o t h i s s u b j e c t ; see, for e x a m p l e , B a n e r j e e , 
D o l a d o , G a l b r a i t h , a n d H e n d r y (1993) , E n g l e a n d G r a n g e r (1991) , M a d d a l a 
a n d K i m (1998) , a n d spec i a l i s sues of Oxford Bulletin of Economics and 
Statistics (1990 , 1992) a n d Journal of Policy Modeling ( 1993) . 
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13.2 D E F I N I T I O N S A N D E X A M P L E S 

T h e n o t i o n of c o i n t e g r a t i o n is u s u a l l y d i scussed a l o n g w i t h s u c h t o p i c s a s 
n o n s t a t i o n a r i t y , u n i t r o o t s , a n d c o m m o n t r e n d s . T w o exce l len t s u r v e y i n g 
a r t i c l e s o n t r e n d s a n d c o i n t e g r a t i o n a r e t h o s e of S t o c k (1994) a n d W a t s o n 
(1994) . G i v e n t h e l a r g e n u m b e r of p a p e r s w r i t t e n o n t h i s s u b j e c t , it s e e m s 
p r u d e n t t o l imi t o u r focus t o a few f u n d a m e n t a l c o n c e p t s . W e follow t h e 
a p p r o a c h u s e d in J o h a n s e n (1996) a n d exempl i fy a coup l e of e x a m p l e s in 
t h a t a r t i c l e t o i l l u s t r a t e t h e i dea . B y a d o p t i n g s u c h a n a p p r o a c h , t h i s c h a p t e r 
a i m s a t p r o v i d i n g a useful t u t o r i a l in c o i n t e g r a t i o n . 

F r o m a s t a t i s t i c a l p e r s p e c t i v e , t h e i d e a of c o i n t e g r a t i o n s t e m s f rom t h e 
n o t i o n of t r a n s f o r m a t i o n s . W h e n t h e u n d e r l y i n g d a t a exh ib i t c e r t a i n n o n s t a -
t i o n a r y b e h a v i o r , o n e u s u a l l y i n t r o d u c e s t r a n s f o r m a t i o n t o r e n d e r t h e d a t a t o 
s t a t i o n a r i t y . For e x a m p l e , t h e B o x - C o x p o w e r t r a n s f o r m a t i o n is of ten a p p l i e d 
w h e n n o n c o n s t a n t m e a n o r v a r i a n c e b e h a v i o r s a r e d e t e c t e d . I n a t i m e ser ies 
c o n t e x t , B o x a n d T i a o (1977) d i s cus s t h e i d e a of a p p l y i n g c a n o n i c a l cor-
r e l a t i o n t r a n s f o r m a t i o n s o n a m u l t i v a r i a t e t i m e ser ies t o ident i fy s t a t i o n a r y 
c o m p o n e n t s . 

I n economics , i t is o f ten t h e case t h a t a l t h o u g h i n d i v i d u a l c o m p o n e n t s of a 
m u l t i v a r i a t e t i m e ser ies Xt = {Xti, • • · > Xtk)' a p p e a r t o b e n o n s t a t i o n a r y , t h e 
overa l l b e h a v i o r of Xt m a y b e m o d e l e d b y a s t a t i o n a r y p r o c e s s af ter a s u i t a b l e 
t r a n s f o r m a t i o n is a p p l i e d t o Xt- T h u s , t h e i d e a of c o i n t e g r a t i o n dea l s w i t h 
t h e c o m m o n b e h a v i o r of a m u l t i p l e t i m e ser ies . I t s t e m s f rom t h e fact t h a t 
c e r t a i n l i nea r t r a n s f o r m a t i o n s of Xt m a y b e s t a t i o n a r y . E n g l e a n d G r a n g e r 
(1987) f o r m u l a t e t h e i dea of c o i n t e g r a t i o n a n d p r e s e n t s t a t i s t i c a l p r o c e d u r e s 
t o t e s t for c o i n t e g r a t i o n for a m u l t i p l e t i m e ser ies . 

T o b e g i n , first n o t e t h a t n o n s t a t i o n a r i t y a r i ses w h e n a s t a t i o n a r y p roces s 
is a g g r e g a t e d . Fo r e x a m p l e , cons ide r t h e p r o c e s s Xt = Σ * = 1 %i, w h e r e Zi is 
a n u n c o r r e l a t e d s e q u e n c e of r a n d o m va r i ab l e s w i t h m e a n ze ro a n d va r i ance 
σ 2 , u s u a l l y k n o w n a s a w h i t e no ise s e q u e n c e a n d d e n o t e d a s Zt ~ W N ( 0 , C T 2 ) . 
T h e n Xt h a s v a r i a n c e to2, so t h a t Xt is n o n s t a t i o n a r y . I n t h i s case , Xt is a n 
e x a m p l e of a n i n t e g r a t e d o r d e r 1, 1(1) p r o c e s s a n d i t is t h e c u m u l a t e d s u m 
of Zt t h a t g ives r i s e t o t h e n o n s t a t i o n a r i t y . Specifically, w e def ine t h e n o t i o n 
of i n t e g r a t i o n for a m u l t i v a r i a t e t i m e ser ies Xt a s follows: 

D e f i n i t i o n 1 3 . 1 The process Xt = J2ilo ^i^t-i is said to be i n t e g r a t e d 
o f o r d e r z e r o , 1(0), i/ΣΖο φ * Φ 0 

T o u n d e r s t a n d w h y t h e l a s t c o n d i t i o n is n e c e s s a r y in t h i s def in i t ion , con-
s ider a s i m p l e u n i v a r i a t e (k = 1) A R ( 1 ) case . 

E x a m p l e 1 3 . 1 Let Xt = pXt-i + Zt, with \p\ < 1 and Zt ~ W N ( 0 , 1 ) . 
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Clearly, Xt = Σ ~ 0 ρ ' Ζ 4 _ 4 and ΣΖοΨί = ~ Ρ) Φ °- According to the 
definition, Xt is 1(0). Now consider 

t t t 

Σ^ = Σ^- 1 +ΣΖ<· 
»=1 i = l i = l 

Rearranging terms, we have 

t t 

( ΐ - ρ ) Σ * = Σ ζ * - ρ ( χ « - * ° ) ' 

i= l t= l 
ί/ιαί is, 

i = l t = l r L i =0 

TTiis equation shows that it is the condition Ο φ Υ^Ζ0Φί = (1 — p)~l that 
guarantees the cumulated process J2l=i X *° ̂ e nonstationary. On the other 
hand, the differenced process Yt = AXt — Xt — Xt-i is clearly stationary, but 
it is not necessarily 1(0). To see this fact, consider 

Yt = Xt — Xt-i 
oo oo 

= Σ^-ί - Σ ^ - ι - * 
i = 0 i = 0 

oo 

oo 

i = 0 

urerTi V̂ o = IjV'i = — i = 1,2, Direct calculation shows that 
ΣΨ% = 0 . According to the definition, although the process {Yt} is stationary, 
it is not 1(0). • 

H a v i n g d e n n e d t h e n o t i o n of 1(0), we c a n n o w def ine t h e n o t i o n of 1(1) a s 
follows. 

D e f i n i t i o n 1 3 . 2 A k-dimensional {Xt} is said to be i n t e g r a t e d o f o r d e r 
1, 1(1), if AXt = (I- B)Xt = X t - Xt-i is 1(0). 

H e r e i n , we define BXt — Xt-i- T h e difference b e t w e e n 1(0) a n d 1(1) is 
d e m o n s t r a t e d b y t h e r a n d o m w a l k m o d e l . 

E x a m p l e 1 3 . 2 

AXt = Xt — Xt-i = Zt, 
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with {Zt} being an 7 (0 ) process so that {Xt} becomes an 1(1) process. Note 
that in this case, Xt = Xo + Σ ' = 1 Zi. • 

I n fact , a n y p r o c e s s {Xt} of t h e f o r m 

t oo 

Xt = C^^Zk + CkZt-k 
fe=l fc=0 

is a l so a n 7 (1 ) p r o c e s s p r o v i d e d t h a t C φ 0. T o check t h i s , cons ide r 

AXt = Xt-Xt-i 

t oo t — 1 oo 

= c y ^ Z f c + y ^ C k Z t - k - cy^Zk - y^CkZt-i-k k=i k=o fc=i k=a 
oo 

= CZt + y^Cfc(Z t_fc - Zt-i-k) 
fe=0 

oo 

= ( C + C 0 ) Z t + E ( C f c - C f c - i ) Z i _ f c , 
ib=l 

w h i c h is 7 (0 ) p r o v i d e d t h a t C + C0 + E t e = i ( c f c ~ ck-i) Φ 0 (i-e-> C ^ ° ) -
T o u n d e r s t a n d t h e r e a l effect of c o i n t e g r a t i o n o n a m u l t i v a r i a t e t i m e ser ies , 

cons ide r t h e fol lowing t h r e e - d i m e n s i o n a l e x a m p l e . 

E x a m p l e 1 3 . 3 Let 

t 
Xn = Zn+zt2, 

i=l 

1 t 

Xt2 = ̂  Σ Z i l + ̂ t3' 
-Ύ*3 = Zt3, 

where (Zti,Zt2, Zt3)' ~ W N ( 0 , 7 3 ) and I3 denotes the identity matrix of order 
3 . 

Clearly, Xt = (Xti,Xt2,Xt3)' is nonstationary since the first two compo-
nents consist of the common term Σ \ = 1 Zn, called the common trend or the 
common nonstationary component of Xt. On the other hand, 

AXt = (I-B)Xt 

= Xt — Xt-i 

Ztl + Zt2 — Zt-1,2, - Z t l + Zt3 - Zt-\%3, Zt3 - Zt-l,3^j 



ERROR CORRECTION FORM 183 

is stationary. It can easily be checked that AXt is 1(0), hence Xt is 1(1). 
Furthermore, 

t t 

Xt\ — 2Xt2 = Σ Z i l Z t 2 ~ Σ Z i l ~ ^Zts 

i=l i=l 
= Zt2 — 2Zt3, 

which is stationary as it is expressed as a finite sum of two uncorrelated 
white noise sequences. Although Xt is nonstationary, for flXt, where β = 
( 1 , — 2 , 0 ) ' is stationary, we say that Xt is cointegrated with cointegrating vec-
tor β = ( 1 , — 2 , 0 ) ' . The part Σ* = 1 is called a c o m m o n s t o c h a s t i c t r e n d 
of the process Xt. In this example, stationanty is attained by either differ-
encing or by taking linear combinations. • 

A s a n a p p l i c a t i o n of t h i s e x a m p l e , s u p p o s e t h a t Xti r e p r e s e n t s t h e w h o l e -
sa le p r i ce i n d e x for a specific c o u n t r y , Xt2 r e p r e s e n t s a t r a d e - w e i g h t e d fore ign 
p r i c e i n d e x , a n d Xt3 r e p r e s e n t s t h e e x c h a n g e r a t e s b e t w e e n t h e s e t w o c o u n -
t r i e s , al l m e a s u r e d in l o g a r i t h m i c sca les . P r e c e d i n g e q u a t i o n s i n d i c a t e t h a t 
t h e t w o ind ices a r e d r i v e n b y t h e s a m e s t o c h a s t i c c o m m o n t r e n d Σί=ι ^n-
T h e e q u a t i o n 

Xti — 2Xt2 — Xt3 = Zt2 — 3Zt3 

r e p r e s e n t s a s t a t i o n a r y e q u i l i b r i u m r e l a t i o n s h i p b e t w e e n t h e t w o ind ices a n d 
t h e e x c h a n g e r a t e w i t h ( 1 , - 2 , - 1 ) ' b e i n g a n c o i n t e g r a t i n g v e c t o r . T h i s is a n 
e x a m p l e of p u r c h a s i n g p o w e r p a r i t y ; f u r t h e r d e t a i l s c a n b e f o u n d in J o h a n s e n 
(1996) . 

W i t h t h i s e x a m p l e a s t h e b a c k g r o u n d , we c a n n o w define c o i n t e g r a t i o n 
precise ly . 

D e f i n i t i o n 1 3 . 3 Let {Xt} be an 1(1) process. If there exists β φ 0 such that 
β'Χί is stationary by a suitable choice of β'Χο, then Xt is called c o i n t e -
g r a t e d and β is called the c o i n t e g r a t i n g v e c t o r . The number of linearly 
independent c o i n t e g r a t i n g v e c t o r s is called the c o i n t e g r a t i n g r a n k , and 
the space spanned by the cointegrating vectors is called the c o i n t e g r a t i n g 
s p a c e . 

R e m a r k . L e t Xt b e 1(1) a n d let A b e a m a t r i x of full r a n k . T h e n AXt 

is a l so 1(1). F u r t h e r if β is t h e c o i n t e g r a t i n g vec to r , t h e n (A~1)''β is t h e 
c o r r e s p o n d i n g c o i n t e g r a t i n g v e c t o r of AXt. C o n s e q u e n t l y , t h e n o t i o n of 1(1) 
is i n v a r i a n t u n d e r a n y n o n s i n g u l a r l i nea r t r a n s f o r m a t i o n . 

13.3 E R R O R C O R R E C T I O N F O R M 

T o c a r r y o u t inference for c o i n t e g r a t e d ser ies , E n g l e a n d G r a n g e r (1987) 
m a k e u s e of t h e i d e a of e r r o r c o r r e c t i o n fo rm for a m u l t i v a r i a t e t i m e ser ies . 
A g a i n , t h i s c o n c e p t is b e s t u n d e r s t o o d t h r o u g h a n e x a m p l e . 
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E x a m p l e 1 3 . 4 Consider the bivariate process 

AXti = - Q i ( X f _ i , i - 2 X t _ i , 2 ) + Z t i , 

AXt2 — Z t 2 , 

where 

Z t = ( Z t l , Z t 2 ) ' ~ W N ( 0 , J 2 ) . 

Seve ra l i n t e r p r e t a t i o n s c a n b e d e d u c e d f rom t h i s e x a m p l e . 

1. C h a n g e in Xt\ is r e l a t e d t o a d i s e q u i l i b r i u m e r r o r Xt-\,\ - 2 X t - i , 2 b y 
t h e a d j u s t m e n t coefficient α ι . 

2. AXt is 7 ( 0 ) , so t h a t Xt is 1(1). T o e s t a b l i s h t h i s , cons ide r 

- · - (i£ 
I 

a x J ] ( l - a i ^ Z t - i - i , ! - 2 Z t _ i _ 1 , 2 ) + Z n 

i = 0 

V Zt2 
1 0 \ ( Z t l \ f - a i 2 a i \ ( Zt-x,i 
0 1 ) \ Z t 2 ) + \ 0 0 ) \ Zt-1,2 

- α ι ( 1 - α ϊ ) 2 a i ( l - α ϊ ) λ / Zt-2,i 
' 0 0 ) [ Zt-2,2 

w h i c h impl ies t h a t Ψ* ^ 0. So AXt is 7 (0) a n d X t is 1(1). 

3 . X t i — 2Xt2 is a n A R ( 1 ) p r o c e s s . T o check t h i s , o b s e r v e t h a t 

Xti - Xt-ι,ι = -ai(Xt-i,\ - 2 X t - i , 2 ) + Z t i , 

Xt2 — 2 = Z t 2 . 

T h e r e f o r e , 

Xn-2Xt2 = {l-ai)Xt-i,1-{l-a1)2Xt-i,2 + Z t i - 2 Z a 

= (1 - a i ) ( X t - i , i - 2 X t _ i , 2 ) + Za - 2 Z t 2 . 

C o n s e q u e n t l y , 

t-i 

Xti-2Xt2 = Y^(l-al)i(Zt-iA-2Zt-i,2) + ^-cil)t(Xoi-2Xo2) 
i=0 
oo 

= Σ(1-αι)ί(Ζ1-ίΛ-2Ζ1-ί,2) 
i = 0 
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w h e n t h e in i t i a l va lues X o i - 2 X 0 2 a r e e x p r e s s e d in t e r m s of p a s t v a l u e s 
of Z ' s . I n p a r t i c u l a r , 

t 
Xt2 = %i2 + Xo2 

i=l 
oo 

Xtl = 2 X t 2 + E ( 1 - a i ) i ( ^ t - i , i - 2 Z t _ i i 2 ) 
t = 0 

t oo 
= 2 ^ Z l 2 + ^ ( l - t t l ) , ( Z M i l - 2 Z H 2 ) + 2 I 0 2 . 

i= l i = 0 

H e n c e , X t i — 2 X i 2 is a n 7(0) s t a t i o n a r y A R ( 1 ) p r o c e s s . 

4. Acco rd ing ly , ( 1 , - 2 ) ' is t h e c o i n t e g r a t i n g vec to r , a s Xti — 2 X t 2 is s t a -
t i o n a r y a n d 7 (0 ) a n d Σί=ι is t n e c o m m a n d t r e n d . 

5. T h e i d e a of e r r o r c o r r e c t i o n c a n b e i n t e r p r e t e d a s follows. L e t X t i 
r e p r e s e n t t h e p r i ce of a c o m m o d i t y in a p a r t i c u l a r m a r k e t a n d Xt2 is 
t h e c o r r e s p o n d i n g p r ice of t h e s a m e c o m m o d i t y in a different m a r k e t . 
S u p p o s e t h a t t h e e q u i l i b r i u m p o s i t i o n b e t w e e n t h e t w o v a r i a b l e s is g iven 
b y X t i = 7Xt2 a n d c h a n g e in X t i is g iven b y i t s d e v i a t i o n f rom t h i s 
e q u i l i b r i u m in p e r i o d t — 1 : 

AXti = a i ( X t _ i , i - 7 X t _ i , 2 ) + Zt\. 

Simi lar ly , if we a p p l y t h e s a m e i n t e r p r e t a t i o n t o X t 2 , we h a v e 

Δ Χ ί 2 = a 2 ( X t - i , i - 7 X 1 - 1 , 2 ) + Zt2. 

If X t i a n d X t 2 a r e 7 ( 1 ) , t h e n a c c o r d i n g t o t h e def in i t ion , Δ Χ η a n d 
Δ Χ ί 2 a r e 7 ( 0 ) . F u r t h e r , s ince Zt\ a n d Zt2 a r e a s s u m e d t o b e s t a t i o n a r y 
a n d 7 ( 0 ) , t h i s impl ies t h a t 

<* i (X t - i , i - 7 -^4 -1 ,2 ) - AXti - Zti 

m u s t b e s t a t i o n a r y (i .e. , Xt is c o i n t e g r a t e d ) . • 

13.4 G R A N G E R ' S R E P R E S E N T A T I O N T H E O R E M 

T h e idea s of E x a m p l e 13.4 c a n b e s u m m a r i z e d s u c c i n c t l y b y t h e c e l e b r a t e d 
G r a n g e r ' s r e p r e s e n t a t i o n t h e o r e m . C o n s i d e r a A:-dimensional v e c t o r a u t o r e -
gress ive [VAR(p)] m o d e l Xt w h i c h sat isf ies t h e e q u a t i o n 

X t = * i X t - i + --- + $ P X t - P + Z t , (13.1) 

w h e r e {Zt} ~ WN(0 ,7 f c ) , a /c -d imens iona l w h i t e no ise p r o c e s s . I t is well 
k n o w n [see, e.g., p a g e 11 of L i i t k e p o h l (1993)] t h a t a sufficient c o n d i t i o n for 
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Xt t o b e s t a t i o n a r y is t h a t t h e s o l u t i o n s of t h e c h a r a c t e r i s t i c p o l y n o m i a l of 
(13.1) lie o u t s i d e t h e u n i t c i rc le (no u n i t r o o t s a l lowed) , t h a t is , 

d e t ( / - < i > i C Φρζρ)φΟ, for all |C| < 1 . 

N o w , define Φ ( 0 = / - * i C $ P C P , Φ = a n d Γ = 
-άΦ(ζ)/άζ \ ζ = ϊ +Φ. T h e n , 

φ = - Φ ( 1 ) = Φ 1 + · · · + Φ ρ - / , 

dΦ(C) Ι 
Γ + Φ 

άζ 

= Φ ι + 2Φ2ζ | ζ = ι + •••+ ρΦρζ»-1 | ς = ι + Φ 

= Φ ι + 2 Φ 2 + · · + ρ Φ ρ + Φ ι + ··· + Φρ-Ι 

= 2Φι + 3 Φ 2 + · · · + ( ρ + 1 ) Φ ρ - / . 

W i t h t h e s e def in i t ions , we first s t a t e a w e l l - k n o w n c o n d i t i o n u n d e r w h i c h 
a s t a t i o n a r y V A R ( p ) p r o c e s s is 1(0). 

T h e o r e m 1 3 . 1 IfXt is a stationary V A R ( p ) process such that άεί(Φ(ζ)) φ 0 
for αΙΙ\ζ\ < 1, then Xt can be given an initial distribution such that it becomes 
1(0) if and only if Φ is full rank. In this case, there is no unit root for Xt 

(stationary) and 
oo 

Xt = Σφ'Ζ'-'' 
ί = 0 

where Φ ( ζ ) = Σ°^ 0 * i C = ( Φ ( 0 ) - 1 converges for \ζ\ < 1 +δ for some δ > 0. 

Since Φ = Φ ι + (- Φ ρ — I, t h e full r a n k c o n d i t i o n of Φ in t h i s t h e o r e m 
h o l d s if a n d on ly if άβίΦ = d e t ^ ( l ) ) φ 0. I n o t h e r w o r d s , t h e full r a n k 
c o n d i t i o n of Φ s i m p l y m e a n s t h a t d e t ^ ( £ ) ) φ 0 for ζ = 1. W h e n t h i s m a t r i x 
is of r e d u c e d r a n k , we h a v e a c o i n t e g r a t e d s y s t e m . 

D e f i n i t i o n 1 3 . 4 Let a be any k x r matrix of rank r (r < k). Define a± to 
be a k χ (k — r) matrix which is full rank such that a'a± = 0. 

N o w a s s u m e t h a t t h e fol lowing c o n d i t i o n h o l d s for Xt'-

d e t ^ ( C ) ) φ 0 for al l \ζ\ < 1 

(i .e. , t h e p r o c e s s Xt is n o n s t a t i o n a r y s ince i t c a n h a v e u n i t r o o t s ) . U n d e r t h i s 
a s s u m p t i o n , we h a v e G r a n g e r ' s r e p r e s e n t a t i o n t h e o r e m . 

T h e o r e m 1 3 . 2 G r a n g e r ' s R e p r e s e n t a t i o n T h e o r e m Let Xt feeaVAR(p) 
process and let ό β ί ( Φ ( ζ ) ) Φ 0 for all \ζ\ < 1 (i.e., unit roots are allowed so 
that the process Xt can be nonstationary). Then Xt is 1(1) if and only if 

Φ = αβ', 



GRANGER'S REPRESENTATION THEOREM 187 

where a and β are k x r matrices which are of full rank r (r < k), and 

α'±Τβ± is of full rank. 

In this case, AXt and β'Χί can be given initial distributions so that they 
become 1(0). Furthermore, under these circumstances, Xt can be expressed 
as 

t 

Xt = β±(α^±ΓβχΓ1ο/± ΣΖ* + Φ(Β)Ζ< 
and 

where 

P-1 

AXt = αβ'Χί-ι + Σ Γ* AXt-i + Zt, (13 .2) 
i=l 

Γί = - ( Φ ί + 1 + · · · + Φ ρ ) , < = Ι , . , . , ρ - 1. 

N o t e t h a t (13 .2) in t h i s t h e o r e m is t h e e r r o r c o r r e c t i o n f o r m e x p r e s s e d in 
t e r m s of AXt- A g a i n , t h i s t h e o r e m c a n b e s t b e u n d e r s t o o d in t e r m s of a 
specific V A R ( 2 ) e x a m p l e . 

E x a m p l e 1 3 . 5 Let Xt = $iXt-i + $2Xt-2 + Zt. By differencing, we have 

X t - X t - i = -(I-$i)Xt-i + $2Xt-2 + Zt, 

AXt = -{Ι-Φ1)Χ^ί + ( Ι - Φ 1 ) Χ ^ - ( Ι - Φ 1 - Φ 2 ) Χ ί _ 2 + Ζι 

= -(I - Φ Ο ί Χ ί - ι - Xt-2) - (I - Φι - Φ2)Χί-2 + Zt 

= -(I - Φι) AXt-i + ΦΧί-2 + Zt 

= - (I - Φι) AXt-i + Zt 

= Φ Χ ( _ , - Φ ( Χ 4 _ ! - Xt-2) - ( I - Φ ι ) AXt-! + Zt 

= Φ Χ , . ! + (Φι - I - Φ) AXt-i + Zt 

= ΦΧ1-ι + ΓιΑΧ1-ι + Z u 

where Γ ι = — Φ2. Note that this last expression is exactly the error correction 
form. Under cointegration, we have Φ = αβ' and 

AXt = apXt-i + Γι AXt-i + Zt. 

Therefore, the cointegrating vectors are αβ' and the common trend is 

t 

W e n o w u s e a s e c o n d e x a m p l e t o i l l u s t r a t e t h e r e d u c e d r a n k s t r u c t u r e for 
a V A R m o d e l . 
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E x a m p l e 1 3 . 6 

AXt = ( 1 2qJ
 ) X t - i + Zt = AXt-! + Zt. 

In other words, 

Xt = {I + A)Xt-i + Zt = ΦιΧί-ι + Zt, 

where 

+ V 
O b s e r v e t h a t 

Φ ( 0 = / - Φ ι ί 

I o i-c ; 
_ ( OL\ - 2 Q I \ . _ s / 1 - α ϊ 2 Q I \ 

~ V 0 ο ; ι ς ; ν 0 1 / ' 

w i t h 

Φ - - · ( ! ) - ( ? ) , 

a n d 

d e t i ^ ( C ) ) = ( l - O U + a i C - O -

T h i s c h a r a c t e r i s t i c p o l y n o m i a l h a s r o o t s ζ = 1 a n d ζ = ( 1 - α ι ) ~ 1 ί ί α ι ^ 1 . 
T h e r e f o r e , for 0 < αχ < 1, d e t Φ ( 0 = 0 for ζ = 1 a n d ζ= 1 / (1 - α ϊ ) , a n d as a 
r e su l t , d e t Φ ( ζ ) = 0 for s o m e [ ζ \> 1. C lea r ly , Φ h a s r e d u c e d r a n k ( = 1) a n d 
Φ = αβ', w h e r e a = (-αι,0)',β = ( 1 , - 2 ) ' , α χ = ( 0 , 1 ) ' , a n d β± = ( 2 , 1 ) ' . 
H e n c e , 

ο4Γ/3χ = ( 0 , 1 ) ( 2 Φ ! - / ) 

B y l e t t i n g X 0 = 0, t h e c o n d i t i o n of G r a n g e r ' s r e p r e s e n t a t i o n t h e o r e m is 
sat isf ied a n d Xt is t he r e fo r e 1(1). I n t h i s case , 
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Xt = 
Xti 
Xt2 

/ t oo \^ 
lY,Zi2+Y,0--<*iY{Zt-i,i - 2 Z t _ i i 2 ) 

i=l i=0 

i = l 

0 2 
0 1 t 

\ i = 2 

+Σφίζί-ί. 
i = 0 

w h e r e 

t h a t is, 

( l - Q i ) ' - 2 ( 1 - 0 1 ) * 
0 0 

, 2 = 0 , 1 , . 

Χί = /3χαχ 'Σ Ζ*
 + Σφ*Ζ'-*· 

i = l t = 0 

N o t e t h a t t h e q u a n t i t y α±' Σΐ=ι Zi of t h i s e q u a t i o n c o n s t i t u t e s t h e c o m m o n 
t r e n d . S u b s t i t u t i n g t h e def in i t ion of q_l — ( 0 , 1 ) ' i n t o t h i s e x p r e s s i o n , t h e 
c o m m o n t r e n d e q u a l s t o Σ\=ι Z , 2 - F u r t h e r m o r e , 

-a\ 2 α ι 
AXt 0 0 

- α ϊ 
0 

Xt-ι + Zt 

(l,-2)Xt-i + Zt 

= atfXt-i + Zt. 

I n t h i s c a s e , t h e c o i n t e g r a t i n g v e c t o r is β = ( 1 , - 2 ) ' a n d Γ 4 = 0 i n G r a n g e r ' s 
r e p r e s e n t a t i o n t h e o r e m . • 

13.5 S T R U C T U R E O F C O I N T E G R A T E D S Y S T E M S 

E x p r e s s i n g a c o i n t e g r a t e d s y s t e m in t h e e r r o r c o r r e c t i o n fo rm y ie lds 

p-i 
AXt = SXt-i+Y^TiAXt-i + Zt, 

Zt ~ Ν ( 0 , Σ ζ ) . 
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T h e u n d e r l y i n g p a r a m e t e r s cons i s t of (α, β,Γι,... , Γ ρ _ ι , Σ ^ ) . T h e r e a r e al l 
t o g e t h e r 2r(k - r) + (p - l)k2 + \k(k + 1) p a r a m e t e r s s ince a is of r a n k r , so 
i t cons i s t s of r χ (k — r) freely v a r y i n g p a r a m e t e r s . H e r e i n , we sha l l a s s u m e 
t h a t 

r a n k Φ = r, 0 < r < k, 

Φ = αβ', 

w h e r e a a n d β a r e k χ r m a t r i c e s of r a n k r. T h i s a s s u m p t i o n s i m p l y s t a t e s 
t h a t t h e n u m b e r of u n i t r o o t s in t h e s y s t e m is k — r for 0 < r < k, so t h a t t h e 
n u m b e r of c o m m o n t r e n d s r a n g e s f rom k t o 0. S o m e r e m a r k s a r e in o r d e r . 

R e m a r k s 

1. H0: r — 0; t h e n Φ = 0, w h i c h m e a n s t h a t AXt is a s t a b l e V A R ( p — 1) 
( i .e . , t h e r e a r e k u n i t r o o t s a n d n o c o i n t e g r a t i o n r e l a t i o n s h i p ) . 

2 . Hk'. r = k; t h e n Φ is full r a n k , w h i c h m e a n s t h a t d e t ^ ( £ ) ) φ 0 for 
|C| = 1. H e n c e Xt is 1(0) a n d is a s t a b l e V A R ( p ) sa t i s fy ing 

Xt = ΦιΧί-ι + ••• + ΦρΧί-ρ + Zt. 

3 . Hr: 0 < r < k; t h e n Φ is of r a n k def icient w i t h Φ = αβ'. I n t h i s case , 
t h e r e exis t k — r u n i t r o o t s a n d r c o i n t e g r a t i o n r e l a t i o n s h i p s for Xt 

w i t h c o i n t e g r a t i n g v e c t o r s g iven b y t h e m a t r i x β, a n d a'± Σΐ=1 Z% a r e 
t h e c o m m o n t r e n d s . 

13.6 S T A T I S T I C A L I N F E R E N C E F O R C O I N T E G R A T E D S Y S T E M S 

Before we e m b a r k o n e s t i m a t i o n a n d t e s t i n g , we n e e d t o r ev iew a few key 
r e s u l t s f rom m u l t i v a r i a t e a n a l y s i s , o n e of w h i c h is t h e c o n c e p t of c a n o n i c a l 
c o r r e l a t i o n s . 

13.6.1 Canonical Correlations 

Le t a (p\ +P2) b y 1 r a n d o m v e c t o r X b e p a r t i t i o n e d a s t w o s u b c o m p o n e n t s 
w i t h d i m e n s i o n s pi a n d p2, r e spec t ive ly , s u c h t h a t X = (X^ ,X^ ) ' a n d 
t h e c o r r e s p o n d i n g cova r i ance m a t r i x b e p a r t i t i o n e d a s 

V Σ21 Σ22 / 

A s s u m e t h a t t h e s e r a n d o m v e c t o r s a r e of m e a n ze ro a n d a s s u m e a lso t h a t 
Pi < P2- O n e of t h e m a i n goa l s in c a n o n i c a l c o r r e l a t i o n a n a l y s i s is t o find 
l i nea r c o m b i n a t i o n s of t h e s u b c o m p o n e n t s s u c h t h a t t h e i r c o r r e l a t i o n s a r e 
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b igges t . I n s u m m a r y , t h e fol lowing a l g o r i t h m c a n b e used ; for d e t a i l s , see 
A n d e r s o n (1984). 

1. F i n d U = a'X{l) a n d V = η'Χ{2) s u c h t h a t corr(f/ , V ) is m a x i m i z e d 
s u b j e c t t o t h e c o n d i t i o n t h a t E C / 2 = EV2 = 1. S u p p o s e t h a t s u c h 
l inea r c o m b i n a t i o n s a r e found a n d let t h e m b e a n d 7 ^ . L e t 
U\ = aWX^ a n d V\ = η^' X^ a n d d e n o t e t h e c o r r e l a t i o n b e t w e e n 
U\ a n d V\ b y λ ι · 

2. F i n d a s e c o n d se t of l i nea r c o m b i n a t i o n s of X ^ a n d X^2\ £ / 2 a n d 
V 2 , say, w i t h Ε ί / f = EV2 = 1 s u c h t h a t a m o n g al l p o s s i b l e l i nea r 
c o m b i n a t i o n s w h i c h a r e u n c o r r e l a t e d w i t h U\ a n d V\ f rom s t e p 1, i / 2 

a n d V2 h a v e t h e l a rge s t c o r r e l a t i o n , a n d d e n o t e t h i s c o r r e l a t i o n , b y λ 2 . 

3. C o n t i n u i n g w i t h t h i s p r o c e d u r e , a t t h e r t h s t e p , we h a v e t h e fol lowing 
l inea r c o m b i n a t i o n s Ui = α^'Χ™, V1 = X^2\ ...,Ur = Q ( r )'X ( 1 ) , 
VT = 7 ^ r ' X^1 w i t h c o r r e s p o n d i n g c o r r e l a t i o n s λ ι > λ 2 > • • • > λ Γ , a n d 
E£/? = Elf = 1, t = l , . . . , r . 

D e f i n i t i o n 1 3 . 5 These r pairs Ur and VT are known as the r - t h canonical 
variates, where Ur = X^ and Vr = 7 ^ X@\ each with unit variance 
and uncorrelated with the first r—1 pairs of canonical variates. The correlation 
\ r is called the r - t h c a n o n i c a l c o r r e l a t i o n . 

T h e o r e m 1 3 . 3 The quantities λ 2 , . . . , λ ρ ι satisfy 

I Σ ι 2 Σ 2 2

1 Σ 2 ΐ — λ 2 Σ π | = 0, (13.3) 

and the vectors , . . . , a^Pl^ satisfy 

( Σ 1 2 Σ 2 - 2

1 Σ 2 1 - λ 2 Σ 1 1 ) α = 0. (13.4) 

I n o t h e r w o r d s , a ' 1 ) a n d λ 2 a r e t h e e igenvec to r a n d e igenva lues of t h e m a -
t r i x Σ η

1 Σ ΐ 2 Σ 2 " 2

1 Σ 2 ι . W e c a n give t h e fol lowing i n t e r p r e t a t i o n s for c a n o n i c a l 
c o r r e l a t i o n s a n d v a r i a t e s . 

1. λ 2 c a n b e t h o u g h t of a s a m e a s u r e of t h e r e l a t i v e effect of V = η'Χ^ 
o n p r e d i c t i n g U = a'X^ ( i .e. , a'X^ is t h e l inea r c o m b i n a t i o n of X^ 
t h a t c a n b e p r e d i c t e d b e s t b y a l i nea r c o m b i n a t i o n of X^ g iven b y 
7 ' X < 2 ) ) . 

2. I n t h e o n e - d i m e n s i o n a l case , a s s u m e t h a t U a n d V h a v e m e a n z e r o a n d 
v a r i a n c e 1 w i t h c o r r e l a t i o n p. S u p p o s e t h a t w e w a n t t o p r e d i c t U b y a 
m u l t i p l e of V , bV, say. T h e n t h e m e a n s q u a r e e r r o r of t h i s p r e d i c t i o n is 

E{U - bV)2 = 1 - 2bp + b2 = (1 - p2) + {b- p)2. 

T h i s e r r o r is m i n i m i z e d b y t a k i n g b = ρ w i t h m e a n s q u a r e e r r o r (1 — p2). 
T h u s t h e g r e a t e r t h e effect of p2, t h e m o r e effective V is in p r e d i c t i n g 
U. 
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3. In p r a c t i c e , we n e e d t o r e p l a c e t h e u n k n o w n cova r i ance m a t r i x Σ b y i t s 
e s t i m a t e Σ a n d t h e n solve t h e s a m p l e c a n o n i c a l v a r i a t e s a a n d s a m p l e 
c a n o n i c a l c o r r e l a t i o n λ 2 . T h e s e c a n a lso b e s h o w n t o b e t h e m a x i m u m 
l ike l ihood e s t i m a t e s if X is a s s u m e d t o b e n o r m a l l y d i s t r i b u t e d . D e t a i l s 
c a n b e found in A n d e r s o n (1984). 

13.6.2 Inference and Testing 

Reca l l t h a t f rom G r a n g e r ' s r e p r e s e n t a t i o n t h e o r e m , g iven t h a t Xt is t h e 
e r r o r c o r r e c t i o n fo rm is 

w h e r e Φ = αβ' is of r a n k r(r < k), w i t h a a n d β b e i n g k χ r m a t r i c e s . 
L e t Zt ~ N (0 , Σ ^ ) , so t h a t Xt b e c o m e s a G a u s s i a n t i m e ser ies . W e n o w 
s h o w h o w t o c o n s t r u c t e s t i m a t o r s a n d t e s t s for c o i n t e g r a t e d s y s t e m s b y t h e 
following s t e p s . Le t t h e l e n g t h of t h e u n d e r l y i n g ser ies b e T. 

1. R e g r e s s AXt o n AXt-i, i = 1 , . . . ,p — 1 a n d fo rm t h e r e s i d u a l s un t. 

2. R e g r e s s Xt-i o n AXt-i, i = I, •. • ,p — 1 a n d fo rm t h e r e s i d u a l s Ru-

3. C a l c u l a t e t h e s u m s 

T h e o r e m 1 3 . 4 Under the hypothesis Hr: Φ = αβ' with r a n k ^ ) = r, the 
maximum likelihood estimate for β is given by 

where each ϋί is a k χ 1 vector obtained by solving the following eigenvalues 
and eigenvectors problem: 

p-1 
AXt = Φ Χ , _ ! + Σ I \ AXt-i + Ζ, 

t=l 

β= (ΰι,...,υΓ) 

XSn — S\oS00 SQI |= 0 

for 
1 > λ ι > · · · > Xr > 0, 

L - ^ a l S o o i n U U - A i ) , 
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and an estimator of a is given by a = SoiP-

N o t e t h a t b y t h e def in i t ion of c a n o n i c a l c o r r e l a t i o n , λ» r e p r e s e n t s t h e 
s q u a r e d c a n o n i c a l c o r r e l a t i o n b e t w e e n AXt a n d Xt-i a f ter a d j u s t i n g for t h e 
effects of AXt-i, • • •, AXt-p- A g a i n , t h e fol lowing r e m a r k s c a n b e g iven t o 
T h e o r e m 13.4. 

R e m a r k s 

1. If r = 0, AXt is I{0), b u t Xt-i is 1(1), so t h a t we e x p e c t t h a t AXt 

a n d Xt-i a r e u n c o r r e l a t e d . A p roo f of t h i s fact c a n b e f o u n d i n C h a n 
a n d W e i (1988) . T h i s r e su l t m e a n s t h a t al l Xi s h o u l d b e v e r y s m a l l . 

2 . If r = k, AXt a n d Xt-i a r e b o t h 1(0). I n t h i s c a se we e x p e c t s igni f icant 
r e l a t i o n s h i p s a m o n g t h e m . A s a r e su l t , t h e e s t i m a t e s of β a r e c o m i n g 
f rom t h o s e t h a t c o r r e l a t e m o s t w i t h t h e s t a t i o n a r y p r o c e s s AXt a f te r 
a d j u s t i n g for t h e effects of AXt-i, • • •, AXt-p-

3 . F o r r in b e t w e e n , we c h o o s e β b y t a k i n g t h e m o s t c o r r e l a t e d c o m p o n e n t s 
in t h e c a n o n i c a l c o r r e l a t i o n sense . 

T u r n i n g t o t e s t i n g for t h e h y p o t h e s i s of Hr ( i .e. , t h e r e a r e a t m o s t r co in-
t e g r a t i n g r e l a t i o n s h i p s ) , cons ide r t h e l ike l ihood r a t i o s t a t i s t i c a s follows: 

k 

Qr = - 2 l o g Q ( H r I Hk) = ~T Σ l o g ( l - Xi). 
i=r+l 

W e re jec t Hr in favor of Hr+i if Qr is t o o b ig . T h e i n t e r p r e t a t i o n for con -
s t r u c t i n g s u c h a s t a t i s t i c c a n b e a r g u e d a s follows. W h e n Hr is t r u e , t h e r e 
a r e s u p p o s e d t o b e r c o i n t e g r a t i n g r e l a t i o n s h i p s , w h i c h s h o u l d b e c a p t u r e d 
b y λ ι , . . . , Xr. A s a c o n s e q u e n c e , X\ for i — r + 1 , . . . , k s h o u l d t h e n b e re l -
a t i ve ly s m a l l . If o n t h e c o n t r a r y t h e y a r e o b s e r v e d t o b e t o o b ig for a n y 
g iven ser ies , Qr b e c o m e s h u g e a n d t h e r e is s t r o n g e v i d e n c e of r e j e c t i n g Hr 

in favor of Hr+\. W i t h t h i s i n t e r p r e t a t i o n , t h e n e x t s t e p is h o w t o c o m p a r e 
Qr w i t h k n o w n d i s t r i b u t i o n s . I n a s t a n d a r d m u l t i v a r i a t e c o n t e x t , w e e x p e c t 
t o c o m p a r e Qr w i t h s o m e form of a c h i - s q u a r e d d i s t r i b u t i o n . U n f o r t u n a t e l y , 
d u e t o t h e n o n s t a t i o n a r i t y of Xt, s t a n d a r d a s y m p t o t i c is n o longe r ava i l ab l e . 
I n s t e a d , we n e e d t o cons ide r t h e fol lowing t h e o r e m . 

T h e o r e m 1 3 . 5 Let Xt be a V A R ( p ) with r cointegrating relations. Then 

Qr = -2\og(Q(Hr I Hk)) 

k 
= -Τ Σ 1 ο 8 ( ! - ^ ) 
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where 

ξ — t r a c e 
ι 

with B(s) being the (k — r)-dimensional standard Brownian motion. 

N o t i c e t h a t t h e l i m i t i n g d i s t r i b u t i o n d e p e n d s on ly o n t h e n u m b e r k — r, 
w h i c h is t h e n u m b e r of c o m m o n t r e n d s in t h e u n d e r l y i n g ser ies X t . T a b -
u l a t i o n s of spec ia l cases of £ c a n b e found in a n u m b e r of p laces , i n c l u d i n g 
B a n e r j e e , D o l a d o , C a l b r a i t h , a n d H e n d r y (1993) , J o h a n s e n (1995) , T a n a k a 
(1996) , M a d d a l a a n d K i m (1998) , a n d L u t k e p o h l (1993) . O t h e r e x a m p l e s 
a n d a p p l i c a t i o n s of c o i n t e g r a t i o n s c a n b e f o u n d in C h a p t e r 19 of H a m i l t o n 

13.7 E X A M P L E O F S P O T I N D E X A N D F U T U R E S 

O u r d a t a se t cons i s t s of 1861 d a i l y o b s e r v a t i o n s of t h e s p o t i n d e x a n d t h e 
fu tu re s p r i c e of t h e Nikke i S t o c k A v e r a g e 225 ( N S A ) , cove r ing t h e p e r i o d 
f rom J a n u a r y 1989 t h r o u g h A u g u s t 1996. T h i s d a t a s e t is a n a l y z e d in L ien 
a n d T s e (1999) a n d is s t o r e d u n d e r t h e file dh.dat o n t h e W e b p a g e for t h i s 
b o o k . I t c a n b e r e a d in S P L U S us ing 

> dh.dat<-read.table('dh.dat',row.names=NULL,header=T) 

W e will c o n v e r t t h e d a t a f rom da i ly t o m o n t h l y (93 m o n t h s a l t o g e t h e r ) , s ince 
t h e S P L U S p r o g r a m t h a t w e i n t r o d u c e r u n s o u t of m e m o r y very fas t w i t h b ig 
d a t a se t s . For t h a t r e a s o n we d o 

> spotmonth<-numeric(93) 

> futmonth<-numeric(93) 

> ford in 0:93){ 

spotmonth[i+1]<-mean(dh.dat$SP0T[dh.dat$INDEX==i]) 

futmonth[i+1]<-mean(dh.dat$FUTURES[dh.dat$INDEX==i]) 

} 

a n d t w o v e c t o r s w i t h m o n t h l y d a t a a r e c r e a t e d , spotmonth a n d futmonth. 
W e conve r t t h e m i n t o r e g u l a r t i m e ser ies a n d p l o t t h e m , w i t h t h e r e s u l t i n g 
p l o t s h o w n in F i g u r e 13.1. 

> spotmonth<-rts(spotmonth,start=c(1989,l),freq=12) 

> futmonth<-rts(futmonth,start=c(1989,1),freq=12) 

> spotfut<-ts.union(spotmonth,futmonth) 

> tsplot(spotfut) 

> legend(1994,35000,legend=c("Spot Index","Futures Price"), 

(1994). 
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T i m e s e r i e s p lo t of o r i g i n a l m o n t h l y d a t a 

1 9 9 0 1 9 9 2 Ζ 1 9 9 4 1 9 9 6 
T i m e 

Fig. 13.1 Nikkei stock average, 1 9 8 9 / 1 through 1 9 9 6 / 8 . 

+ l t y = l : 2 ) 
> t i t l e C T i m e s e r i e s p l o t o f o r i g i n a l m o n t h l y d a t a ' ) 

O b s e r v e in F i g u r e 1 3 . 1 h o w close t h e t w o ser ies a r e , s u g g e s t i n g a p o s s i b l e 
c o i n t e g r a t i o n . B e s i d e s t h e d a t a , we c a n a l so d o w n l o a d t h e s o u r c e c o d e t h a t 
will b e u s e d t o d e t e r m i n e t h e c o i n t e g r a t i o n fac to r o n t h e W e b p a g e for t h i s 
b o o k u n d e r t h e file coin.q. T h e s o u r c e c o d e c a n b e l o a d e d i n t o S P L U S u s i n g 
t h e c o m m a n d 

> s o u r c e ( ' c o i n . q ' ) 

T h e v e c t o r ser ies will b e m o d e l e d b y a V A R m o d e l , w h o s e o r d e r wil l b e 
d e t e r m i n e d b y t h e A I C c r i t e r i o n u s i n g t h e func t ion c o i n . o r d e r , w h i c h is 
i n c l u d e d in t h e c o i n.q p a c k a g e . 

> c o i n . o r d e r ( s p o t f u t , 1 , 1 5 ) 

[ [ 1 ] ] : 

[ 1 ] 0 

$ o r d e r : 
[ 1 ] 0 1 2 3 4 5 6 7 8 9 1 0 1 1 1 2 1 3 1 4 1 5 

$AIC: $HQ: 

[ , 1 ] [ , 1 ] 
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[1,] 30.03754 [1,] 30.03754 
[2,] 23.83575 [2,] 23.87973 
[3, ] 23.79718 [3,] 23.88569 
[4,] 23.41154 [4,] 23.54512 
[5,] 23.30038 [5,] 23.47960 
[6,] 23.31654 [6,] 23.54195 
[ 7 J 23.25862 [7,] 23.53082 
[8,] 23.30175 [8,] 23.62132 
[9,] 23.24694 [9,] 23.61448 

[10,] 23.33625 [10,] 23.75237 
[11,] 23.43114 [11,] 23.89645 
[12,] 23.44845 [12,] 23.96360 
[13,] 23.35808 [13,] 23.92370 
[14,] 23.19575 [14,] 23.81248 
[15,] 22.94025 [15,] 23.60876 

$SC: 
[,1] 

[1,] 30.03754 
[2,] 23.94467 
[3,] 24.01647 
[4,] 23.74264 
[5, ] 23.74479 
[6,] 23.87578 
[7,] 23.93426 
[8,] 24.09537 
[9,] 24.16019 

[10,] 24.37079 
[11,] 24.58867 
[12,] 24.73073 
[13,] 24.76690 
[14,] 24.73292 
[15,] 24.60767 

The function coin. order accepts the cointegration rank and the maximum 
order of the VAR model as arguments. Notice that in our example the min-
imum AIC is attained at lag 15. Then use the coinec.ml to get the value 
of the likelihood ratio statistic as well as the estimate for ß. For testing the 
hypothesis H0: r = ro = 0, try 

> spotfut .co0_coinec.ml(spotfut ,0 ,15) 

that is, we create an SPLUS object spotfut.coO using coinec.ml with argu-
ments the bivariate series, r0, and the VAR order. This command produces 
a number of outputs, as follows: 

> names(spotfut.coO) 
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[13 " o r d e r " "dY" " Y l " "dX" 

[7 ] 
"Μ" 
"RO" " R l " "SOO" " S 1 0 " "SOI 

[ 1 3 ] 
" S l l " 
"G" " e i g M " " e i g " "C" "H" 

[ 1 9 ] 

"D" 
" r e s i d u a l s " 
" t r a t i o " 

"Zu" " q r " " a r " ii γ 11 

W e a r e m o s t l y i n t e r e s t e d in t h e o b j e c t s C, H, a n d Qr, w h i c h a r e β, a, 

respec t ive ly . T h o s e va lues a r e 

> s p o t f u t . c o O $ Q r 
[ 1 ] 2 7 . 3 8 4 8 7 
> s p o t f u t . c o O $ H 

[ 1 , ] - 4 0 8 . 4 2 8 1 
[ 2 , ] - 4 2 0 . 6 4 5 0 
> s p o t f u t . c o 0 $ C 

[ , 1 ] C . 2 ] 
[ 1 , ] 0 . 0 1 0 9 7 4 6 5 - 0 . 0 1 0 9 3 3 2 2 

W h i l e for HQ\ r = ro = 1 ( i .e . , for o n e u n i t r o o t ) , we h a v e 

> s p o t f u t . c o l _ c o i n e c . m l ( s p o t f u t , 1 , 1 5 ) 

> s p o t f u t . c o l $ Q r 
[ 1 ] 0 . 7 5 0 1 4 4 4 
> s p o t f u t . c o l $ H 

[ 1 , ] - 4 0 8 . 4 2 8 1 
[ 2 , ] - 4 2 0 . 6 4 5 0 
> s p o t f u t . c o l $ C 

C . l ] C , 2 ] 
[ 1 , ] 0 . 0 1 0 9 7 4 6 5 - 0 . 0 1 0 9 3 3 2 2 

H e n c e , t h e L R s t a t i s t i c for t e s t i n g r = 0 ( i .e . , 2 u n i t r o o t s ) is Qr = 
27 .38487 , wh i l e t h e L R s t a t i s t i c for t e s t i n g r = 1 ( i .e . , 1 u n i t r o o t ) is Qr = 
0 .7501444 . U s i n g t h e t a b u l a t e d va lue s of t h e Qr s t a t i s t i c f rom J o h a n s e n a n d 
J u s e l i u s (1990) , w e se lec t a m o d e l w i t h o n e u n i t r o o t . T h e V A R coefficients 
for t h e m o d e l c a n b e r e t r i e v e d b y u s i n g 

> s p o t f u t . c o l $ a r 
[ , 1 ] t , 2 ] [ , 3 ] [ , 4 ] [ , 5 ] [ , 6 ] 

[,73 
[ 1 , 3 - 4 . 8 0 3 3 4 6 5 . 5 1 4 7 3 5 1 . 8 9 8 7 2 9 - 1 . 6 6 9 5 6 3 4 . 5 7 9 3 4 4 - 4 . 4 1 3 7 5 3 
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[ 1 , ] 8 . 7 7 8 8 6 3 
[ 2 , ] - 5 . 5 0 1 3 7 6 6 . 2 1 1 5 2 9 2 . 1 2 4 5 1 7 - 1 . 9 1 5 9 0 2 3 . 7 0 1 5 6 6 - 3 . 5 1 7 1 5 0 
[ 2 , ] 9 . 2 1 1 8 5 6 

[ , 8 ] [ , 9 ] [ , 1 0 ] [ , 1 1 ] [ , 1 2 ] [ , 1 3 ] 
[ , 1 4 ] 

[ 1 , ] - 8 . 6 7 2 4 7 3 3 . 0 7 7 7 6 7 - 3 . 1 4 5 1 7 6 - 8 . 3 3 5 6 7 7 7 . 8 8 5 4 7 1 - 5 . 4 3 2 2 2 3 
[ 1 , ] 5 . 4 0 0 5 5 8 
[ 2 , ] - 9 . 1 0 3 7 8 6 3 . 1 9 9 7 2 1 - 3 . 2 4 9 0 1 7 - 8 . 3 1 2 4 1 9 7 . 8 4 7 8 5 0 - 5 . 4 6 3 3 5 5 
[ 2 , ] 5 . 4 2 8 0 9 6 

[ , 1 5 ] [ , 1 6 ] [ , 1 7 ] [ , 1 8 ] [ , 1 9 ] [ , 2 0 ] 
[ , 2 1 ] 

[ 1 , ] - 3 . 1 0 9 6 1 9 3 . 3 1 3 8 0 4 3 . 6 8 5 1 2 5 - 3 . 5 6 5 7 5 1 3 . 7 2 6 4 7 7 - 3 . 6 4 1 0 7 1 
[ 1 , ] 0 . 5 5 2 7 6 9 7 
[ 2 , ] - 3 . 4 9 3 9 7 4 3 . 6 7 9 8 1 5 3 . 5 5 6 2 8 4 - 3 . 4 2 7 2 4 1 4 . 1 1 0 6 6 4 - 4 . 0 2 3 1 5 0 
[ 2 , ] 0 . 5 0 6 4 0 3 4 

[ , 2 2 ] [ , 2 3 ] [ , 2 4 ] [ , 2 5 ] [ , 2 6 ] [ , 2 7 ] 
[ , 2 8 ] 

[ 1 , ] - 0 . 5 8 7 0 1 5 5 0 . 5 4 2 2 0 2 5 - 0 . 7 2 1 2 0 8 5 - 1 . 6 1 2 2 2 5 1 . 4 0 9 7 7 8 3 . 2 2 8 3 3 6 
[ 1 , ] - 3 . 1 7 4 3 4 1 
[ 2 , ] - 0 . 5 1 8 3 6 8 5 1 . 0 5 8 4 5 9 5 - 1 . 2 5 1 8 2 0 7 - 1 . 9 4 9 7 1 1 1 . 7 5 0 4 0 7 3 . 3 9 6 1 9 2 
[ 2 , ] - 3 . 3 5 7 1 8 4 

[ , 2 9 ] [ , 3 0 ] 
[ 1 , ] - 1 . 2 9 4 1 6 7 1 . 6 0 0 5 7 1 
[ 2 , ] - 1 . 5 2 8 3 9 8 1 . 8 4 6 9 1 7 

wh ich gives t h e final e s t i m a t e d m o d e l for t h e b i v a r i a t e ser ies: 

AXt = a0Xt-x + TiAXt-i + ••• + Tl5AXt-i5 + Zt, 

w h e r e 

(—408 4 2 8 1 \ 
-42o'645oj' β = ( ° · 0 1 0 9 7 4 6 5 ' -0-01093322), 

= . - 4 . 8 0 3 3 4 6 5 .514735 • 
1 - 1 - 5 . 5 0 1 3 7 6 6 .211529 J 1 5 

/ - 1 . 2 9 4 1 6 7 1.600571 \ 
V - 1 . 5 2 8 3 9 8 1.846917 ) ' 

T h e ser ies Wt = 0 . 0 1 1 0 X i t + - 0 . 0 1 1 0 X 2 t fo rms a c o i n t e g r a t i n g l inear c o m -
b i n a t i o n t h a t s h o u l d b e s t a t i o n a r y , a n d t h i s se r ies is p l o t t e d in F i g u r e 13 .2 . 
R e l a t i v e t o t h e o r i g i n a l t w o ser ies , t h e ser ies Wt c e r t a i n l y looks m o r e s t a t i o n -
ary . 

> t r a n . s f < - a s . v e c t o r ( s p o t f u t . co lSC/ . f ' / . t ( s p o t f u t ) ) 
> t r a n . s f < - r t s ( t r a n . s f , s t a r t = c ( 1 9 8 9 , 1 ) , f r e q = 1 2 ) 
> t s p l o t ( t r a n . s f ) 

I n t h e ca se of R , r e p l a c e t h e c o m m a n d s " r t s " a n d " t s p l o t " i n S P L U S b y 
t h e fol lowing c o m m a n d s " t s " a n d " t s . p l o t " in R , respec t ive ly . T h e r e s t of t h e 
c o m m a n d s in R a r e e x a c t l y t h e s a m e a s in S P L U S . 
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1 9 9 0 1 9 9 2 1 9 9 4 1 9 9 6 

T i m e 

Fig. 13.2 Transformed series Wt = O.OlltLYit - 0 . 0 1 0 9 X 2 t . 

13.8 C O N C L U S I O N S 

A s i n d i c a t e d in t h e i n t r o d u c t i o n , c o i n t e g r a t i o n h a s b e e n a n a c t i v e l y p u r s u e d 
a r e a of r e s e a r c h , p a r t i c u l a r l y a m o n g e c o n o m e t r i c i a n s . O w i n g t o i t s s i m p l e 
idea , it is r e a s o n a b l e t o e x p e c t t h a t t h e c o n c e p t of c o i n t e g r a t i o n will b e g a i n i n g 
i t s s igni f icance in o t h e r a r e a s of soc ia l sc iences . Recen t ly , t h e c o n c e p t of 
c o i n t e g r a t i o n h a s found a p p l i c a t i o n s in m a n y a r e a s in f inance . Fo r e x a m p l e , 
H i r a k i , Sh i r a i sh i , a n d T a k e z a w a (1996) use c o i n t e g r a t i o n a n d c o m m o n t r e n d s 
t o e x p l a i n t h e t e r m s t r u c t u r e of offshore i n t e r e s t r a t e s , a n d m o r e r ecen t ly , L e e , 
M y e r s , a n d S w a m i n a t h a n (1999) u s e d t h e i d e a of c o i n t e g r a t i o n t o d e t e r m i n e 
t h e i n t r i n s i c va lue of t h e D o w J o n e s i n d u s t r i a l i n d e x . A n o t h e r a r e a t h a t is 
u n d e r r i g o r o u s d e v e l o p m e n t is c o m b i n i n g l o n g - m e m o r y p h e n o m e n a t o g e t h e r 
w i t h c o i n t e g r a t i o n , ca l led t h e f r ac t i ona l c o i n t e g r a t i o n ; see, for e x a m p l e , L i e n 
a n d T s e (1999) . O w i n g t o s p a c e l i m i t a t i o n , w e a r e u n a b l e t o p r o v i d e m o r e 
d e s c r i p t i o n s a b o u t t h e s e d e v e l o p m e n t s . W e h o p e t h i s s u r v e y offers a focused 
a n d p r a c t i c a l i n t r o d u c t i o n t o c o i n t e g r a t i o n . 

13.9 E X E R C I S E S 

1. Le t Xti = Σΐ=ίΖίΐ a n d Xt2 = Zt2, w h e r e {Zu} a n d {Z{2} a r e t w o 
i n d e p e n d e n t s e q u e n c e s of i . i .d. r a n d o m v a r i a b l e s . 
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(a) S h o w t h a t X t 2 is 7 ( 0 ) . 

(b ) S h o w t h a t X u is 1(1). 

(c) S h o w t h a t Xt = Xti + X t 2 is 7 (1 )• 

2. If X t is I(di) a n d y t is I(d2) w i t h d i 7ε d 2 , s h o w t h a t Xt + Yt is 7 ( d ) , 
w h e r e d = m a x { d i , d2}. 

3 . I n E x a m p l e 13 .3 , s h o w t h a t t h e v e c t o r ( 0 , 0 , 1 ) is a lso a c o i n t e g r a t i n g 
v e c t o r . 

4 . C o n s i d e r t h e e q u a t i o n s 

Δ Ι ( ΐ = --(Xt-ι,ι - Xt-i,2) + Zti, 

AXt2 = -(Xt-1,1 — Xt-1,2) + Zt2, 

w h e r e {Zti} a n d {Zt2} a r e t w o i n d e p e n d e n t s e q u e n c e s of i . i .d. r a n d o m 
va r i ab l e s . 

(a) Solve t h e s e e q u a t i o n s for Xti a n d Xt2 in t e r m s of Zti a n d Zt2. 

(b ) F i n d a n e q u a t i o n for Xti —Xt2 a n d a n o t h e r e q u a t i o n for X t i + 2 X t 2 ) 

(c) S h o w b y d i r e c t c a l c u l a t i o n s t h a t X t i — Xt2 is s t a t i o n a r y , b u t t h e 
p roce s se s X t i a n d X t 2 a r e n o n s t a t i o n a r y . 

(d) W h a t h a p p e n s if \ is r e p l a c e d b y -\Ί 
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Markov Chain Monte 

Carlo Methods 

14.1 INTRODUCTION 

Bayesian inference is an important area in statistics. It has found applications 
in a spectrum of disciplines. One of the main ingredients of Bayesian inference 
is to incorporate prior information via the specification of prior distributions. 
As information flows freely in financial markets, incorporating prior informa-
tion constitutes a natural approach. In this chapter, we shall briefly introduce 
the essence of Bayesian statistics with reference to time series. In particular, 
we shall discuss the celebrated Markov Chain Monte Carlo method in detail 
and illustrate its uses via an example. 

14.2 BAYESIAN INFERENCE 

In essence, the Bayesian approach is to incorporate uncertainties for the un-
known parameters. Predictive inference is conducted via the joint probability 
distribution of the parameters Θ = (θι, 021 ■ ■ ■, θτ) conditional on the observ-
able data x = ( x i , . . . ,xn). The joint distribution is deduced from the distri-
bution of observable quantities via the Bayes Theorem. Many excellent texts 
have been written about the Bayesian paradigm, see for example, DeGroot 
(1970), Box and Tiao (1973), Berger (1985), O'Hagan (1994), Bernardo 
and Smith (2000), Lee (2004) and Robert (2001), just to name a few. 

The observational (or sampling) distribution f{x\0) is the likelihood func-
tion. Under the Bayesian framework, a prior distribution ρ(θ) is specified for 
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t h e p a r a m e t e r Θ. In fe rences a r e c o n d u c t e d b a s e d o n t h e p o s t e r i o r d i s t r i b u t i o n 
π(θ\χ) a c c o r d i n g t o t h e fol lowing i d e n t i t y : 

π ( 0 | χ ) 
/ ( s | g ) P ( f l ) 

w h e r e f{x) is t h e m a r g i n a l d e n s i t y s u c h t h a t 

/ ( x ) = j ί(χ\θ)ρ(θ)άθ. (14.1) 

T h e p r o b a b i l i t y d e n s i t y func t ion π(θ\χ) is k n o w n a s t h e posterior d e n s i t y 
func t ion . S ince χ is o b s e r v e d , t h e m a r g i n a l d e n s i t y in (14.1) is a c o n s t a n t . I t 
is m o r e c o n v e n i e n t t o e x p r e s s (14.1) a s 

π ( 0 | χ ) OC L ( 0 ) p ( 0 ) , (14.2) 

w h e r e L{6) = f(x\9) is t h e l ike l ihood func t ion . O n e w a y t o e s t i m a t e θ is t o 
c o m p u t e t h e p o s t e r i o r m e a n of Θ, t h a t is, 

θ = J θπ(θ\χ)άθ. (14.3) 

P r i o r a n d p o s t e r i o r a r e r e l a t i v e t o t h e o b s e r v a b l e s . A p o s t e r i o r d i s t r i b u t i o n 
c o n d i t i o n a l o n χ c a n b e u s e d a s a p r i o r for a n e w o b s e r v a t i o n y. T h i s p r o c e s s 
c a n b e i t e r a t e d a n d e v e n t u a l l y l eads t o a n e w p o s t e r i o r v i a t h e B a y e s t h e o r e m . 
W e i l l u s t r a t e t h i s i d e a w i t h a n e x a m p l e . 

E x a m p l e 1 4 . 1 Suppose we observe x i , . . . , x n independent random variables 
each Ν(μ,σ2) with μ unknown and σ2 known. Estimate μ in a Bayesian 
setting. 

T h e l ike l ihood func t ion is 

1 
Ι , (μ ) 

( 2 π σ ) " / 2 
e x p 2σ2 Σ( χί - Ζ 1 ) 2 

i=l 
oc e x p 

2 σ 2 

w h e r e χ is t h e s a m p l e m e a n of t h e o b s e r v a t i o n . I t s e e m s n a t u r a l t o a s s u m e 
t h a t μ follows a n o r m a l d i s t r i b u t i o n b y spec i fy ing t h e p r i o r ρ(μ) ~ N ( m , r 2 ) , 
w h e r e m a n d τ 2 a r e k n o w n a s h y p e r p a r a m e t e r s . S u b s t i t u t i n g t h i s p r i o r i n t o 
(14 .2) , we h a v e 

π(μ\χ) oc e x p 

α e x p 

( χ - μ ) 2Ί 

2 σ 2 / η _ 
(μ - m i ) 

2 r 2 

e x p 
(μ - m ) 21 

2 r 2 

w h e r e 

m i = 
τ2χ + mo /n 

τ2 + σ2/η 
a n d Ti = 

τ 2 σ 2 

η τ 2 + σ 2 ' 
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e q u i v a l e n t ly, 
μ ~ N ( m i , T 2 ) . 

T h e p o s t e r i o r m e a n μ = Ε ( μ ) = m i is a n e s t i m a t e of μ g iven x. N o t i c e 
t h a t m i t e n d s t o t h e s a m p l e m e a n χ a n d r2 t e n d s t o ze ro a s t h e n u m b e r 
of o b s e r v a t i o n inc reases . I n m o s t cases , t h e p r i o r d i s t r i b u t i o n p l a y s a lesser 
ro le w h e n t h e s a m p l e size is l a rge . A n o t h e r i n t e r e s t i n g o b s e r v a t i o n is t h a t 
t h e i n f o r m a t i o n c o n t a i n e d in t h e p r i o r b e c o m e s less w h e n τ 2 i n c r ea se s . W h e n 
r 2 —> oo, ρ(μ) oc c o n s t a n t a n d π(μ\χ) = Ν ( ΐ , σ2/η). Such a p r i o r is k n o w n a s 
t h e n o n - i n f o r m a t i v e p r i o r a s i t p r o v i d e s n o i n f o r m a t i o n a b o u t t h e d i s t r i b u t i o n 
of μ. 

T h e r e a r e m a n y w a y s t o specify a p r i o r d i s t r i b u t i o n in t h e B a y e s i a n s e t t i n g . 
S o m e prefer n o n - i n f o r m a t i v e p r i o r s a n d o t h e r s prefer p r i o r s t h a t a r e a n a l y t i -
ca l ly t r a c t a b l e . C o n j u g a t e p r i o r s a r e a d o p t e d t o a d d r e s s t h e l a t t e r c o n c e r n . 

G i v e n a l ike l ihood func t ion , t h e c o n j u g a t e p r i o r d i s t r i b u t i o n is a p r i o r d is -
t r i b u t i o n s u c h t h a t t h e p o s t e r i o r d i s t r i b u t i o n b e l o n g s t o t h e s a m e c lass of 
d i s t r i b u t i o n a s t h e p r i o r . C o n j u g a t e p r i o r s a n d p o s t e r i o r d i s t r i b u t i o n s a r e 
differed t h r o u g h h y p e r p a r a m e t e r s . E x a m p l e 14.1 se rves a s a g o o d e x a m p l e . 
C o n j u g a t e p r i o r s fac i l i t a te s t a t i s t i c a l inferences b e c a u s e t h e p o s t e r i o r d i s t r i -
b u t i o n s b e l o n g t o t h e s a m e family as t h e p r i o r d i s t r i b u t i o n s , w h i c h a r e u s u a l l y 
of fami l ia r fo rms . M o r e o v e r , u p d a t i n g p o s t e r i o r d i s t r i b u t i o n s w i t h n e w infor-
m a t i o n b e c o m e s s t r a i g h t f o r w a r d as on ly h y p e r p a r a m e t e r s h a v e t o b e u p d a t e d . 

I n t h e o n e - d i m e n s i o n a l case , d e r i v i n g c o n j u g a t e p r i o r s is r e l a t i ve ly s i m p l e 
w h e n t h e l ike l ihood b e l o n g s t o t h e e x p o n e n t i a l family. C o n j u g a c y w i t h i n 
t h e e x p o n e n t i a l fami ly is d i s cus sed in Lee (2004) . T a b l e 14.1 s u m m a r i z e s 
s o m e of t h e c o m m o n l y u s e d c o n j u g a t e famil ies . H e r e i n , Be d e n o t e s t h e B e t a 
d i s t r i b u t i o n , G t h e G a m m a d i s t r i b u t i o n , IG t h e Inve r se G a m m a d i s t r i b u t i o n , 
a n d Ν t h e N o r m a l d i s t r i b u t i o n . 

Table 14.1 Conjugate Priors 

L ike l i hood L{6) C o n j u g a t e p r i o r ρ(θ) 

P o i s s o n θ = λ 0(α,β) 
B i n o m i a l θ = ρ Βε(α,β) 
N o r m a l θ = μ, σ2 k n o w n N ( m , r 2 ) 
N o r m a l θ = σ2, μ k n o w n J G ( a , / 3 ) 

14.3 M A R K O V C H A I N M O N T E C A R L O 

O n e d e s i r a b l e f e a t u r e of c o m b i n i n g M a r k o v C h a i n s i m u l a t i o n w i t h B a y e s i a n 
i dea s is t h a t t h e r e s u l t i n g m e t h o d c a n h a n d l e h i g h d i m e n s i o n a l p r o b l e m s e m -
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ciently. A n o t h e r d e s i r a b l e f e a t u r e is t o d r a w r a n d o m s a m p l e s f rom t h e p o s t e -
r io r d i s t r i b u t i o n d i rec t ly . T h e M a r k o v C h a i n M o n t e C a r l o ( M C M C ) m e t h o d s 
a r e d e v e l o p e d w i t h t h e s e t w o f e a t u r e s in m i n d . 

S u p p o s e t h a t we w a n t t o o b t a i n i n f o r m a t i o n o n a d i s t r i b u t i o n π * , wh ich is 
k n o w n o n l y u p t o a c o n s t a n t C, w h e r e C = ΣΘ<ΖΕ π ( ^ ) · H e r e we a s s u m e t h a t 
t h e s t a t e s p a c e Ε is e i t h e r finite o r c o u n t a b l e . T h e n TT* is a d i s t r i b u t i o n w i t h 
p r o b a b i l i t y m a s s func t ion π(θ) jC. T h e m a i n i d e a of M C M C lies in r ecogn iz ing 
t h e p o s t e r i o r d e n s i t y as 

M C M C p r o c e e d s b y finding a n e r g o d i c M a r k o v c h a i n θο,θι,... h a v i n g s t a -
t i o n a r y d i s t r i b u t i o n π*. F o r b a c k g r o u n d i n f o r m a t i o n a b o u t M a r k o v c h a i n 
a n d s t a t i o n a r y d i s t r i b u t i o n , see B h a t t a c h a r y a a n d W a y m i r e (1990) . W e 
t h e n s i m u l a t e θο,θι,...,θη for l a r g e n . A s η t e n d s t o infinity, t h e e m p i r i c a l 
d i s t r i b u t i o n is g iven b y 

*-̂ ) = ^ΤϊΣ / ^Λ}, (14.5) 
t = 0 

for s o m e even t of i n t e r e s t A. U n d e r c e r t a i n t e c h n i c a l c o n d i t i o n s , i t c a n b e 
s h o w n t h a t π* conve rges t o π* a n d π * c a n b e u s e d t o a p p r o x i m a t e π * for 
l a rge n . S imi lar ly , t h e s h a p e of π* c a n b e o b t a i n e d b y p l o t t i n g t h e h i s t o g r a m 
of #o, θι, F u r t h e r , if we w a n t t o e v a l u a t e a m o m e n t of a f u n c t i o n / u n d e r 

π* , t h a t is, π * ( / ) = ΣΘ&Ε/(^)π*(^)> w e c a n u s e a n e s t i m a t e b a s e d o n t h e 
e m p i r i c a l d i s t r i b u t i o n g iven b y 

*;(/) = A = - ^ 7 £ / ( * * ) · (14-6) 

For a M a r k o v c h a i n w i t h s t a t e s p a c e E, we u s u a l l y specify {θη} in t e r m s 
of i t s t r a n s i t i o n p r o b a b i l i t y m a t r i x Ρ = ρ(θ,ξ)θ,ξ&Ε- L e t π * = {πι,π2> · • ·) b e 
t h e v e c t o r c o m p r i s i n g t h e s t a t i o n a r y d i s t r i b u t i o n . A c c o r d i n g t o t h e s t a n d a r d 
t h e o r y of M a r k o v cha in , t h e n 

π*Ρ = π*. (14.7) 

S ince t h e c o n s t a n t C c ance l s o n b o t h s ides of t h e p r e c e d i n g e q u a t i o n , we h a v e 

ττΡ = π o r π ( ξ ) = £ ττ(θ)ρ(θ, ξ). (14.8) 
θεΕ 

Reca l l t h a t f rom t h e B a y e s fo rmula , t o c o m p u t e t h e p o s t e r i o r m e a n of Θ, we 
h a v e t o c o m p u t e 

θ€Ε 

Σθεεθί{Α<>)ρ{θ) ( u q ) 

Σ β ε £ . / ( * | 0 ) ρ ( β ) ' { - ' 
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I t is t h e d e n o m i n a t o r ( t h e c o n s t a n t C) t h a t p r e s e n t s t h e r e a l c h a l l e n g e a s t h e 
s u m m a y b e h i g e r - d i m e n s i o n a l a n d h a s n o c losed fo rm. I n t h i s case , M C M C 
c o m e s i n h a n d y w i t h π*(θ) b e i n g t h e p o s t e r i o r a n d π(θ) = /(χ\θ)ρ(θ). 

14.3.1 Met ropo l is -Hast ings Algor i thm 

G i v e n a d i s t r i b u t i o n π* w i t h p r o b a b i l i t y d e n s i t y func t ion p r o p o t i o n a l t o π(θ), 
w h e r e θ £ Ε, h o w c a n we s i m u l a t e a M a r k o v c h a i n { # „ } h a v i n g s t a t i o n a r y 
d i s t r i b u t i o n π * ? I n o t h e r w o r d s , h o w c a n we find a t r a n s i t i o n m a t i r x Ρ = 
ρ{θ,ξ)β,ζ€Ε s u c h t h a t t h e m a t r i x e q u a t i o n 

π Ρ = π (14 .10) 

is sa t is f ied , w h e r e π — (πρ, π ι , . . . ) is t h e r o w v e c t o r c o m p r i s i n g t h e s t a t i o n a r y 
d i s t r i b u t i o n s {tfj}. 

T h e M e t r o p o l i s - H a s t i n g s m e t h o d cons i s t s of a v e r y s i m p l e idea ; s a m p l e 
f rom a p r o p o s a l d i s t r i b u t i o n q(9, ξ) for e a c h s t a r t i n g p o i n t Θ. G i v e n t h a t a 
p r o p o s a l p o i n t ξ h a s b e e n g e n e r a t e d f rom q{9, · ) , it is a c c e p t e d w i t h p r o b a b i l i t y 

α{θ,0 = r n i n { l , r ( # , ξ ) } , w h e r e 

T h i s is t h e s a m e as g e n e r a t i n g a u n i f o r m r a n d o m n u m b e r U a n d a c c e p t i n g 
t h e s t a t e ξ if U < α(θ, ξ); o t h e r w i s e t h e p o i n t θ is r e t u r n e d so t h a t t h e a lgo -
r i t h m chooses t o r e m a i n a t t h e s t a t e θ if t h e p r o p o s a l is r e j ec t ed . O n e c ruc i a l 
f e a t u r e of (14 .11) is t h a t t h e r e is a r a t i o of t w o π - v a l u e s so t h a t t h e u n k n o w n 
c o n s t a n t C is cance l l ed o u t . T h e q u a n t i t y τ(θ,ξ) in (14.11) is s o m e t i m e s 
k n o w n a s t h e M e t r o p o l i s - H a s t i n g s r a t i o a n d t h e e n t i r e a l g o r i t h m is k n o w n a s 
t h e M e t r o p o l i s - H a s t i n g s a l g o r i t h m . L e t ρ(θ, ξ) d e n o t e t h e p r o b a b i l i t y t h a t t h e 
s t a t e ξ is r e t u r n e d . T h e n Ρ{θη+Χ = ξ\θη = θ) = P(y = ξ\θη = θ)Ρ(θη+1 = 
ζ\ν = 0 ) w h e r e y is a n i n t e r m e d i a t e s t a t e . T h e r e f o r e , 

m q(9, θ)α(θ, θ) + Σ^Ε « ί* . 0 ( 1 - α(θ, ξ)), if ξ = θ. 

I n essence , t h e M e t r o p o l i s - H a s t i n g s a l g o r i t h m goes a s follows. F o r s i m p l i c -
ity, let Ε — { 1 , 2 , . . . , m) b e a f ini te s t a t e s p a c e . 

1. C h o o s e a p r o p o s a l d i s t r i b u t i o n w i t h t r a n s i t i o n m a t r i x Q = (q(i, j))i,jeE-
C h o o s e a n in t ege r k b e t w e e n 1 a n d m. 

2. L e t η = 0 a n d θο = k. 

3 . G e n e r a t e a r a n d o m v a r i a b l e θ s u c h t h a t Ρ(θ = j) = q(6n,j) a n d inde -
p e n d e n t l y g e n e r a t e a u n i f o r m r a n d o m n u m b e r U. 



206 MARKOV CHAIN MONTE CARLO METHODS 

4. If U < a(k,j), t h e n 0 = j ; o t h e r w i s e θ = k. 

5. Se t η = η + 1 a n d θη — θ. 

6. R e t u r n t o s t e p 3 . 

I t t u r n s o u t t h a t t h e M a r k o v c h a i n c o n s t r u c t e d in t h i s way, a l so k n o w n a s 
t h e M e t r o p o l i s - H a s t i n g s , M H cha in , possesses d e s i r a b l e p r o p e r t i e s . I n p a r t i c -
u l a r , if t h e c h a i n is t i m e - r e v e r s i b l e (see B h a t t a c h a r y a a n d W a y m i r e (1990) ) , 
t h e n t h e r e q u i r e m e n t s for a t r a n s i t i o n m e c h a n i s i m t o m a k e π * s t a t i o n a r y 
b e c o m e s m u c h s i m p l e r . T h e p roo f of t h e fol lowing r e s u l t s c a n b e found in 
A s m u s s e n a n d G l y n n (2007) . 

T h e o r e m 1 4 . 1 The distribution π* is stationary for the MH chain 0o, θ\,... 
constructed above. 

T h e o r e m 1 4 . 2 If the MH chain is irreducible (see Bhattacharya and Waymire 
(1990)), then the empirical distribution π* converges to the stationary distri-
bution π * and the empirical average fn converges to n*(f). 

W e c o n c l u d e t h i s s ec t i on w i t h a n e x a m p l e . 

E x a m p l e 1 4 . 2 Independent Sampler. 

S u p p o s e t h a t t h e p r o p o s a l d i s t r i b u t i o n is i n d e p e n d e n t of 0j so t h a t o (0 j , 9j) = 
q(6j). T h e n t h e M H r a t i o b e c o m e s 

7r(0i)g(0j) w(0i) 

aifiuBj) = m i n { l , W ( 0 , ) / W ( 0 i ) } , 

w h e r e ω(θ) = π ( 0 ) / ο ( 0 ) . If q is t a k e n t o b e t h e p r i o r p ( 0 ) , t h e n π*(0 ) is 
p r o p o r t i o n a l t o f{x\9)p(6) a n d t h e a c c e p t a n c e p r o b a b i l i t y is 

θί{θ\, 0 2 ) = m i n 

I n t h i s case a s t a t e 0 2 w i t h a l a rge r l ike l ihood is a lways a c c e p t e d ; o t h e r w i s e 
t h e a c c e p t a n c e p r o b a b i l i t y will j u s t b e t h e l ike l ihood r a t i o . • 

14.3.2 Gibbs Sampl ing 

A spec ia l s a m p l e r of t h e M H a l g o r i t h m is t h e G i b b s s a m p l e r . G i b b s s a m p l i n g 
is p r o b a b l y o n e of t h e m o s t c o m m o n l y u s e d M C M C m e t h o d s . I t is s imp le , 
i n tu i t i ve , eas i ly i m p l e m e n t e d a n d d e s i g n e d t o h a n d l e m u l t i d i m e n s i o n a l p r o b -
l ems . T h e bas i c l imi t t h e o r e m of M a r k o v C h a i n se rves as t h e t h e o r e t i c a l 
b u i l d i n g b lock t o g u a r a n t e e t h a t d r a w s f rom G i b b s s a m p l i n g a g r e e w i t h t h e 
p o s t e r i o r a s y m p t o t i c a l l y . 
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A l t h o u g h c o n j u g a t e p r i o r s a r e useful in B a y e s i a n inference , i t is difficult t o 
c o n s t r u c t a j o i n t c o n j u g a t e p r i o r for s eve ra l p a r a m e t e r s . Fo r a n o r m a l d i s -
t r i b u t i o n w i t h b o t h m e a n a n d v a r i a n c e u n k n o w n , d e r i v i n g t h e c o r r e s p o n d i n g 
c o n j u g a t e p r i o r c a n b e cha l l eng ing . B u t c o n d i t i o n a l c o n j u g a t e p r i o r s c a n b e 
o b t a i n e d r e l a t i ve ly easily, see for e x a m p l e , G i lks , R i c h a r d s o n a n d Sp iege lha l -
t e r (1995) . C o n d i t i o n i n g o n o t h e r p a r a m e t e r s , a c o n d i t i o n a l c o n j u g a t e p r i o r 
is o n e d i m e n s i o n a n d h a s t h e s a m e d i s t r i b u t i o n a l s t r u c t u r e a s t h e c o n d i t i o n a l 
p o s t e r i o r . 

G i b b s s a m p l i n g t a k e s a d v a n t a g e of t h i s fact a n d offers a w a y t o r e d u c e a 
m u l t i d i m e n s i o n a l p r o b l e m t o a n i t e r a t i o n of l o w - d i m e n s i o n a l p r o b l e m s . Specif-
ically, le t χ = (xi,... ,xn) b e t h e d a t a a n d let t h e d i s t r i b u t i o n of e a c h X j b e 
g o v e r n e d b y r p a r a m e t e r s , θ = (θχ, θ2, • • •, θτ). Fo r e a c h j = 1 , . . . , r , s p e c -
ify t h e o n e - d i m e n s i o n a l c o n d i t i o n a l c o n j u g a t e p r i o r p{9j) a n d c o n s t r u c t t h e 
c o n d i t i o n a l p o s t e r i o r b y m e a n s of t h e B a y e s t h e o r e m . T h e n i t e r a t e t h e G i b b s 
p r o c e d u r e a s follows. 

Se t a n in i t i a l p a r a m e t e r v e c t o r ( 0 ° , . . . , 0 ° ) . U p d a t e p a r a m e t e r s b y t h e 
fol lowing p r o c e d u r e : 

• S a m p l e θ\ ~ p ( 0 i | 0 § , . . . , β°, x); 

• S a m p l e ^ ~ρ{θ2\θ\,θ%,. ..,θ°,χ); 

• S a m p l e 0* ~ ρ{θΓ\θ\, θ\,..., ί ^ , ι ) . 

T h i s c o m p l e t e s o n e G i b b s i t e r a t i o n a n d t h e p a r a m e t e r s a r e u p d a t e d t o 
(θ{,..., θτ). U s i n g t h e s e n e w p a r a m e t e r s a s s t a r t i n g va lues , r e p e a t t h e i t e r a -
t i o n a g a i n a n d o b t a i n a n e w se t of p a r a m e t e r s (Θ2,..., Θ2.). R e p e a t i n g t h e s e 
i t e r a t i o n s Μ t i m e s , w e ge t a s e q u e n c e of p a r a m e t e r v e c t o r s ..., Θ^Μ\ 
w h e r e = for i = 1 , . . . ,M. B y v i r t u e of t h e b a s i c l imi t 
t h e o r e m of M a r k o v C h a i n , it c a n b e s h o w n t h a t t h e M a r k o v c h a i n { θ ^ } 
h a s a l i m i t i n g d i s t r i b u t i o n c o n v e r g i n g t o t h e j o i n t p o s t e r i o r ρ{θ\, θ 2 , . . . , θΓ\χ) 
w h e n Μ is sufficiently l a rge , see T i e r n e y (1994) . T h e n u m b e r Μ is ca l led 
t h e b u r n - i n p e r i o d . Af te r s i m u l a t i n g { θ ^ Μ + ι \ 0 ( M + 2 > , . . . , 6 > ( M + r i ) } f rom t h e 
G i b b s s a m p l i n g , B a y e s i a n inference c a n b e c o n d u c t e d easily. Fo r e x a m p l e , t o 
c o m p u t e t h e p o s t e r i o r m e a n , we e v a l u a t e 

T o a c q u i r e a c l ea r e r u n d e r s t a n d i n g of G i b b s s a m p l e r , cons ide r t h e fol lowing 
e x a m p l e . 

E x a m p l e 1 4 . 3 Let x i , . . . , xn be independent Ν ( μ , σ 2 ) random variables. Let 
x\,... , x n be independent Ν ( μ , σ 2 ) random variables with both μ and σ2 un-
known. Estimate μ and σ 2 via Gibbs sampling. 
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Reca l l t h a t t h e c o n j u g a t e p r i o r of μ is n o r m a l for a g iven σ2 a n d t h a t t h e 
c o n j u g a t e p r i o r of σ2 is i nve r se g a m m a for a g iven μ. L e t μο ~ Ν ( m o , τ 2 ) a n d 
σ2 ~ IG(ao,Po) b e r a n d o m v a r i a b l e s d r a w n f rom t h e in i t i a l p r i o r s . Define μ, 
a n d σ2 t o b e r a n d o m v a r i a b l e s g e n e r a t e d in t h e i - t h i t e r a t i o n of t h e G i b b s 
s a m p l i n g p r o c e d u r e . T h e c o n d i t i o n a l p o s t e r i o r for μί c a n b e o b t a i n e d b y 
m i m i c k i n g E x a m p l e 1 4 . 1 . W e h a v e 

μ* ~ N(rrii,T2), 

w h e r e 

mi — 5 ~ — ; a n d rf = — 5 ^—. (14.12) 

I n Exe rc i s e 1 a t t h e e n d of t h i s c h a p t e r , t h e c o n d i t i o n a l p o s t e r i o r for σ2 is 
found t o b e σ 2 ~ 7 G ( a , , / 3 i ) , w h e r e 

β 1 " 
ai=n/2 + a i - 1 a n d ft = ^ + - {XJ - βίΫ • (14-13) 

H e n c e , G i b b s s a m p l i n g is i m p l e m e n t e d a s follows: 

1. Se t i = 0 a n d in i t i a l va lue s of m o , TQ, OJO, βο a n d σ 2 ; 

2 . S a m p l e μ^ ~ N ( m i , r 2 ) a n d u p d a t e α , + ι a n d b y (14 .13) ; 

3 . S a m p l e af+1 ~ IG(ai+i,ft+i) a n d u p d a t e m j + i a n d τ , 2

+ 1 b y (14 .12) ; 

4 . Se t i = i + 1; 

5. G o t o S t e p 2 un t i l i is e q u a l t o a pre-speci f ied i n t e g e r Μ + k. 

Afte r t h a t , we k e e p t h e l a s t k p a i r s of r a n d o m v a r i a b l e s for ind ices Μ + 1 t o 
Μ + k. E s t i m a t i o n is ach i eved by t a k i n g s a m p l e m e a n s : 

1 k 

μ = j: Σ Μ Μ + J , 

— 1 fc 

E x a m p l e 1 4 . 4 As an illustration of the Gibbs sampling method, consider 
the U.S. weekly interest rates, see Tsay (2006). The data consist of 7-year 
Treasury constant maturity rates and 3-year Treasury constant maturity rates, 
from Jan 2, 1981 to Feb 19, 2010. This data set can be found in web site of 
the Federal Reserve Bank of Saint Louis and is also listed in the web site of 
this book. The actual data file contains two columns. The first column is the 
7-year rate and the second column is the 3-year rate. 
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C o n s i d e r t h e fol lowing d e p e n d e n t a n d i n d e p e n d e n t va r i ab l e s : 

• yt'- t h e week ly c h a n g e in 7-year m a t u r i t y r a t e , 

• t h e week ly c h a n g e in 3 -yea r m a t u r i t y r a t e , 

w h e r e yt a n d xt a r e o b t a i n e d b y u s i n g t h e d i f f c o m m a n d in S P L U S / R . 

> U S w r < - r e a d . t a b l e ("WGS3&7YR . t x t " ) 
>y<-diff(USwr[,l]) 

> x < - d i f f ( U S w r [ , 2 ] ) 

W e fit t h e d a t a in R w i t h ser ia l ly c o r r e l a t e d e r r o r s . T h e e n t e r t a i n e d m o d e l is 

Vt=Po+ Pixt + Zt, anaZt = <t>iZt-i + faZt-2 + e t ) (14 .14) 

w h e r e tt is a s e q u e n c e of i.i.d. n o r m a l va r i ab l e s w i t h m e a n ze ro a n d v a r i a n c e 
σ 2 . I n t h i s s i t u a t i o n , we i m p l e m e n t G i b b s s a m p l i n g t o e s t i m a t e p a r a m e t e r s 
b e t w e e n t h e r eg re s s ion m o d e l a n d t h e t i m e ser ies m o d e l . Define s o m e n o t a -
t i o n s first. L e t 

B't = {Zt-x,Zt-2),X't = (1,ΧΙ),Φ' = (Φι,Φ2),β' = (βο,βι), 

Υ = {yi,---,yn),x = (Xl,...,Xn). 

W e c h o o s e t h e c o n j u g a t e p r i o r d i s t r i b u t i o n s 

β ~ Ν ( μ 0 1 , Σ ο ι ) , φ ~ Ν ( μ 0 2 , Σ 0 2 ) , ^ ~ χ 2 , (14 .15) 

w h e r e μ 1 0 , Σ ι ο , μ2ο, Σ 2 ο , ν, λ a r e k n o w n h y p e r p a r a m e t e r s . T h e c o n d i t i o n a l 
p o s t e r i o r d i s t r i b u t i o n of β g iven t h e d a t a a n d t h e o t h e r p a r a m e t e r s is 

(β\Υ,Χ,φ,σ)~Ν(μ„Έ*), (14 .16) 

Σ . " 1 = Σ£ + Σ ^ σ ϊ ί Χ * Ά η ά μ . = Σ , ^ μ ο ! + (14 .17) 

w h e r e Y t = Y t - φΜ-ι - φ2Υί-2, Xt = Xt - ΦιΧι-ι - ΦιΧί-2 a n d β is t h e 
leas t s q u a r e s e s t i m a t o r of β. 

Simi la r ly , t h e p o s t e r i o r d i s t r i b u t i o n of φ g iven t h e d a t a a n d t h e o t h e r 
p a r a m e t e r s is a l so n o r m a l w i t h m e a n μ Χ a n d v a r i a n c e Σ ι , w h e r e 

Σ - ι = Σ - ι + Σ^ΐΕί&ηάμι = Σ . ( Σ ό 2 ν 0 2 + Σ ^ Β ' 1 Φ ) . (14.18) 

N o w cons ide r t h e p o s t e r i o r d i s t r i b u t i o n of σ 2 g iven β, φ a n d t h e d a t a . B e c a u s e 
β a n d φ a r e k n o w n , we c a l c u l a t e 

tt = Z t - 0 'B t andZt = Y t - β'Xt. 
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N o t e t h a t t h e p o s t e r i o r d i s t r i b u t i o n of σ2 is a n i n v e r t e d c h i - s q u a r e d d i s t r i b u -
t i on , t h a t is , 

VX + fr>4
 - X U - D - (14.19

Fol lowing a r e t h e s t e p s t o i m p l e m e n t G i b b s s a m p l i n g 

1 C h o o s e t h e h y p e r p a r a m e t e r s 

μ'οι = (0,0), E„i = diag(4,4),M0 2 = (0,0), 

Σ 0 2 = diag(0.25,0.16),w = 10, λ = 0.1. 

2 Specify a r b i t r a r y in i t i a l va lue 

β = (0.1,0.5), φ = (0.1,0.1), σ 2 = 0.05. 

3 D r a w s a m p l e s f rom β ~ (β\Χ, Υ, φ, σ 2 ) a s g iven in (14.16). 

4 D r a w s a m p l e s f rom φ ~ (φ\Χ,Υ,β,σ2) a s g iven i n (14.18). 

5 D r a w s a m p l e s f rom σ 2 ~ (σ2\Χ,Υ,β,φ) a s g iven in (14.19). 

R e p e a t s t e p s 3-5 for 2,100 i t e r a t i o n s t o o b t a i n a G i b b s s a m p l e . W e d i s c a r d 
t h e first 100 s a m p l e s a n d u s e t h e s a m p l e m e a n s as e s t i m a t e s of p a r a m e t e r s . 
T h e S P L U S / R c o d e is g iven a s follows. 

#Step 1: specify the hyper parameter values of the prior 

mu01=c(0,0) 

Sigma01=diag(c(4,4)) 

mu02=c(0,0) 

Sigma02=diag(c(0.25,0.16)) 

lambda=0.1 

v=10 

#Step 2: specify arbitrary starting values 

#for beta,phi,sigma 

n<-length(USwrc3) 

nO<-length(USwrc3) 

X0<-cbind(l,USwrc3) 

Y0<-USwrc7 

n<-n-2 

#Specify arbitrary starting values for beta,phi,sigma 

sigma.mcmc<-0.05 

phi.mcmc<-c(0.1,0.1) 

beta.mcmc<-c(0.1,0.5) 

#Repeat steps 3-5 for many iterations 

#to obtain a Gibbs sample 

beta.est<-NULL 
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phi.est<-NULL 

sigma.est<-NULL 

for(i in 1:2100){ 

phi.mcmc<-as.vector(phi.mcmc) 

templ<-rbind(c(0,0),(X0*phi.mcmc[1])[1:(nO-1),]) 

Zero2<-matrix(rep(0,4),nr=2) 

temp2<-rbind(Zero2,(X0*phi.mcmc[2] )[1:(nO-2),]) 

X<-X0-templ-temp2 

X<-X[3:n0,] 

temp3<-c(0,Y0[l:(n0-l)]) 

temp4<-c(0,0,Y0[l:(n0-2)]) 

temp5<-cbind(temp3,temp4) 

Y<-Y0-temp5*/,*'/.phi .mcmc 

Y<-Y[3:n0] 

Sigma.star=solve(solve(SigmaOl) 

+solve (solve (t (Χ) '/,*'/Χ) *sigma. mcmc) ) 
mu. star=Sigma. stary,*y,(solve(Sigma01)°/0*

1/.mu01 

+solve (solve (t (X) °/,*°/,Χ) *sigma. mcmc) 

7,*y.soive (t (x) %*un*%t (χ) %*m 
beta.mcmc<-rmvnorm(1,mu.star,Sigma.star) 

beta.est<-rbind(beta.est.beta.mcmc) 

Z=Y0-X0%*%t(beta.mcmc) 

B<-cbind(Z[2:(nO-1)],Z[1:(nO-2)]) 

Sigma. l=solve(solve(Sigma02) +t (B)'/,*'/,B/sigma.mcmc) 

mu. l=Sigma. 1'/.**/,(solve(Sigma02)'/.*'/jnu02 

+solve (solve (t(B)%*%B)*sigma. mcmc) 

'/.•'/.solve (t (B) 7.**/.B) %*%t (B) %*'/.Z [3: nO]) 
phi.mcmc<-rmvnorm(l,mu.1,Sigma.1) 

phi.est<-rbind(phi.est,phi.mcmc) 

a=Z [3: nO] -B'/,*'/.t (phi. mcmc) 

sigma.mcmc<-rchisq(l,v+length(a)) 

sigma. mcmc<- (v*lambda+t(a) °/,*'/.a) / sigma. mcmc 

sigma.mcmc<-as.numeric(sigma.mcmc) 

sigma.est<-c(sigma.est,sigma.mcmc) 

> 

Table 14.2 Posterior Means and Standard Errors of (14.14) by Gibbs Sampling wi th 
2,100 I terat ions 

P a r a m e t e r βο βι Φι Φι σ 

M e a n 
S t a n d a r d e r r o r 

0.0013 

0.0018 

0.9987 

0.0109 

0.1661 

0.0279 

-0.0209 

0.0278 

0.0593 

0.0011 
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W e o b t a i n t h e f i t t ed m o d e l a s 

Yt = 0 .0013 + 0 . 9 9 8 7 U S w r c 3 + Zt, a n d Z t = 0 . 1 6 6 1 Z t _ i - 0 . 0 2 0 9 Z ( - 2 + f-t-
(14.20) 

T a b l e 14.2 shows t h e p o s t e r i o r m e a n s a n d s t a n d a r d e r r o r s of t h e p a r a m -
e t e r s . F r o m t h i s r e su l t , we see t h a t m o d e l (14.20) conf i rms t h e u n i t r o o t 
b e h a v i o r b e t w e e n t h e week ly c h a n g e s of t h e t w o i n t e r e s t r a t e s . However , t h e 
p o s t e r i o r s t a n d a r d e r r o r of φ2 is r e l a t i ve ly l a r g e , i n d i c a t i n g u n c e r t a i n t y i n t h i s 
e s t i m a t e . F ina l ly , F i g u r e 14.1 s h o w s t h e h i s t o g r a m s of t h e m a r g i n a l p o s t e r i o r 
d e n s i t y of each p a r a m e t e r . T h e a s y m p t o t i c n o r m a l i t y of t h e s e five e s t i m a t o r s 
a r e ref lected in t h i s f igure. 

14.3.3 Case S tudy: T h e Impact of Jumps on D o w Jones 

T o a p p r e c i a t e t h e usefu lness of G i b b s s a m p l i n g , we u s e i t t o e s t i m a t e p a r a m -
e t e r s of a jump-d i f fus ion m o d e l a n d e x a m i n e t h e i m p a c t of j u m p s in m a j o r 
f inancia l ind ices . N o t e t h a t m a x i m u m l ike l ihood e s t i m a t i o n d o e s n o t work for 
t h i s m o d e l ; see R e d n e r a n d W a l k e r (1984) . 

I n t h e jump-d i f fus ion m o d e l , t h e d y n a m i c s of asse t r e t u r n s is a s s u m e d t o 
b e 

d log St = μάί + adWt + YdNu (14 .21) 

w h e r e St is t h e e q u i t y p r i ce , Wt is t h e s t a n d a r d B r o w n i a n m o t i o n , Nt follows 
a P o i s s o n p r o c e s s w i t h a n i n t e n s i t y λ, a n d Y is a n o r m a l r a n d o m v a r i a b l e w i t h 
m e a n k a n d v a r i a n c e s2. W e a s s u m e t h a t dWt, dNt a n d Y a r e i n d e p e n d e n t 
r a n d o m v a r i a b l e s a t e a c h t i m e p o i n t t. T h i s m o d e l r e q u i r e s e s t i m a t i o n of 
μ, σ, λ, k a n d s b a s e d o n o b s e r v a t i o n s {S\,..., Sn, Sn+i}, w h e r e Si r e p r e s e n t s 
t h e e q u i t y p r i ce o b s e r v e d a t t i m e U. T h e s e p r i ce s p r o d u c e η i n d e p e n d e n t log-
r e t u r n s , w h i c h a r e d e n o t e d b y {X\, •. • ,Xn}, w h e r e Xi = l o g S i + i - l o g S j . 
W i t h a fixed At, a d i s c r e t e a p p r o x i m a t i o n t o t h e d y n a m i c s (14.21) is 

Δ log St = μ At + aAWt + YANt. (14.22) 

W h e n Δ ί is sufficiently s m a l l , ANt is e i t h e r 1, w i t h p r o b a b i l i t y λ Δ ί , or 0, 
w i t h p r o b a b i l i t y 1 — λ Δ ί . 

E x a m p l e 1 4 . 5 Simulate 1 0 0 sample paths from the asset price dynamics of 
( 1 4 . 2 1 ) with parameters: μ = 0 .08 , σ = 0 .4, λ = 3 .5 , s = 0 .3 and k = 0 . Each 
sample path replicates daily log-returns of a stock over a one-year horizon. 
Based on these 1 0 0 paths, estimate the values of μ, σ, λ, s and k with the 
Gibbs sampling. 

Simulating paths 
S a m p l e p a t h s a r e s i m u l a t e d b y a s s u m i n g η = 250 t r a d i n g d a y s a y e a r a n d so 
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ι 1 1 1 

0.O56 0.058 0.060 0.062 

Fig. 14.1 Posterior densities of the five parameters . 
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w h e r e e ~ N(0,1) a n d U ~ £/(0,1) a r e i n d e p e n d e n t r a n d o m va r i ab l e s . T o 
simplify n o t a t i o n s , w e d e n o t e x , = log Si+ι - log 5 , . T h e c o r r e s p o n d i n g S P L U S 
c o d e a n d a g r a p h of t h r e e s a m p l e p a t h s a r e g iven be low. 

### generate observation of Y #### 

MOT <- 0.08; 

SIGMAY <- 0.40; 

MUJ <- 0; 

SIGMAJ <- 0.3; 

LAMBDA <- 3.5; 

m <- 100; 

η <- 250; 

dt<- 1/250; 

Y <- matrix(100,m,n+l); 

for (i in l:n) { 

JUMP <- ifelse(runif(m)<LAMBDA*dt,1,0); 

JumpSize <- JUMP*rnorm(m,MUJ,SIGMAJ); 

Y[,i+1] <- Y[,i] + rnorm(m,MUY*dt ,SIGMAY*sqrt(dt)) + JumpSize; 

} 

plot(Y[l,], type='lJ,xlab='time',ylab='stock price') 

for (k in 2:100) { 

plot(Y[k,], type='l',xlab='time',ylab='stock price') 

} 

Gibbs sampling 
T h e r e a r e 5 p a r a m e t e r s in t h e m o d e l so t h a t we h a v e t o d e v e l o p 5 c o n d i t i o n a l 
c o n j u g a t e p r i o r s f rom the i r c o n d i t i o n a l l ike l ihood func t ions . L e t u s p r o c e e d 
s t e p b y s t e p . 

1. C o n d i t i o n a l p r i o r a n d p o s t e r i o r for μ: 
O t h e r t h i n g s b e i n g fixed, t h e l ike l ihood func t ion of μ h a p p e n s t o b e 
p r o p o r t i o n a l t o a n o r m a l dens i ty . Specifically, 

L ^ ) oc Π e x p 
η (Xi - μΑί - YjANj)2 

2σ 2 Δ ί 
t=l 

t h e d i s c r e t i z a t i o n (14.22) h a s At = 1/250. O n e a c h p a t h , log-asse t p r i ce a t 
e a c h t i m e p o i n t is g e n e r a t e d a s follows: 
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Fig. 14.2 Simulated sample pa ths of a jump-diffusion model. 

T h e r e f o r e , a n o r m a l d i s t r i b u t i o n N ( m , r 2 ) is s u i t a b l e for μ a s a c o n d i -
t i o n a l c o n j u g a t e p r io r . T h e p o s t e r i o r d i s t r i b u t i o n c a n i m m e d i a t e l y b e 
o b t a i n e d as 

Ν 
r2 YT^Xi-YjAN^+ma2^ τ2σ2 

τ2 + σ2/η 
(14 .23) 

2. C o n d i t i o n a l p r i o r a n d p o s t e r i o r for σ 2 : 
T h e c o n d i t i o n a l l ike l ihood func t ion of σ 2 

L(a2) oc ( a 2 p / 2 e x p Ι-Σ^-^ί-ΥΑΝίΫ 
2a2At 

i=l 
W e selec t IG(a,P) a s t h e c o n d i t i o n a l p r io r for σ 2 . T h e n , t h e p o s t e r i o r 
d i s t r i b u t i o n b e c o m e s 

IG α + η/2,β-
Σ?=ι fa - » A t - YjANif 

2At 
(14 .24) 

3 . C o n d i t i o n a l p r i o r a n d p o s t e r i o r for λ : 
T h e c o n d i t i o n a l l ike l ihood of λ 

L(X) oc ( λ Δ ί ) * ' ( 1 - XAt)n-N, 
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w h e r e Ν is t h e t o t a l n u m b e r of j u m p s in t h e h o r i z o n . F r o m T a b l e 
1 4 . 1 , we find t h a t t h e a p p r o p r i a t e c o n j u g a t e p r i o r is Be(a,b). S i m p l e 
c o m p u t a t i o n s h o w s t h a t t h e p o s t e r i o r d i s t r i b u t i o n is 

Be (a + N, b + η - Ν). (14.25) 

C o n d i t i o n a l p r i o r a n d p o s t e r i o r for k: 

Since k is t h e m e a n of t h e n o r m a l j u m p s ize , i t s p r i o r a n d p o s t e r i o r a r e 
o b t a i n e d in t h e s a m e m a n n e r a s μ. W e s t a t e t h e r e su l t w i t h o u t proof. 
T h e p r i o r is Ν ( m y , τ γ ) a n d t h e p o s t e r i o r is g iven b y 

\ r Y + s2/n Ντγ + s2 I v ' 

C o n d i t i o n a l p r i o r a n d p o s t e r i o r for s2: 

Since s 2 is t h e v a r i a n c e of t h e n o r m a l j u m p size, i t s p r i o r a n d p o s t e r i o r 
a r e o b t a i n e d in t h e s a m e m a n n e r a s σ 2 . T h e p r i o r is IG(αγ, βγ) a n d 
t h e p o s t e r i o r is g iven b y 

IG (αγ + Ν/2, β γ + Σ ' = ι ( ^ ' "> ) . (14.27) 

T h e a b o v e p r i o r s a n d p o s t e r i o r s a r e d i s t r i b u t i o n s c o n d i t i o n a l o n va lues of Yj 
a n d ANi. T h i s c o m p l i c a t e s t h e G i b b s s a m p l i n g p r o c e d u r e s ince on ly Xi is 
o b s e r v a b l e for al l i. T h e r e f o r e , a t e a c h t i m e p o i n t U, Yi a n d AiVj s h o u l d b e 
s i m u l a t e d f rom d i s t r i b u t i o n s c o n d i t i o n a l on t h e o b s e r v e d va lue of Xi be fo re 
s u b s t i t u t i n g t h e m i n t o t h e p r i o r s / p o s t e r i o r s . W e n e e d t h e following fac ts : 

Xi\ANi = 0 ~ Ν ( μ Δ ί , σ 2 Δ ί ) ; 
Xi\ANi = l ~ Ν ( μ Δ ί + k, σ2 At + s 2 ) , 

w h i c h t o g e t h e r w i t h B a y e s t h e o r e m s h o w t h a t 

P(xi\ANi = I) XAt 
P(ANi l\Xi) P ( X i \ & N i = ι μ Δ ί + P(xi\ANt = 0 ) ( 1 - Α Δ ί ) ' 

Ρ(ΔΛΓ 4 = 0 | x 4 ) = l-P{ANi = l\xi). (14.28) 

T h e j u m p size Yi is n e c e s s a r y on ly w h e n Δ Α ^ = 1. U n d e r s u c h a s i t u a t i o n , 
w e recogn ize t h a t t h e c o n d i t i o n d e n s i t y f u n c t i o n of Yj is 

f(Yi\xi) oc f(xi\Yi)p(Yi) oc e x p 

w h i c h impl i e s 

(xi - Y j - μ Δ ί ) 2 

2 σ 2 Δ ί 
e x p 

{Yi-kf 

2 s 2 

((xi-pAty^At + k/s2 1 \ 

Yl\xi \/a2At + l/s2 'l/a2At + l/s2)-
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W i t h al l t h e i n g r e d i e n t s r e a d y , t h e G i b b s s a m p l i n g s t a r t s b y c h o o s i n g in i t i a l 
va lue s of μο,σ2,,^, \o a n d s 2 , . W e a l so n e e d in i t i a l v a l u e s of a n d AN-°\ 
b o t h of w h i c h c a n b e o b t a i n e d b y a s i m u l a t i o n w i t h t h e in i t i a l p a r a m e t e r s . 
T h e G i b b s s a m p l i n g r u n s a s follows: 

1. S a m p l e ~ ρ(μί\σ2_ι, kj-i, s ^ _ l t a s g iven in (14 .23) ; 

2. S a m p l e Oj ~p(u 2 ^j , fcj-i, s 2 _ 1 , Xj-i) a s g iven in (14 .24) ; 

3 . S a m p l e Aj ~ p(Xj^j,a2,kj-i,s2) a s g iven in (14 .25) ; 

4 . S a m p l e kj ~ p(kj^j,a2,s2_l,\j) a s g iven in (14 .26) ; 

5. S a m p l e s 2 ~ p(s2^j,a2, kj, Xj) a s g iven in (14 .27) ; 

6. S a m p l e AN\j) ~ p(ANlJ)^j,a?,kj,s2) a s g iven in (14.28) for al l i = 
l , 2 , . . . , n ; 

7. S a m p l e ~ p{Y^^j,a2, kj, s2) a s g i v e n i n (14 .29) a t t h e t i m e p o i n t 
U t h a t ANi = 1; 

8. Se t j = j + 1 a n d g o t o s t e p 1. R e p e a t u n t i l j = M' + M. 

In fe rence is d r a w n b y t a k i n g s a m p l e m e a n s of t h e v a l u e s of t h e l a s t Μ s i m u -
l a t e d p a r a m e t e r s . T h e SPLUS c o d e is g iven a s follows: 

### Input the stock price ### 

Y <- read.table("table.txt") 

Y <- log(Y) 

### initial value for the Markov Chain ### 

dY <- diff(Y); 

lambda <- 6; 

mu < - 0 ; 
sigma < - 1 ; 
k < - 0 ; 
s < - 1 ; 
jump<- c(rep(l,n)) 

jumpsize <- dY /2 

### assign prior distribution ### 

MEANmu<-me an(dY)/dt/n; 

VARmu < - 1 ; 
MEANk < - 0 . 5 ; 
VARk < - 1 ; 
ALPHAsigma < - 2 . 5 ; 
BETAsigma < - 1 / 2 5 ; 
ALPHAS < - 2 . 5 ; 
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BETAs <- 1/25; 

ALPHAlambda <- 2; 

BETAlambda <- 60; 

sample<-c(rep(0,n+5)) 
result<-c(rep(0,5)) 

### assign prior distribution 

MEANmu<-mean(dY)/dt/n; 

VARmu <- 1; 

MEANk <- 0.5; 

VARk <- 1; 

ALPHAsigma <- 2.5; 

BETAsigma <- 1/25; 

ALPHAS <- 2.5; 

BETAs <- 1/25; 

ALPHAlambda <- 2; 

BETAlambda <- 60; 

sample<-c(rep(0,n+5)) 

result<-c(rep(0,5)) 

for (i in l:m) { 

### calculate the parameters for posterior distributions ### 

Vmu <- sigma"2/n/dt; #normal 

Mmu <- sum(dY-jumpsize)/n/dt; 

Vmu2<- 1/(1/Vmu + 1/VARmu); 

Mmu2<- (Mmu/Vmu+MEANmu/VARmu)/(1/Vmu+l/VARmu); 

mu <- rnorm(l,Mmu2,sqrt(Vmu2)) 

Asigma <- n/2+1 #inverted gamma 

Bsigma <- sum((dY-mu*dt-jumpsize)~2)/2/dt; 

Asigma2<- Asigma + ALPHAsigma+1; 

Bsigma2<- Bsigma + BETAsigma; 

sigma <- l/sqrt(rgamma(l,Asigma2,Bsigma2)); 

J <- jumpsize[jump==l] 

j <- sum(jump) 

Alambda <- j+1 ; #BETA 

Blambda <- n-j+1; 

Alambda2<- Alambda + ALPHAlambda-1; 

Blambda2<- Blambda + BETAlambda-1; 

lambda <- rbeta(l,Alambda2,Blambda2)/dt; 

if (j>D { 
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Mk <- mean(J); #normal 

Vk <- s~2/j; 

Vk2<- 1/(1/Vk + 1/VARk); 

Mk2<- (Mk/Vk+MEANk/VARk)/(1/Vk+l/VARk); 

k <- rnorm(l,Mk2,sqrt(Vk2)); 

As <- j/2+1 #inverted gamma 

Bs <- sum((J-k)~2)/2; 

As2<- As + ALPHAs+1; 

Bs2<- Bs + BETAs; 
s <- l/sqrt(rgamma(l,As2,Bs2)); 

> 

### find the probabilities of jump and distribution of jump 

varjump <- l/(l/s~2+l/sigma~2/dt); 

meanjump <- ( (dY-mu*dt)/sigma~2/dt + k/s"2 ) *varjump; 

jumpsize <- jump*(rnorm(n)*sqrt(varjump) + meanjump); 

ratiol <- (l-lambda*dt)/(lambda*dt); 

ratio2 <- sqrt((sigma~2*dt+s"2)/(sigma~2*dt)); 

ratio3 < (dY-mu*dt)~2/sigma"2/2/dt + (dY-mu*dt-k)"2/(sigma"2*dt+s"2; 

pjumps <- l/( 1 + ratiol*ratio2*exp(ratio3)); 

jump <- ifelse(runif(n)<pjumps,1,0); 

s <-c(mu,sigma,lambda,k,s); 

sample <-sample+c(jump,s); 

result <- c(result, s) 

print(c(s,sum(jump))) 

} 

result <- matrix(result, 5) 

plot(result[1,1:m], type="l", xlab="no. of step", ylab="drift") 

plot(result[2,1:m], type="l", xlab="no. of step", ylab="volatility") 

plot(result[3,1:m], type="l", xlab="no. of step", ylab="intensity") 

plot(result[4,1:m], type="l", xlab="no. of step", ylab="mean of jump") 

plot(result[5,1.·m], type="l", xlab="no. of step", ylab="S.D of jump") 

### the probabilities that time point has jump ### 

print(sample[1:n]/m) 

### the estimated parameter ### 

print(sample[(n+1):(n+5)]/m) 

### the true parameter ### 

print(c(MUY,SIGMAΥ,LAMBDA,MUJ,SIGMAJ,sum(JUMP))) 

### the sample mean & volatility of jump ### 

JS<-JumpSize[JUMP==1] 

print(c(sum(JUMP).mean(JS),sqrt(var(JS)))) 
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Results and comparisons 
T a b l e 14.3 shows t h e e s t i m a t i o n r e s u l t s . W e r e p o r t t h e a v e r a g e d p o s t e r i o r 
m e a n s over t h e 100 s a m p l e p a t h s a n d t h e v a r i a n c e s . I t is seen t h a t t h e es t i -
m a t e s a r e close t o t r u e va lues a n d v a r i a n c e s a r e sma l l . G i b b s s a m p l i n g d o e s 
a g o o d j o b in e s t i m a t i n g p a r a m e t e r s for j ump-d i f fus ion m o d e l s . 

Table 14.3 Performance of the Gibbs Sampling 

μ σ2 λ k s2 

T r u e va lue 0.08 0.4 3.5 0 0 .3 
M e a n 0 .0769 0 .3986 3 .8600 0 .0163 0 .2868 

V a r i a n c e 0 .0233 6.5 χ H T 5 0 .8895 0 .0039 0 .0015 

E x a m p l e 14.5 s h o w s t h e usefu lness of G i b b s s a m p l i n g in e s t i m a t i n g t h e 
jump-d i f fus ion m o d e l . In p r a c t i c e , t h i s a p p l i c a t i o n c a n b e c ruc ia l for a r i sk 
m a n a g e r t o assess h o w m u c h r i sks a r e d u e t o j u m p s . T o e x a m i n e t h e j u m p 
r isk empir ica l ly , we e s t i m a t e t h e i m p a c t of j u m p s on t h e D o w J o n e s I n d u s t r i a l 
I n d e x . O u r e s t i m a t i o n is b a s e d on da i l y c los ing p r i ces over t h e p e r i o d 1 9 9 5 -
2004 . P a r a m e t e r s a r e e s t i m a t e d on a n a n n u a l bas i s . 

Table 14.4 Jump-diffusion Est imat ion for Dow Jones 

Yea r μ σ2 λ Jfe s2 

1995 0 2871 0 0901 1.9035 0 .0627 0 .2608 
1996 0 2483 0 1172 2 .8180 - 0 . 0 3 3 7 0 .2350 
1997 0 2384 0 1684 3 .6587 - 0 . 0 2 5 6 0 .2087 
1998 0 1776 0 1752 5 .5127 - 0 . 0 1 2 3 0.1782 
1999 0 2177 0 1624 1.7968 - 0 . 0 1 7 6 0 .2627 
2000 - 0 0162 0 1971 3 .3364 - 0 . 0 2 3 5 0 .2157 
2001 0 0150 0 1951 4 . 1 7 9 7 - 0 . 0 3 8 3 0 .2008 
2002 - 0 2188 0 2484 2 .7072 0 .0106 0 .2390 
2003 0 1891 0 1626 2 .0479 0 .0661 0 .2463 
2004 0 0351 0 1111 1.7561 0 .0004 0 .2788 

A c c o r d i n g t o T a b l e 14.4, t h e n u m b e r of j u m p s p e r y e a r λ , r a n g e s f rom 
1.75 t o 5 .5 . O n t h e a v e r a g e , t h e r e a r e 5 - 6 j u m p s in a p a r t i c u l a r yea r . T h e 
i m p a c t of j u m p s is s igni f icant b e c a u s e a l m o s t al l s2 a r e b igger t h a n 0.2. T h e 
v a r i a n c e σ 2 a s s o c i a t e d w i t h t h e B r o w n i a n m o t i o n p a r t of t h e m o d e l is a r o u n d 
0 .2 , w h i c h gives a da i ly v a r i a n c e of 0 . 2 / 2 5 0 . W h e n a j u m p a r r i v e s , a n e x t r a 
d a i l y v a r i a n c e of 0.2 is a d d e d t o t h e i n d e x r e t u r n v a r i a n c e t o σ 2 / 2 5 0 + s 2 . 
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T h i s a d d i t i o n a l v a r i a n c e d u e t o a j u m p b e c o m e s a r e l a t ive ly l a r g e q u a n t i t y . 
J u m p r i sk c a n n o t b e i gno red ! T h i s i n f o r m a t i o n is useful for r i sk m a n a g e r s t o 
c o n s t r u c t s c e n a r i o s for s t r e s s t e s t i n g . 

14.4 E X E R C I S E S 

1. S u p p o s e Xi,..., Xn a r e i n d e p e n d e n t o b s e r v a t i o n s t h a t follow Ν ( μ , σ 2 ) , 
w h e r e μ is a k n o w n q u a n t i t y 

(a) S h o w t h a t t h e l ike l ihood func t ion L(a2) sat isf ies 

(b ) S u p p o s e f u r t h e r t h a t σ 2 ~ IG(a,fi). W h a t is t h e c o n d i t i o n a l d i s -
t r i b u t i o n of σ 2 1 X \ , . . . , Xn? 
H i n t : D e n o t e ρ(φ) a s t h e d e n s i t y of t h e inverse G a m m a d i s t r i b u -
t i o n . T h e n we h a v e 

2. A d e n s i t y func t ion w i t h a s ingle p a r a m e t e r , ρ(χ\θ), is s a i d t o b e of 
e x p o n e n t i a l fami ly if i t t a k e s t h e fo rm 

S h o w t h a t n o r m a l m e a n w i t h a k n o w n v a r i a n c e , n o r m a l v a r i a n c e w i t h a 
k n o w n m e a n , P o i s s o n d i s t r i b u t i o n a n d B i n o m i a l d i s t r i b u t i o n a r e of t h e 
e x p o n e n t i a l family. 

3 . S h o w t h a t if t h e l ike l ihood func t ion c o m e s f rom t h e e x p o n e n t i a l f am-
ily a n d t h e p r i o r d i s t r i b u t i o n is f rom t h e e x p o n e n t i a l family, t h e n t h e 
p o s t e r i o r d i s t r i b u t i o n a l so b e l o n g s t o t h e e x p o n e n t i a l family. 

4. S i m u l a t e t h e da i l y jump-d i f fus ion V a R of t h e D o w J o n e s I n d u s t r i a l I n d e x 
b a s e d o n t h e d a t a u s e d in Se c t i on 5 .2 .3 . C o m p a r e y o u r n u m b e r w i t h 
t h e G E D - V a R def ined in C h a p t e r 5. 

5. S u p p o s e t h a t x\p ~ Bin(n,p) a n d p\x ~ Be(x + α, η — χ + β), w h e r e 
η is a P o i s s o n v a r i a b l e of m e a n λ. U s e t h e G i b b s s a m p l i n g t o find t h e 
u n c o n d i t i o n a l d i s t r i b u t i o n of η w h e r e λ = 16, a = 2 a n d β = 4. 

6. C o n s i d e r t h e n o r m a l d i s t r i b u t i o n w i t h a n u n k n o w n m e a n μ a n d a k n o w n 

(a ) A s s u m e t h a t t h e p r i o r of μ is a d i s c r e t e m i x t u r e of t w o n o r m a l 
dens i t i e s . S h o w t h a t t h i s p r i o r is s t i l l c o n j u g a t e . 

ρ(φ) oc φ Γα+1 -β/φ 

ρ(χ\θ) = 5 ( x ) / i ( 0 ) e x p [ i ( x ) V > ( 0 ) ] . 

v a r i a n c e . 
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(b) A s s u m e t h a t t h e p r i o r of μ is a d i s c r e t e m i x t u r e of k n o r m a l d e n -
s i t ies . Is t h e p r i o r s t i l l c o n j u g a t e ? 

7. C o n s i d e r t h e fol lowing t r a n s i t i o n m a t r i x of a M a r k o v C h a i n : 

I 1 2 3 4 

1 1/6 0 1/2 1/3 
2 0 1 /3 1 /3 1/3 
3 0 1/2 0 1/2 
4 1/4 1 /4 1/4 1/4 

Use t h e M e t r o p o l i s - H a s t i n g s a l g o r i t h m t o c o n s t r u c t a M a r k o v C h a i n 
w h o s e l i m i t i n g d i s t r i b u t i o n is ( 1 / 6 , 1 / 6 , 1 / 3 , 1 / 3 ) b a s e d o n t h e a b o v e 
m a t r i x . 



15 
Statistical Arbitrage 

15.1 I N T R O D U C T I O N 

S t a t i s t i c a l a r b i t r a g e h a s b e e n a p o p u l a r dev ice a m o n g h e d g e fund m a n a g e r s 
a n d a s s e t m a n a g e m e n t p rofess iona l s . I t u ses s t a t i s t i c a l l e a r n i n g m a c h i n e r i e s 
t o s t u d y m a r k e t p r i ces a n d t r a d i n g p a t t e r n s , t o ident i fy a r b i t r a g e o p p o r t u -
n i t i e s , t o e v a l u a t e profi t a n d r i sks of pos s ib l e a r b i t r a g e p o s i t i o n s a n d t h e n 
uses s t a t i s t i c a l a n a l y s i s t o d e v e l o p s u i t a b l e t r a d i n g s t r a t e g i e s . T h e r e e x i s t s a 
n u m b e r of c o m m o n l y u s e d t r a d i n g s t r a t e g i e s . T e c h n i c a l a n a l y s e s a r e t e c h n i c a l 
t r a d i n g r u l e s b a s e d o n g r a p h i c a l p a t t e r n s of t h e t i m e ser ies of a s se t p r i ces ; see 
for e x a m p l e , t h e d i scuss ions g iven in Ma lk i e l (2007) a n d Lo , M a m a y s k y a n d 
W a n g (2000) . P a i r s t r a d i n g ident if ies c o i n t e g r a t e d t i m e ser ies , w h i c h will b e 
d i s cus sed in d e t a i l in t h i s c h a p t e r . M o m e n t u m s t r a t e g i e s , a r e " b u y h i g h a n d 
sell h i g h e r " s c h e m e s , a n d va lue a n d c o n t r a r i a n s t r a t e g i e s b u y s t o c k s t h a t a r e 
u n d e r v a l u e d w i t h r e s p e c t t o t h e i r i n t r in s i c va lue o r t h a t a r e o u t of favor , see 
for e x a m p l e , H o g a n , J a r r o w , T e o a n d W a r a c h k a (2004) , a n d G e o r g e a n d 
H w a n g (2004) . I n t h i s c h a p t e r , we will p r i m a r i l y focus o n p a i r s t r a d i n g a s i t 
h a s a c lose c o n n e c t i o n w i t h t h e n o t i o n of c o i n t e g r a t i o n s of C h a p t e r 13 . Fo r a 
s u c c i n c t r e v i e w of t h e o t h e r t r a d i n g s t r a t e g i e s , see La i a n d X i n g (2008) a n d 
t h e re fe rences t h e r e i n . 

T o b e g i n , first cons ide r t h e q u e s t i o n " W h a t is S t a t i s t i c a l A r b i t r a g e ? " T h e 
r e a d e r s h o u l d b e a w a r e t h a t t h e r e is n o s ing le w ide ly a c c e p t e d def in i t ion of 
s t a t i s t i c a l a r b i t r a g e . T h e t e r m is of ten u s e d t o c o n n o t e a specific t r a d i n g 
s t r a t e g y , p a i r s t r a d i n g , for e x a m p l e . T h e fol lowing co u p l e of de f in i t ions of 
s t a t i s t i c a l a r b i t r a g e a r e ava i l ab le f rom t h e i n t e r n e t . 
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• f rom i n v e s t w o r d s . c o m 

A n a t t e m p t t o prof i t f rom p r i c i n g inefficiencies t h a t a r e ident i f ied t h r o u g h 
t h e use of m a t h e m a t i c a l m o d e l s . S t a t i s t i c a l a r b i t r a g e a t t e m p t s t o profi t 
f rom t h e l ike l ihood t h a t p r ices will t r e n d t o w a r d a h i s t o r i c a l n o r m . U n -
like p u r e a r b i t r a g e , s t a t i s t i c a l a r b i t r a g e is n o t r i sk less . 

• f rom i n v e s t o p e d i a . c o m 

A prof i t s i t u a t i o n a r i s i ng f rom p r i c i n g inefficiencies b e t w e e n secur i t i e s . 
I n v e s t o r s iden t i fy t h e a r b i t r a g e s i t u a t i o n t h r o u g h m a t h e m a t i c a l m o d -
el ing t e c h n i q u e s . S t a t i s t i c a l a r b i t r a g e is n o t w i t h o u t r isk; i t d e p e n d s 
heav i ly o n t h e ab i l i t y of m a r k e t p r i ces t o r e t u r n t o a h i s to r i ca l or p r e -
d i c t e d n o r m a l . 

I n s h o r t , we c a n t h i n k of s t a t i s t i c a l a r b i t r a g e as a l ong h o r i z o n t r a d i n g 
o p p o r t u n i t y t h a t g e n e r a t e s a prof i t . I t is a n e x t e n s i o n of t h e t r a d i n g s t r a t e -
gies of t h e ex i s t i ng e m p i r i c a l l i t e r a t u r e a b o u t p e r s i s t e n t a n o m a l i e s . S t a t i s t i c a l 
a r b i t r a g e involves t r a d i n g i n s t r u m e n t s t h a t a r e different , b u t w h o s e p r i ces a r e 
m u t u a l l y i n c o n s i s t e n t a c c o r d i n g t o h i s to r i ca l p r i ce a n a l y s i s . T h e s e p r i ce in-
cons i s t enc ies a r e ident i f ied b y s t a t i s t i c a l t e c h n i q u e s . A s t a t i s t i c a l a r b i t r a g e 
t r a d i n g s t r a t e g y t h e n dev i ses a set of t r a d e s o n t h e i n c o n s i s t e n t l y p r i ced in-
s t r u m e n t s a n d e x p e c t s t h e m t o r e t u r n t o t h e i r h i s to r i ca l r e l a t i o n s h i p . B y 
iden t i fy ing p e r s i s t e n t a n o m a l i e s t h a t v i o l a t e t h e efficient m a r k e t h y p o t h e s i s , 
s t a t i s t i c a l m e t h o d s c a n b e u s e d t o c r e a t e a t r a d i n g s t r a t e g y t o g e n e r a t e prof i t 
w i t h h igh p robab i l i t y . 

15.2 P A I R S T R A D I N G 

S u p p o s e t h a t a n a s se t p r i ce p r o c e s s is g o v e r n e d b y a m e a n r e v e r t i n g p r o c e s s 
g iven b y 

dXt = a(X - Xt) dt + a(Xt) dWu 

w h e r e a(Xt) is s o m e vo la t i l i t y func t ion . T h u s in t h e l ong r u n t h e asse t h a s 
a n a v e r a g e p r i ce of X. If a t t i m e t, t h e p r i ce Xt is a b o v e X, t h e n a t r a d e r 
cou ld s h o r t t h i s a s se t in t h e e x p e c t a t i o n t h a t , if t h e p r i c e p r o c e s s c o n t i n u e s t o 
b e gove rned by t h i s m e a n r e v e r t i n g p r o c e s s w i t h level X < Xt, h e or she will 
b e ab l e t o sell a n d close t h e p o s i t i o n a t X, t h u s m a k i n g a prof i t . Converse ly , 
if t h e c u r r e n t a sse t p r i ce , Xt sa t isf ied Xt < X, t h e n a t r a d e r c o u l d go long 
in t h e a s se t , e x p e c t i n g t o close t h e p o s i t i o n a t X, a g a i n m a k i n g a prof i t . 
W e d o n o t e x p e c t s t o c k s t o follow s u c h a m e a n r e v e r t i n g p roces s ; however , a 
p a i r s t r a d e r looks for a p a i r of s t o c k s w h o s e p r i c e difference follows a m e a n 
r e v e r t i n g p r o c e s s . If o n e c a n find s u c h a pa i r , t h e n w h e n t h e p r i ce of o n e of 
t h e t w o (say s tock X) is h i g h r e l a t i ve t o t h e p r i c e of t h e o t h e r (say s tock Y), 
t h e n a p a i r s t r a d e r w o u l d s h o r t a s u i t a b l e a m o u n t of s t o c k X a n d go l ong in 
a c o r r e s p o n d i n g a m o u n t of s t o c k Y. W h e n t h e pr ices of t h e t w o s tocks go 

http://investwords.com
http://investopedia.com


SIMPLE PAIRS TRADING 225 

b a c k i n t o b a l a n c e , t h e n t h e t r a d e r closes t h e p o s i t i o n . T h i s is a n e x a m p l e of 
a m a r k e t n e u t r a l s t r a t e g y . I t d e p e n d s u p o n p r i ces r e v e r t i n g t o t h e i r l ong r u n 
e q u i l i b r i u m va lue s r e l a t i v e t o e a c h o t h e r . M o r e d e t a i l s a b o u t p a i r s t r a d i n g 
a s a s t a t i s t i c a l a r b i t r a g e s t r a t e g y c a n b e f o u n d in G a t e v , G o e t z m a n n a n d 
R o u w e n h o r s t (2006) . A l t h o u g h p a i r s t r a d i n g s o u n d s t o o g o o d t o b e t r u e , 
s eve ra l i ssues n e e d t o b e a d d r e s s e d : 

• H o w t o find s t o c k s X a n d Y w i t h t h i s long r u n m e a n r e v e r t i n g p r o p e r t y ? 

• W h e n t o p u t o n t h e p o s i t i o n ? 

• H o w m u c h of e a c h s t o c k t o b u y ? 

W h i s t l e r (2004) d e s c r i b e s p a i r s t r a d i n g a t a n e l e m e n t a r y level; t h e a p -
p r o a c h involves c a l c u l a t i n g t h e s a m p l e m o m e n t s of t h e i n d i v i d u a l s t o c k s a n d 
t h e i r s a m p l e c o r r e l a t i o n s . I t is u n r e a s o n a b l e , however , t o e x p e c t t h e p r i c e p r o -
cesses t o b e s t a t i o n a r y a n d n e w m e t h o d o l o g y is n e e d e d t o h a n d l e t h e m o r e 
g e n e r a l s i t u a t i o n . T h a t l e ads t o c o i n t e g r a t i o n , w h i c h genera l i zes t h e c o n c e p t 
of c o r r e l a t i o n t o t h e n o n s t a t i o n a r y ca se t h a t w a s d i scussed in C h a p t e r 13 . 

15.3 C O I N T E G R A T I O N 

I n s h o r t , c o i n t e g r a t i o n w a s d e v e l o p e d a s a m e a n s of m o d e l i n g d y n a m i c co-
d e p e n d e n c i e s in m u l t i v a r i a t e t i m e ser ies . W h i l e t h e i n d i v i d u a l ser ies m a y 
t h e m s e l v e s b e n o n - s t a t i o n a r y , we say t h a t t h e y a r e c o i n t e g r a t e d if we c a n find 
a l i nea r c o m b i n a t i o n t h a t is s t a t i o n a r y . I n financial e c o n o m e t r i c s , t h e e s sence 
of c o i n t e g r a t i o n s is b e s t c a p t u r e d b y A l e x a n d e r (2001) : " C o i n t e g r a t i o n refers 
n o t t o c o - m o v e m e n t s in r e t u r n s , b u t t o c o - m o v e m e n t s in a s se t p r i ces (or ex-
c h a n g e r a t e s o r y i e lds ) . If s p r e a d s a r e m e a n - r e v e r t i n g , a s se t p r i ce s a r e t i e d 
t o g e t h e r in t h e l ong t e r m b y a c o m m o n s t o c h a s t i c t r e n d , a n d w e s a y t h a t 
t h e p r i ces a r e " c o i n t e g r a t e d . " S ince t h e s e m i n a l w o r k of E n g l e a n d G r a n g e r 
(1987) c o i n t e g r a t i o n h a s b e c o m e t h e p r e v a l e n t t o o l of t i m e ser ies e c o n o m e t r i c s . 
C o i n t e g r a t i o n h a s e m e r g e d a s a powerfu l t e c h n i q u e for i n v e s t i g a t i n g c o m m o n 
t r e n d s in m u l t i v a r i a t e t i m e ser ies , a n d p r o v i d e s a s o u n d m e t h o d o l o g y for m o d -
e l ing b o t h l o n g - r u n a n d s h o r t - r u n d y n a m i c s in a s y s t e m . " 

15.4 S I M P L E P A I R S T R A D I N G 

T h e b a s i c i dea b e h i n d p a i r s t r a d i n g is v e r y s i m p l e . S u p p o s e t h a t t w o s t o c k 
p r i ce ser ies t e n d t o m o v e ( f rom d a y t o d a y ) t o g e t h e r . T h e y follow s imi l a r 
p a t t e r n s over a s t r e t c h of t i m e . Occas iona l ly , t h e r e will b e t i m e s w h e n t h i s 
c o m m o n p a t t e r n is b r o k e n , b u t e v e n t u a l l y t h e t w o ser ies t e n d t o b e b a c k 
in s y n c h a g a i n . T h e i d e a of t h e t r a d i n g s c h e m e is t h a t w h e n t h e p r i ce s a r e 
sufficiently far " o u t of s y n c h " , o n e c a n b u y t h e o n e t h a t is c u r r e n t l y low a n d 
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sell t h e o n e t h a t is c u r r e n t l y h igh . T h e n o n e w a i t s u n t i l t h e p r i ces ge t b a c k 
"in s y n c h " a n d u n w i n d s t h e p o s i t i o n a t a prof i t . T h i s s t r a t e g y will n o longer 
work , however , if t h e s t o c k s g o t o u t of s y n c h d u e t o a f u n d a m e n t a l c h a n g e in 
t h e r e l a t i o n s h i p b e t w e e n t h e t w o s t o c k s . M a n y q u e s t i o n s n e e d t o b e a n s w e r e d 
before o n e c a n i m p l e m e n t s u c h a s c h e m e . 

1. W h i c h pa i r of s t o c k s s h o u l d b e t r a d e d ? 

2 . H o w m u c h d o w e b u y / s e l l of e a c h s t o c k ? 

3 . H o w t o d e t e r m i n e if t h e p a i r s a r e " o u t of s y n c h " ? 

4. H o w t o d e t e r m i n e if t h e p a i r s a r e b a c k "in s y n c h " ? 

5. W h e n d o w e c u t o u r losses w h e n t h i n g s g o w r o n g ? 

T h e r e a r e e m p i r i c a l m e t h o d s for a n s w e r i n g t h e first q u e s t i o n . O n e w a y 
is t o e x a m i n e t h e h i s t o r i c a l p a t h s of al l s t o c k s , a n d c h o o s e t h o s e p a i r s t h a t 
m o v e t o g e t h e r m o s t closely. Specifically, o n e c a n s t a n d a r d i z e al l p r i ce ser ies 
t o p u t t h e m o n a c o m m o n sca le ( to fac i l i t a te i n t e r p r e t a t i o n of v i s u a l effects) 
a n d c o m p u t e s c e r t a i n " d i s t a n c e s " b e t w e e n a l l p a i r s of t h e s t a n d a r d i z e d ser ies . 
T h o s e p a i r s t h a t h a v e t h e s m a l l e s t d i s t a n c e s a r e t h e o n e s t h a t h a v e m o v e d 
m o s t c lose ly t o g e t h e r . T h e s a m e c a l c u l a t i o n c a n b e c o n d u c t e d w i t h t h e log-
a r i t h m s of t h e p r i c e ser ies , s ince t h e s e a r e t h e p roce s se s t h a t a r e c o m m o n l y 
m o d e l l e d . 

A s for t h e s e c o n d q u e s t i o n , t h e r e a r e s eve ra l s t r a t e g i e s for c h o o s i n g h o w 
m u c h t o inves t . O n e p o p u l a r s t r a t e g y is t o inves t n o t h i n g . T h a t is, p u r c h a s e 
t h e s a m e do l l a r a m o u n t of t h e long s t o c k as y o u sell of t h e s h o r t s t o c k so t h a t 
t h e s t r a t e g y is self-f inancing. 

For t h e t h i r d a n d f o u r t h q u e s t i o n s , a p a i r s t r a d e r t y p i c a l l y o p e n s a p o s i t i o n 
w h e n t h e a b s o l u t e v a l u e of t h e difference b e t w e e n t h e s t a n d a r d i z e d ser ies g e t s 
l a rge r t h a n s o m e m u l t i p l e of i t s h i s t o r i c a l s t a n d a r d d e v i a t i o n . S o m e t r a d e r s 
u s e a m u l t i p l e of t w o . T h e l a rge r t h e m u l t i p l e , t h e less f requen t a t r a d e r 
will o p e n a p o s i t i o n . C los ing p o s i t i o n s c a n b e a n a r t . S o m e t r a d e r s sugges t 
w a i t i n g u n t i l t h e t w o s t a n d a r d i z e d ser ies c ross a g a i n . O t h e r s wil l close w h e n 
t h e y h a v e r e a c h e d a p rede f ined profi t t a r g e t o n t h e t r a d e . As far a s t h e l a s t 
q u e s t i o n is c o n c e r n e d , it is a p r u d e n t idea t o h a v e ru l e s a b o u t w h e n t o ba i l 
o u t if t h i n g s a r e go ing a g a i n s t you ; h o w m u c h of y o u r i n v e s t m e n t y o u c a n 
afford t o lose before g e t t i n g s t a r t e d . 

A s a n e x a m p l e , cons ide r t h e 42 H a n g S e n g I n d e x C o m p o n e n t s t o c k s . W e 
o b t a i n e d s t o c k da i l y c los ing p r i ces in 2007 . A l t o g e t h e r , t h e r e a r e 262 t r a d i n g 
d a y s . W e u s e t h e first half, t h a t is 131 d a y s , t o fo rm t h e s t a n d a r d i z e d p a i r s 
a n d t r a d e in t h e s e c o n d half of t h e d a t a . S u p p o s e t h a t o n e of o u r ser ies is 
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d e n o t e d b y X = (X\,..., Xui). Define 

1 131 
X = Ϊ3ϊΣ* a n d 

i = l 
131 

I S ? > - * > " 
1 1/2 

i = l 

T h e n c r e a t e a s t a n d a r d i z e d ser ies Ζ = ( Z i , . . . , Z131) w i t h Zj = ( X j — X)/S. 
N e x t c o m p u t e t h e " d i s t a n c e " b e t w e e n e a c h p a i r of s t a n d a r d i z e d ser ies . F o r a 
p a i r of ser ies Ζ a n d W, c o m p u t e 

131 
5 2 = ^ ( Z i - W i ) 2 = 2 ( n - l ) ( l - r ) , (15.1) 

j=l 

w h e r e r is t h e s a m p l e c o r r e l a t i o n b e t w e e n Ζ a n d W. F r o m (15 .1 ) , it c a n b e 
seen t h a t t h e d i s t a n c e b e t w e e n t w o ser ies is l inea r ly r e l a t e d t o t h e i r s a m p l e 
c o r r e l a t i o n coefficient a n d is m i n i m i z e d b y t h e p a i r w i t h t h e l a r g e s t s a m p l e 
c o r r e l a t i o n coefficient. 

Fo r e a c h ser ies , we c a n find a n o t h e r ser ies a m o n g t h e o t h e r 41 ser ies w h i c h 
is c loses t t o i t in t e r m s of δ2. T h i s y ie lds a t m o s t 42 p a i r s t o w o r k w i t h . Af te r 
e l i m i n a t i n g d u p l i c a t e p a i r s , we a r e left w i t h 32 d i s t i n c t p a i r s . W e c o n s i d e r 
t h e 10 w i t h t h e s m a l l e s t δ. For e a c h p a i r , we c o m p u t e t h e m e a n a n d s t a n d a r d 
d e v i a t i o n of t h e l o g a r i t h m of t h e r a t i o of t h e s t o c k ser ies for t h e first s ix 
m o n t h s of t h e y e a r . If a p a i r of ser ies is d e n o t e d b y X = {Xi : i = 1 , . . . , 131} 
a n d Y = {Yi : 1 = 1 , . . . , 1 3 1 } , t h e n c o m p u t e 

131 
M = 7 § 7 i > 8 W y ' ) > 

i=l 
, 131 . 

D = { ϊ 3 ο Σ [ ^ ( * / ^ - Μ ] 2 } 

1/2 

S t a r t i n g in Ju ly , we b e g i n t r a d i n g e a c h of t h e 10 p a i r s a s follows. E a c h d a y 
= 1 3 2 , . . . , 262 , c o m p u t e 

Si 
logjXi/Yi) - Μ 

D 
(15 .2) 

u n t i l t h e first d a y t h a t Si φ [ - 2 , 2 ] . If Si > 2, w a i t u n t i l d a y i +1 a n d go s h o r t 
$1 in s h a r e s of X a n d long $1 in s h a r e s of Y. T h a t is, b u y 1/Yj+i s h a r e s of Y 
a n d sell 1 / Χ , + ι s h a r e s of X o n d a y i + 1. O n t h e o t h e r h a n d , if Si < —2, go 
s h o r t $1 in s h a r e s of Y a n d long $1 in s h a r e s of X o n d a y i + O n c e a p o s i t i o n 
is o p e n , we c o n t i n u e t o m o n i t o r S , t o see w h e n t o u n w i n d t h e p o s i t i o n . T h e 
c o m m o n s t r a t e g y is t o w a i t u n t i l t h e first t i m e i t c rosses ze ro . T h i s is a n 
i n d i c a t i o n t h a t w h a t e v e r t e m p o r a r y a n o m a l y s e p a r a t e d t h e t w o s t o c k s h a s 
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ι 1 1 1 1 Γ 
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Fig. 15.1 T ime series of daily share prices of BOCHK and ΒΕΑ in 2007. 

n o w b e e n f o r g o t t e n . If a n y p o s i t i o n s were o p e n t h e l a s t t r a d i n g d a y of t h e 
y e a r , t h e y were c losed r e g a r d l e s s of prof i t or loss . T h e r e a s o n t h a t we w a i t a 
d a y before t r a d i n g is t o r e m o v e a n a r t i f ac t of b i d / a s k s p r e a d . W h e n a s t o c k 
r ises , i t is r e a s o n a b l e t o t h i n k t h a t i t w a s so ld close t o a n ask p r i ce . W h e n 
i t falls, i t m i g h t h a v e b e e n so ld n e a r a b id . W a i t i n g a d a y he lp s t o r e d u c e 
t h e effect of t h e b i d / a s k s p r e a d on t h e size of a n y prof i t s t h a t we c o m p u t e . 
I n a c t u a l t r a d i n g , a t r a d e r w o u l d n o t n e e d t o w a i t a d a y t o t r a d e , n o r w o u l d 
h e / s h e b e w o r k i n g w i t h da i l y c los ing p r i ces . 

T o i l l u s t r a t e t h e i dea of p a i r s t r a d i n g , cons ide r t h e specific pa i r : B a n k 
of C h i n a H o n g K o n g ( B O C H K ) a n d B a n k of E a s t A s i a ( Β Ε Α ) . F i g u r e 15.1 
s h o w s t h e t i m e ser ies p lo t of da i l y s h a r e p r i ces of B O C H K a n d Β Ε Α in 2007 . 
T h e y look ve ry different . T o g a i n m o r e in s igh t a b o u t t h i s pa i r , cons ide r 
t h e s t a n d a r d i z e d ser ies of F i g u r e 15.2 . T h e t w o s t a n d a r d i z e d ser ies s e e m t o 
m o v e t o g e t h e r m o r e p r o n o u n c e d l y t h a n F i g u r e 15 .1 . F i g u r e 15.3 p l o t s t h e 
s t a n d a r d i z e d da i ly l o g - r a t i o of t h e p a i r . W e dev i se t h e t r a d i n g r u l e b a s e d o n 
t h e ser ies Ζ a s follows. A p o s i t i o n is o p e n w h e n t h e s t a n d a r d i z e d log - ra t io 
b e t w e e n t h e p a i r falls o u t s i d e ± 2 . T h e p o s i t i o n is c losed w h e n i t r e t u r n s 
t o ze ro . I n F i g u r e 15 .3 , b o t h t r a d i n g b o u d a r i e s ± 2 a n d ± 3 a r e i n d i c a t e d 
t o i l l u s t r a t e t h e difference b e t w e e n t h e t w o s t r a t e g i e s . If t h e p o s i t i o n will 
e v e n t u a l l y o p e n , o n e will g e n e r a l l y m a k e m o r e profi t o r lose less b y w a i t i n g 
for a m o r e e x t r e m e b o u n d a r y t o b e c rossed . 
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Fig. 15.3 Standardized daily log-ratio of BOCHK and ΒΕΑ prices. Horizontal lines 
indicate possible t rading boundaries. 
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I n t h i s ana lys i s , t h e r e a r e t o t a l l y 18 o p e n p o s i t i o n s a n d 9 c lose pos i t i ons , 
r e s u l t i n g a profi t of $0.67. T a b l e 15.1 p r e s e n t s t h e de t a i l s of t h e t r a d i n g p a i r s . 
T h e following is t h e S P L U S / R c o d e . 

daysf<-l # start day for forming pairs 

dayef<-131 # end day for forming pairs 

dayst<-132 # start day for trading 

dayet<-262 # end day for trading 

npairs<-10 # number of top pairs to trade 

cutoff<-2 # boundary for opening positions 

nstock<-dim(Data)[2] 

# form the pairs using largest correlations 

Data.cor<-cor(log(Data[daysf:dayef,])) 

pairm<-c(1:nstock) 

ford in l:nstock) 

pairm[i]<-sort.list(Data.cor[i,])[nstock-1] 

pairmm<-t(apply(cbind(c(l:nstock),pairm),1,sort)) 

pairmu<-pairmm[!duplicated.data.frame( 

as.data.frame(pairmm)),] 

napairs <- dim(pairmu)[1] 

toppairs<-pairmu[sort.list(Data.cor[pairmu]),][ 

(napairs-npairs+1):napairs,] 

profit<-rep(0.0, npairs) 

nopen<-rep(0, npairs) 

nclose<-rep(0, npairs) 

#loop through the top pairs 

ford in l:npairs) { 

stockl<-Data[,toppairs[i,1]] 

stock2<-Data[,toppairs[i,2]] 

ratio.mean<-mean(log(stockl[daysf:dayef] 

/stock2[daysf:dayef])) 

ratio.std<-sqrt(var(log(stockl[daysf:dayef ] 

/stock2[daysf:dayef]))) 

ratio.trade<-(log(stockl[dayst:dayet] 

/stock2[dayst:dayet])-ratio.mean)/ratio.std 

# open.trade is an indicator of what type of position 

# is open. It is 0 when no position is open, 1 when 

# we are short in the first stock, and -1 when we 

# are short in the second stock 

open.trade<-0 

profit[i]<-0.0 

#begin daily trading 

for (j in 1: (dayet-dayst)H 
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if(open.trade!=0){ 

if(open.trade*ratio.trade[j]<=0.0){ 

open.trade<-0 

profit[i]<-profit[i]+nl*stockl[j+dayst] 

+n2*stock2[j+dayst] 

nclose [i]<-nclose[i]+1 

} 

}else{ 

if(abs(ratio.trade[j])>=cutof f){ 

open.trade<-sign(ratio.trade[j]) 

nl<-(-open.trade)/stockl[j+dayst] 

n2<-open.trade/stock2[j +dayst] 

nopen[i]<-nopen[i]+1 

} 
} 
} 
if(open.trade!=0){ 
profit[i]<-profit[i]+nl*stockl[dayet]+n2*stock2[dayet] 

> 
} 
result<-cbind(names(Data[toppairs[,1]]), 

names(Data[toppairs[,2]]), nopen , nclose, profit) 

sum(nopen) 

sum(nclose) 

sum(profit) 

Table 15.1 Position and Profit for 10 Traded Pairs 

S t o c k 1 S t o c k 2 O p e n e d C losed Pro f i t 

0939.HK 2628.HK 1 0 -0.085 

0762.HK 2318.HK 1 0 -0.098 
0883.HK 0386.HK 1 0 0.016 

0688.HK 0267.HK 1 0 0.059 

2600.HK 0101.HK 1 0 0.169 
0144.HK 0330.HK 4 3 0.233 

2318.HK 0386.HK 1 0 -0.127 
0012.HK 0004.HK 4 3 0.136 
0836.HK 0267.HK 3 2 0.255 

2600.HK 0836.HK 1 1 0.111 

T o t a l 18 9 0.669 
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15.5 C O I N T E G R A T I O N S A N D P A I R S T R A D I N G 

W h i l e t h e m e t h o d of u s i n g c o r r e l a t i o n a n d d i s t a n c e t o c o n d u c t p a i r s t r a d i n g 
m a y b e eas i ly i m p l e m e n t e d , it cou ld s o m e t i m e s b e m i s l e a d i n g . S u p p o s e t h a t 
t w o log p r i c e ser ies X a n d Y a r e r a n d o m w a l k s p lu s a c o m m o n c o m p o n e n t , 
t h a t is, 

log Xi = log Xi-ι + Zi + e M , 

log Yi = log Yi-ι + Zi + e 2 , i , 

w h e r e t h e e's a r e i n d e p e n d e n t r a n d o m v a r i a b l e s a n d t h e c o m m o n t r e n d is 
Z. T h e n \og(Xi/Yi) is a l so a r a n d o m w a l k a n d t h i s r a t i o c a n n o t b e eas i ly 
p r e d i c t e d . Yet , t h e p r e s e n c e of t h e c o m m o n c o m p o n e n t Ζ w o u l d c a u s e t h e 
t w o i n d i v i d u a l se r ies t o m o v e t o g e t h e r closely. U s i n g t h e e l e m e n t a r y m e t h o d 
t o c o n d u c t p a i r s t r a d i n g in t h i s case c o u l d b e d i s a s t r o u s . 

B u t if \og(Xi/Yi) is a s t a t i o n a r y p r o c e s s , t h e n we w o u l d e x p e c t i t t o r e t u r n 
t o a n e q u i l i b r i u m in t h e l o n g - r u n a f te r i t d ive rges f rom t h a t level. W e m a y b e 
a b l e t o find a l inear r e l a t i o n s h i p s u c h t h a t a l o g ( X i ) + Mog(Yi) is s t a t i o n a r y , 
w h i c h is t h e s a m e a s s a y i n g t h a t t h e t w o log p r i c e ser ies a r e c o i n t e g r a t e d . T h e 
n o t i o n of c o i n t e g r a t i o n offers a m o r e s o p h i s t i c a t e d d e s c r i p t i o n of c o - m o v e m e n t . 

Specifically, s u p p o s e t h a t w e h a v e t w o p r ice ser ies , X a n d Y. W e u s e t h e 
l o g a r i t h m of t h e s t o c k p r i ces t o fo rm t r a d i n g p a i r s . N o t e t h a t t h e l o g a r i t h m of 
t h e s tock p r i ces a r e m o s t l ikely t o b e a n o n s t a t i o n a r y p r o c e s s . U s i n g t h e i d e a of 
c o i n t e g r a t i o n , t h e r e ex i s t s a l i nea r c o m b i n a t i o n s of t h e l o g a r i t h m of t h e s t o c k 
p r i ces t h a t is s t a t i o n a r y , t h a t is , t h e y fo rm a c o i n t e g r a t i o n pa i r . I n t h i s case , 
we m a y find a l inear c o m b i n a t i o n of X a n d Y s u c h t h a t a l o g ( X j ) + b\og(Yi) 
is a s t a t i o n a r y p r o c e s s . U n d e r t h e s e c i r c u m s t a n c e s , w e e x p e c t t h e l i nea r 
c o m b i n a t i o n t o h a v e a m e a n r e v e r t i n g p r o p e r t y so t h a t it will e v e n t u a l l y 
r e t u r n t o t h e m e a n level a f te r d e v i a t i n g f rom i t . A l t h o u g h we m a y find t h e 
c o i n t e g r a t i o n p a i r s , i t m a y n o t b e p o s s i b l e t o o p e n a p o s i t i o n w i t h a va lue of 
a l og (Xj ) + b log(Yi) . O n e w a y is t o u s e a l inear a p p r o x i m a t i o n . S u p p o s e t h a t 
we o p e n a p o s i t i o n a t i = to- B y T a y l o r ser ies e x p a n s i o n , we h a v e 

l o g ( X t ) « l o g ( X t o ) + 
Xt — Xt0 

Xt0 

T h u s o u r p o s i t i o n c a n b e a p p r o x i m a t e d a s 

a l o g p Q + fclogOi) * a l o g ( X f o ) + b \og(Yto) + a X t ~ + 

= - ^ X t + ^ Y t + K, 

w h e r e Κ = a l o g ( X t 0 ) + &log(Yt 0 ) — a — 6 is a c o n s t a n t . I n t h i s way, we c a n 
o p e n a n a p p r o x i m a t e l y s t a t i o n a r y p o s i t i o n w i t h c ^ - s h a r e s of X a n d Cy£-
s h a r e s of Y for a n y g iven va lue c, w h e r e c c a n b e cons ide r ed a s t h e s t a r t i n g 
in i t i a l c a p i t a l . 
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15.6 H A N G S E N G I N D E X C O M P O N E N T S E X A M P L E 

T o i l l u s t r a t e t h e i d e a of c o i n t e g r a t i o n p a i r s t r a d i n g s t r a t e g y , c o n s i d e r a g a i n 
t h e 4 2 s t o c k s of H a n g S e n g I n d e x C o m p o n e n t s . I n t h i s e x a m p l e , w e col lect 
t h e d a i l y d a t a f rom J a n u a r y 1, 2 0 0 7 t o J a n u a r y 1, 2 0 0 8 . W e u s e t h e first 
ha l f of t h e d a t a t o f igure o u t t h e c o i n t e g r a t i o n p a i r s a n d u s e t h e s e c o n d ha l f 
of t h e d a t a t o i m p l e m e n t t h e t r a d i n g s t r a t e g y . For t h i s e x a m p l e , we u s e t h e 
finmetncs Module of S P L U S . 

15.6.1 Formation of Cointegrat ion Pairs 

T o b e g i n , w e first c o n d u c t t h e J o h a n s e n t e s t (see C h a p t e r 1 3 ) t o d e t e r m i n e t h e 
c o i n t e g r a t i o n p a i r s . F o r e x a m p l e , we t e s t for t h e c o i n t e g r a t i o n r e l a t i o n s h i p 
b e t w e e n B a n k of C h i n a H o n g K o n g ( B O C H K ) a n d B a n k of E a s t A s i a ( Β Ε Α ) . 
F i t t h e d a t a in a V A R m o d e l t o select t h e o r d e r of t h e A R m o d e l . T h e n 
c o n d u c t a c o i n t e g r a t i o n t e s t w i t h t h a t o r d e r . T h e S P L U S / R c o d e is g iven a s 
follows. 

> var.fit<-VAR(log(Data[l:131,1:2])) 

> var.fit $ar.order$ 

[1] 1 

> coint.fit<-coint(log(Data[l:131,l:2]),lags=l) 

> summary(coint.fit) 

Call: 

coint(Y = log(Data[l:131, 1:2]), lags = 1) 

Trend Specification: 

HI(r): Unrestricted constant 

Trace tests significant at the 5% level are flagged by ' +'. 

Trace tests significant at the 1% level are flagged by '++'. 

Max Eigenvalue tests significant at the 5'/, level are flagged by ' *'. 

Max Eigenvalue tests significant at the 17, level are flagged by 

Tests for Cointegration Rank: 

Eigenvalue Trace Stat 95'/, CV 99°/. CV Max Stat 95% CV 99% C1 

H(0)++** 0.1813 30.9327 15.4100 20.0400 25.7997 14.0700 18.6301 

H(l)+ * 0.0390 5.1330 3.7600 6.6500 5.1330 3.7600 6.6501 

Unnormalized Cointegrating Vectors: 

BANK.OF.CHINA..Η. BANK.OF.EAST.ASIA 

coint.1 -30.6196 4.9671 
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Fig. 15.4 Standardized portfolio of BOCHK and ΒΕΑ prices. Horizontal lines indicate 
possible t rading boundaries. 

Unnormalized Adjustment Coefficients: 

coint.1 coint.2 

BANK.OF.CHINA..H. 0.0042 0.0012 

BANK.OF.EAST.ASIA -0.0007 0.0032 

Long Run Impact Matrix: alpha*beta' 

I n t h i s o u t p u t , t h e T e s t s o f C o i n t e g r a t i o n R a n k s h o w s h o w signif icant a 
c o i n t e g r a t i o n p a i r is , a n d t h e U n n o r m a l i z e d C o i n t e g r a t i n g V e c t o r s is t h e 
c o i n t e g r a t i o n r e l a t i o n s h i p . I n t h i s e x a m p l e , t h e t e s t s h o w s t h a t o n e s ignif icant 
c o i n t e g r a t i o n v e c t o r is e s t i m a t e d a s (-30.6196,4.9671). D i v i d i n g t h i s v e c t o r 
b y t h e coefficient of t h e l a r g e r a b s o l u t e va lue , t h e fol lowing l inear r e l a t i o n s h i p 
is fo rmed . 

coint. 2 -: 2.1926 -25.2464 

BANK.OF.CHINA..H. -0.1298 

BANK.OF.EAST.ASIA 0.0149 

BANK.OF.CHINA..Η. BANK.OF.EAST.ASIA 

-0.1298 -0.0093 

0.0149 -0.0854 

l o g ( B O C H K ) - 0.162 l o g ( B E A ) ~ s t a t i o n a r y . 
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N o w c o n d u c t t h e J o h a n s e n ' s t e s t o n al l 42 c o m b i n a t i o n s t o c o n s t r u c t a l ist 
of 42 c o i n t e g r a t i o n p a i r s . W e u s e t h e 10 p a i r s w i t h t h e h i g h e s t T e s t S t a t i s t i c s , 
n a m e l y , t h e 10 m o s t s igni f icant c o i n t e g r a t i o n p a i r s . 

15.6.2 Trading with Cointegrat ion Pairs 

Afte r f o r m i n g t h e c o i n t e g r a t i o n p a i r s , we c o n s t r u c t t h e t r a d i n g s t r a t e g y a s 
follows. O p e n a p o s i t i o n w h e n t h e s t a n d a r d i z e d ser ies d e v i a t e s t o o m u c h 
f rom t h e m e a n . I n p a r t i c u l a r , c a l c u l a t e t h e s t a n d a r d i z e d ser ies a s 

^ [ l o g ( B O C H K ) - 0 .1622 l o g ( B E A ) ] - Ζ 
Z ~ S D ' 

w h e r e 
1 131 

Ζ = — ^ [ l o g i B O C H K O - 0 .1622 l o g l B E A i ) ] 
i = l 

a n d 

( 131 _ . 1/2 
S D = I — ^ ( [ l o g t B O C H K i ) - 0 .1622 l o g ( B E A , ) ] - Z f \ . 

i= l ' 

N o w o p e n a p o s i t i o n w h e n Ζ d e v i a t e s f rom 0 t o o m u c h , [—2,2], say. F o r 
e x a m p l e , if Ζ is g r e a t e r t h a n 2 o n d a y to , we s h o r t ( c / B O C H K i o ) s h a r e s of 
B O C H K a n d l o n g ( 0 . 1 6 2 2 c / B E A t o ) s h a r e s of Β Ε Α a n d v ice v e r s a . W h e n Ζ 
r e t u r n s b a c k t o 0, w e close t h e p o s i t i o n . F i g u r e 15.4 p l o t s t h e t i m e ser ies p l o t 
of Z. I t c rosses ze ro a n u m b e r of t i m e s . 

T h e r e a r e a l t o g e t h e r 262 t r a d i n g d a y s for t h e 42 s t o c k s . W e u s e d a y 1 t o d a y 
131 t o c o n s t r u c t t h e c o i n t e g r a t i o n p a i r s a n d d a y 132 t o d a y 262 t o t r a d e . T h e 
cut-off b o u n d a r y is ± 2 . I n t h i s a n a l y s i s , t h e r e a r e t o t a l l y 29 o p e n p o s i t i o n s 
a n d 19 c lose p o s i t i o n s . W e i n v e s t e d $1 .44 w i t h a prof i t of $ 1 . 2 1 . T a b l e 15.2 
p r e s e n t s t h e d e t a i l s of t h e t r a d i n g p a i r s . T h e fol lowing is t h e S P L U S / R c o d e . 

daysf<-l # start day for forming pairs 

dayef<-131 # end day for forming pairs 

dayst<-132 # start day for trading 

dayet<-262 # end day for trading 

npairs<-10 # number of pairs used for trading 

cutoff<-2 # boundary for opened positions 

# forming cointegrating pairs of largest trace test statistics 

napairs<-ncol(Data)*(ncol(Data)-1)/2 
pvalmat.s<-matrix(0,napairs,5) 
k<-0 
for (i in 2:ncol(Data)){ 

print(i) 

for (j in l:(i-l)){ 
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k<-k+l 

fred<-log(Data[daysf:dayef, c(j,i)]) 

george<-coint(fred,lags=l) 

if(george$coint.vectors[1,1]*george$coint.vectors[1,2]>=0){ 

k<-k-l}else{ 

pvalmat.s[k,3]<-george$trace.tests$[1] 

pvalmat.s[k,l:2]<-c(j,i) 

pvalmat.s[k,4:5]<-abs(george$coint.vectors[1,])/max(abs( 

george$coint.vectors[1,])) 

} 
> 
} 
coint.sort<-sort.list(pvalmat.s[,3]) 

profit<-rep(0.0,npairs) # profit for each pair 

nopen<-rep(0,npairs) # numbers of opened position 

nclose<-rep(0,npairs) # numbers of closed position 

invest<-rep(0,npairs) # amount of money invested 

# start to trade for each pairs of stocks 

for (i in l:npairs){ 

ii<-i+napairs-npairs 

stockK-Data[,pvalmat. s [coint. sort [ii], 1] ] 

stock2<-Data[,pvalmat.s[coint.sort[ii],2]] 

coefK-pvalmat.s[coint.sort[ii],4] 

coef2<-pvalmat.s[coint.sort[ii],5] 

fred<-coefl*log(stockl[daysf:dayef])-coef2*log( 

stock2[daysf:dayef]) 

ratio.mean<-mean(fred) 

ratio.std<-sqrt(var(fred)) 

ratio.trade<-(coefl*log(stockl[dayst:dayet]) 

-coef2*log(stock2[dayst:dayet]) 

-ratio.mean)/ratio.std 

open.trade<-0 

profit[i]<-0.0 

for (j in 1:(dayet-dayst)){ 

# check if we should close an opened position 

if(open.trade!=0){ 

if (open. trade*ratio. trade [j] <=0.OH 

open.trade<-0 

profit[i]<-profit[i]+nl*stockl[j+dayst] 

+n2*stock2[j+dayst]-opencap 

nclose[i]<-nclose[i]+1 

} 

}else{ 

# check if we should open a new position 

if(abs(ratio.trade[j])>=cutoff){ 
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o p e n . t r a d e < - s i g n ( r a t i o . t r a d e [ j ] ) 
n l < - c o e f 1 * ( - o p e n . t r a d e ) / s t o c k l [ j + d a y s t ] 
n 2 < - c o e f 2 * o p e n . t r a d e / s t o c k 2 [ j + d a y s t ] 
n o p e n [ i ] < - n o p e n [ i ] + 1 
d a y o p e n < - j 
o p e n c a p < - n l * s t o c k l [ j + d a y s t ] + n 2 * s t o c k 2 [ j + d a y s t ] 
i n v e s t [ i ] < - i n v e s t [ i ] + o p e n c a p 

} 
> 
} 
# c l o s e a l l t h e o p e n e d p o s i t i o n s on l a s t d a y 
i f ( o p e n . t r a d e ! = 0 ) { 
p r o f i t [ i ] < - p r o f i t [ i ] + n l * s t o c k l [ d a y e t ] 

+ n 2 * s t o c k 2 [ d a y e t ] - o p e n c a p 
> 
} 
r e s u l t < - c b i n d ( n a m e s ( D a t a [ p v a l m a t . s [ c o i n t . s o r t [ 

( n a p a i r s - n p a i r s + 1 ) : n a p a i r s ] , 1 ] ] ) , 
n a m e s ( D a t a [ p v a l m a t . s [ c o i n t . s o r t [ 

( n a p a i r s - n p a i r s + 1 ) : n a p a i r s ] , 2 ] ] ) , 
n o p e n , n c l o s e , p r o f i t , i n v e s t ) 

s u m ( n o p e n ) 
s u m ( n c l o s e ) 
s u m ( p r o f i t ) 
sum ( i n v e s t ) 

Table 15.2 Position and Profit for 10 Traded Pairs 

S t o c k 1 S t o c k 2 O p e n e d C l o s e d Pro f i t I n v e s t e d 

1 3 9 8 . H K 0 0 1 9 . H K 1 0 0 .104 0 .204 
0 2 6 7 . H K 2 3 1 8 . H K 1 0 - 0 . 1 3 8 0 .133 
3 9 8 8 . H K 0 0 8 3 . H K 4 3 0 .340 0 .000 
0 6 8 8 . H K 0 8 3 6 . H K 1 0 - 0 . 0 1 3 0 .200 
3 9 8 8 . H K 0 0 1 1 . H K 3 2 0 .035 0 .326 
0 0 0 2 . H K 0 0 1 9 . H K 2 1 - 0 . 1 1 0 - 0 . 6 9 5 
3 3 2 8 . H K 0 0 1 6 . H K 3 2 0 .023 - 0 . 1 1 1 
3 9 8 8 . H K 0 0 0 1 . H K 5 4 0 .415 0 .701 
3 9 8 8 . H K 0 0 1 6 . H K 5 4 0 .347 0 .686 
3 9 8 8 . H K 0 0 1 9 . H K 4 3 0.212 0 .000 

T o t a l 29 19 1.215 1.442 
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C o m p a r i n g T a b l e s 15.1 a n d 15.2, t h e r e a r e m o r e p r o p o r t i o n s of c losed p o -
s i t i on for c o i n t e g r a t i o n p a i r s t r a d i n g t h a n s i m p l e p a i r s t r a d i n g . B u t t h e profi t 
r e s u l t i n g f rom c o i n t e g r a t i o n p a i r s t r a d i n g is h i g h e r t h a n s i m p l e p a i r s t r a d i n g . 
A l t h o u g h b o t h t r a d i n g s t r a t e g i e s r e s u l t e d in a p o s i t i v e g a i n in t h i s e x a m p l e , 
it s e e m s fair t o s a y t h a t t h e c o i n t e g r a t i o n p a i r s t r a d i n g m e t h o d h a s a h i g h e r 
r e t u r n t h a n t h e s i m p l e p a i r s t r a d i n g m e t h o d . T h e r e a d e r is e n c o u r a g e d t o 
e x p e r i m e n t t h e s e m e t h o d s w i t h o t h e r d a t a s e t s . 

15.7 E X E R C I S E S 

1. C o n s i d e r t h e s t a n d a r d i z e d ser ies Zi = (Xi — X)/S for a g iven ser ies 
Xi : i = 1 , . . . , n , w h e r e X d e n o t e s t h e s a m p l e m e a n of t h e series Xi 
a n d 

( ι η 1 1/2 

v ι=1 ' 
is t h e s t a n d a r d d e v i a t i o n . 

(a) Show t h a t Y£=1 Z{ = 0. 

(b) S h o w t h a t ΣΊ=ι Zf = n-1. 

(c) If t h e r e a r e t w o s t a n d a r d i z e d ser ies Zi a n d W j , s h o w t h a t t h e s a m -
ple c o r r e l a t i o n coefficient b e t w e e n t h e t w o ser ies is g iven by 

η - 1 z —' 

2. For s t a n d a r i z e d ser ies Ζ a n d W, s h o w t h a t t h e E u c l i d e a n d i s t a n c e b e -
t w e e n t h e m 

η 

δ2 = Y^(Zi - Wif = 2 ( n - 1 ) (1 - r ) , 
T=l 

w h e r e r is t h e s a m p l e c o r r e l a t i o n coefficient. 

3 . C o n d u c t a p a i r s t r a d i n g a n a l y s i s w i t h a n o t h e r p a i r of s t o c k s f rom t h e 
H a n g Seng I n d e x . 

4. C o n d u c t a c o n i n t e g r a t i o n p a i r s t r a d i n g ana lys i s w i t h a n o t h e r p a i r of 
s t ocks f rom t h e H a n g S e n g I n d e x . 



16 
Answers to Selected 

Exercises 

16.1 C H A P T E R 1 

1. ( a ) P l u g g i n g t h e p o l y n o m i a l i n t o t h e r e q u i r e m e n t m t — Y,ajmt-ji w e 

j 

h a v e 

k / k 
Κ /Κ \ 

J^ciU = £ > i ( 5 > ( * - . 7 ) ' ) 
1=0 j M = 0 ' 

k . = ΣΜΣ^-·^ 
1=0 ^ j 

N o w e q u a t e t h e c o r r e s p o n d i n g coefficients for t l , I = 0 , 1 , . . . t o o b -
t a i n 

CO = CO ] P FLJ 

Cl = Cl (Σ α^ + Σ α· j 
2 

T h e p r o b l e m is c o m p l e t e d w i t h t h e s e equa l i t i e s . 
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Jan, 50 Jan, 52 Jan, 55 Jan, 57 Jan, 60 

Time in months 

Fig. 16.1 Time series plot of airline passengers. 

(b) Jus t i fy t h e s e r e q u i r e d equa l i t i e s in p a r t ( a ) . S P L U S will f ac i l i t a te 
t h e vec to r c o m p u t a t i o n . 

2. N o t i c e t h a t t h e p-th p o w e r t e r m s cance l in cp(tp — (t — l ) p ) . T h u s t h e 
coefficient of t h e tp t e r m in A m ( is 0. If we a p p l y t h e Δ o p e r a t o r 
recurs ive ly o n t o t h i s p o l y n o m i a l , t h e d e g r e e of t h e r e s u l t i n g p o l y n o m i a l 
dec r ea se s b y 1 a t e a c h s t e p . T h e r e f o r e , Ap+1rnt = 0. 

3 . T h e d a t a cons i s t of 144 p o i n t s , w h i c h r e p r e s e n t m o n t h l y t o t a l s in t h o u -
s a n d s of p a s s e n g e r s f rom J a n u a r y 1949 t o D e c e m b e r 1960. 

(a) T h e r e is a n u p w a r d t r e n d of t h e d a t a . B y i n s p e c t i n g t h e a b o v e 
p lo t , we n o t i c e a n a n n u a l (12 m o n t h s ) cycle . T h e v a r i a n c e in t h e 
d a t a is i n c r e a s i n g w i t h t i m e , t h u s a t r a n s f o r m is n e e d e d . 

(b) T h e l o g a r i t h m i c t r a n s f o r m is a p p r o p r i a t e in t h i s case . A s we c a n 
see f rom t h e p lo t , t h e v a r i a n c e of t h e t r a n s f o r m e d d a t a Vt = log(.X't) 
is n o longer i n c r e a s i n g w i t h t i m e . 

(c) T h e m e d i a n s r i se f rom 1949 t o 1960, h e n c e t h e r e is a c lea r i nc reas -
ing t r e n d . T h e i n t e r - q u a n t i l e r a n g e a l so a p p e a r s t o inc rease , b u t 
o n l y s l ight ly . T h e r a n g e t e n d s t o i n c r e a s e f rom 1949 t o 1954, t h e n 
i t r e m a i n s a l m o s t c o n s t a n t . T h e b o x p l o t s f rom 1949 t o 1951 l ook 
s y m m e t r i c a l , b u t f rom 1952 to 1960 t h e y a r e s l igh t ly pos i t ive ly 
skewed . W e h a v e n o t n o t i c e d a n y o u t l i e r s . 
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Jan, 50 Jan, 52 Jan, 55 Jan, 57 Jan, 60 

Time in months 

Fig. 16.2 Time series plot of log transformed data . 

IN 

1949 1950 1951 1952 1953 1954 1955 1956 1957 1958 1959 1960 

Fig. 16.3 Boxplots and yearly running median for the transformed da ta . 
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Jen, 50 Jan. 52 Jan, 55 Jan. 57 Jan, 60 

Fig. 16.4 Plot of the trend est imate. 

(d) T h e r e is a s e a s o n a l cyc le of p e r i o d 12 ( m o n t h s ) s t a r t i n g in J a n u a r y 
a n d e n d i n g in D e c e m b e r . W e e s t i m a t e t h e t r e n d u s i n g a 13-po in t 
m o v i n g a v e r a g e filter r u n n i n g over a c o m p l e t e cycle : 

Tt = — ^ - X { - 6 + Xt-5 + ••• + Xt+5 + 2 ^ t + 6 ^ · 

T h e t r e n d is p l o t t e d w i t h a d a s h e d l ine in t h e figure be low. 

(e) U s e t h e fo rmula : 

1 1 1 St = γγΣΤί+12' 
t = i 

t h a t is , t a k e t h e m e a n of t h e o b s e r v a t i o n s c o r r e s p o n d i n g t o e a c h 
m o n t h . W e d r o p t h e first s ix o b s e r v a t i o n s a n d t h e las t s ix , b e c a u s e 
t h e filter h a s 13 p o i n t s . W e p l o t t e d t h e s e a s o n a l c o m p o n e n t in t h e 
figure be low . W e also i nc lude t h e S P L U S c o d e u s e d t o c a l c u l a t e 
t h e s e a s o n a l c o m p o n e n t . 

> airline.chop<-as.vector(airline.log[-(139:144)] 

+ [-(1:6)]) 

> airline.ma.chop<-as.vector(airline.log.ma 

+ [-(139:144)] [-(1:6)]) 
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Jan, 49 Mar, 48 May. 49 Jul, 49 Sep, 49 Nov, 49 

Fig. 16.5 Es t imated seasonal components. 

> airline.diff<-airline.chop - airline.ma.chop 

> airline.diff.mat<-matrix(airline.diff, 11, 12, 

+ byrow=T) 

> airline.season<-apply(airline.diff.mat, 2, mean) 

> airline.season.good<-c(airline.season[7:12], 

+ airline.season[1:6]) 

> airline.season.good 

[1] -0.086681022 -0.115278832 0.017247592 

[4] -0.013911471 -0.009831918 0.114527016 

[7] 0.209950615 0.203646676 0.063970685 

[10]-0.076136841 -0.216711488 -0.101180870 

T h e r e is a s m a l l p e a k in D e c e m b e r d u r i n g t h e w i n t e r ho l iday . T h e 
traffic d r o p s f rom J a n u a r y t o M a r c h , t h e n i t b e g i n s t o i n c r e a s e 
u n t i l J u l y a n d A u g u s t , w h e n we c a n n o t i c e a h u g e p e a k d u r i n g t h e 
s u m m e r ho l iday . T h e traffic d r o p s fast u n t i l N o v e m b e r , w h e n i t 
s t a r t s t o i n c r e a s e a g a i n . 

(f) T h e d e s e a s o n a l i z e d d a t a d o e s n o t e x h i b i t a n y s e a s o n a l c o m p o n e n t , 
a s e x p e c t e d . All we c a n see is a s t e a d y i n c r e a s i n g t r e n d . W e 
e s t i m a t e t h i s t r e n d a g a i n u s i n g t h e s a m e f o r m u l a a s i n ( d ) . 

(g) T h e r e s i d u a l s rt = Xt — rht — St d o n o t s h o w a n y c lea r p a t t e r n , 
a l t h o u g h t h e y d o n o t look like w h i t e no i se e i t h e r . T h e v a r i a n c e is 
i n c r e a s i n g a n d d e c r e a s i n g over t i m e , h e n c e f u r t h e r a n a l y s i s m i g h t 
b e n e e d e d . 
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ι 1 1 1 ι 1 

Jan 50 Jan 52 Jan 54 Jan 56 Jan 58 Jan 60 

Time In months 

Fig. 16.6 Est imated t rend for deseasonalized data . 

Jan, 50 Jan, 52 Jan, 55 Jan, 57 Jan, 60 

T ime in months 

Fig. 16.7 Residuals plot. 

16.2 C H A P T E R 2 

1. (a) W r i t e A12Xt = (1 - Bl2)Xt = Xt - Xt-i2 = 12/3 + Zt - Z t _ 1 2 . 
D e n o t e Yt = a + Zt — Z t _ i 2 , w h e r e a — 12/3. N o w s h o w t h a t 
(Yt)t is a s t a t i o n a r y p r o c e s s . W e h a v e E ( Y t ) = ο a n d Var(Yt) = 
V a r ( Z t ) + V a r ( Z t _ 1 2 ) = 2. H e n c e , E ( Y t

2 ) = V a r ( F t ) + [ E ( y t ) ] 2 = 
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2 + 144/3 2 < o o , V t . Also 

7 y ( r + t, s + t) Cov(Yr+t,Ys+t) 

Cov(Zr+t, Za+t) - Cov(Zr+t-i2, Zs+t) 

-\-Cov(Zr+t-l2, Zs+t) + C o v ( Z r + ( _ i 2 , Zs+t-\2) 

- C o v ( Z r + t , Z s + t _ i 2 ) 

Cov(Zr - Zr-u, Zs - Zs-i2) 

C o v ( F r , F s ) 

7 y ( r , s ) , V r , s , i . 

Therefore, {Yt,t 

(b) W e have 

1 , 2 , . . . } is stat ionary. 

W e still have seasonal factors {St}, hence we haven't ob ta ined a 
s tat ionary process . Use the operator Δ 2

2 . Let Yt = A 2

2 X t , V i = 
1 , 2 , . . . . T h e n , 

Yt = (1 - Bl2)2Xt = (1 - 2 S 1 2 + B2A)Xt = Z t - 2Zt-i2 + Z t - M -

Clearly E[Yt] = 0 and var(Yt) = 6. After s o m e s imple ca lculat ions , 
we can also show that 7 y ( r + t,s + t) = yy(r,s),Vr,s,t. T h u s 
{Yt,t = 1 , 2 , . . . } is stat ionary. 

2. W e need the following formulas: 

c o s ( x ) + cos(a; + h) + ... + c o s ( x + nh) 

s in (x ) + sin(a; + h) + ... + s in (x + nh) 

s in (I) 
s m ( ^ h ) s in (χ + ψ) 

s in (I) 

where h φ 2/απ, k Ε Ζ. W e have 

X 
η 
1 Σ* 

t=l 

η Αζϊη(ψω)οο8{ψ) 
η sin (I) 

and 
n—k 

<7fc = £ ( X t - X ) ( * t + f c - X ) . 
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T h i s impl ies 

n—k 

A2 " 
Ck _ s r 
Λ2 - 2^ 

t=l 

X X2 

cos(io;) c o s ( ( i + fc)u>) — - [ c o s ( f o ; ) + c o s ( ( i + k)u>)] + - R J 

After s o m e a l g e b r a a n d us ing t h e d o u b l e ang l e fo rmula , we o b t a i n 

22 cos(iu>) cos ( ( i + k)u) — ^—-—j cos(fcw) 

t=l 

n—k 

+ 
n—k 

s in [ (n — k + 1)ω] cos(na ; ) 

2sin(u>) 
n—k 

^2 [cos(iw) cos ( ( i + Α;)ω)] = ^ cos(ia>) + ^ cos ( ( i + k)u>) 

t=l t= l 
sin (Β=|±*·α;) c o s ( ^ a ; ) 

s in (a=**3-a;) cos (ku + 

+ ™ ( f ) 

I t follows t h a t 

A2 

n — k \ ,, . s in i (n - fc + l)u>] c o s ( n w ) 
cosffco;) Η 1

 n . , . 
2 ) K ' 2 s i n ( w ) 

s in cos ( ^ ) s i n ( a = * ± * u ; ) 

η s i n 2 ( I ) 

n — k \ I', n — k 
cos I — - — ω I — cos I fcuH — ω 

+ (n-k) 
η 2 s i n 2 ( I ) 

T h e r e f o r e l im • % = £ 2 2 i M y fe = 0 , 1 , 2 , . . . T h e r e f o r e , w e c o n c l u d e 

r , l i m ( - % ) c o s ( ^ ) 

71—KX> Ν " Λ 

3 . (α) r-3(6) r4(c) r5(d) r l ( e ) r2. 
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16.3 C H A P T E R 3 

1. All p roce s se s a r e of t h e fo rm 4>{B)Xt = 6(B)Zt. W e a p p l y t h e o r e m s 3.1 
a n d 3.2, t h e r e s u l t g iven in e x a m p l e 3.3 a n d p r o b l e m 3 .3 . All r o o t s a r e 
r o u n d e d t o 2 d ig i t s af ter t h e d e c i m a l p o i n t . 

I t e m φ(Β) Θ(Β) 

(a) 1 + 0 . 2 5 - 0 . 4 8 B 2 1 

(b) 1 + 1 . 9 β + 0 . 8 8 Β 2 1 + 0 . 2 5 + 0 . 7 S 2 

(c) 1 + 0 . 6 B 2 1 + 1 .2B 

(d) 1 + 1 .8B + 0 . 8 1 B 2 1 

(e) 1 + 1.6B 1 - ΟΛΒ + 0 . 0 4 Β 2 

I t e m 
r o o t ( s ) for 
φ(ζ) = 0 

r o o t ( s ) for 
θ(ζ) = 0 

c a u s a l i n v e r t i b l e 

(a) 1.67, - 1 . 2 5 n o n e yes yes 

(b ) - 0 . 9 1 , - 1 . 2 5 - 0 . 1 4 ± 1.19z n o yes 

(c) 1.29Ϊ, — 1.29i - 0 . 8 3 yes n o 

(d) - 1 . 1 1 n o n e yes y e s 

(e) - 0 . 6 2 5 n o yes 

N o t e al l t h e c h a r a c t e r i s t i c func t ions in t h e s e five cases c a n b e v i e w e d 
as q u a d r a t i c p o l y n o m i a l s (poss ib ly d e g e n e r a t e d ) . I n P r o b l e m 3 .3 , we 
a c t u a l l y c a n p r o v e t h a t t h e t h r e e i n e q u a l i t i e s a r e b o t h n e c e s s a r y a n d 
sufficient for inver t ib i l i ty , a l t h o u g h o n l y necess i ty is r e q u i r e d (see b e l o w ) . 
A l so n o t e t h a t c a u s a l i t y is s y m m e t r i c t o inver t ib i l i ty , so t h e c o n d i t i o n s 
o n inve r t i b i l i t y in p r o b l e m 3.3 c a n b e t r a n s f e r r e d t o check c a u s a l i t y . 
W i t h b o t h necess i ty a n d sufficiency p r o v e d , we c a n check t h e c a u s a l i t y 
a n d inve r t ib i l i t y j u s t b y ver i fying t h e s e i nequa l i t i e s , w i t h o u t s o l v i n g for 
r o o t s . 

2. W e c a n eas i ly s h o w by i n d u c t i o n t h a t 

it 
yt = - Σ 4>~Sz*+i + 0 " ( f c + 1 ) * W i · 



248 ANSWERS TO SELECTED EXERCISES 

Since (Yt)t is s t a t i o n a r y , we h a v e EY2 = \\Yt\\2 = c o n s t a n t , Vi. W e 
o b t a i n : 

k 
Yt + ^ ~ j Z t + j 

2 

= ^ > - ^ + 2 ) | | y t + f c + 1 | | 2 -+ 0, a s k - » co. 

oo 

T h e r e f o r e , Yt = - Σ Φ~ύ^t+j, Vi. C o n s i d e r Wt = Yt - 0 _ 1 y t _ i . W e 

c a n w r i t e 

Wt = φ-2Ζ{-[1-φ~2} ^ Σ φ-'Zt+j^J • H e n c e , E[Wt] = 0 a n d V a r [ W t ] = 
2 

U s i n g m o m e n t g e n e r a t i n g func t ions , o n e c a n p r o v e t h e following: 

L e m m a 1 Let X\, ...,Xn,... be mutually independent random variables 
with Xi ~ Ν(μί,σ2). Let ( a j ) j = i i n , ( δ ί ) , = ι , η be fixed constants. Then 

η / η η \ 

Y^{aiXi + h) ~ Ν l Σ ( α ί μ ί + bi), Σ α 2 σ 2 . 
i=l \ i= l i=l / 

W e a p p l y t h e a b o v e l e m m a for (Zt) a n d let η —> oo. I t follows t h a t 

W n ~ W N ( θ , ^ , Vn > 1. 

N o t e t h a t (Y t ) t is c a u s a l A R ( 1 ) b e c a u s e < 1. 

3 . Fol lows f rom a s y m m e t r y a r g u m e n t in e x a m p l e 3 . 3 . 

4. (a) L e t t h e m e a n , v a r i a n c e a n d t h e A C F of t h e s t a t i o n a r y p r o c e s s 
{Xt} b e μ, σ\ a n d p{k), r e spec t ive ly . W e h a v e E(Yt)= E(Xt) + 
Ε^)=μ+0=μ a n d V a r ( y t ) = V a r ( X t ) + V a r ( W t ) = σ 2 + σ2. Also , 
for τ > 0, 

C o v ( F t , y t + T ) = Cov(Xt,Xt+r) + Coy(Wt,Wt+r) 

w h i c h is i n d e p e n d e n t of t. T h u s {Yt, ί = 1 , 2 , . . . } is s t a t i o n a r y , 

(b) N o t e t h a t 

Ut = Φ{Β)Υι 

= Φ{Β)Χι + </>(B)Wt 

= 9(B)Zt + <l>{B)Wt 
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c a n b e r e g a r d e d a s a s u m of t w o i n d e p e n d e n t p r o c e s s e s fol lowing 
M A ( p ) a n d MA(q), r e spec t ive ly . T h u s i t is ι—correlated a n d h e n c e 
is a n M A ( r ) p roces se s , w h e r e r = m a x ( p , q). 

Since φ(Β)Υί is a n M A ( r ) p r o c e s s e s , we c o n c l u d e t h a t {Yt} is a n 
A R M A ( p , r ) p r o c e s s . 

5 . O b s e r v e t h a t 

V a r ( y t ) = V a r ( A ) s i n 2 (u;t) + V a r ( Z t ) = s i n 2 ( w i ) + σ 2 

d e p e n d s o n t. T h u s {Yt} is n o t w e a k l y s t a t i o n a r y . 

6. O b s e r v e t h a t 

E(Yt) = E ( ( - 1 ) ' Z ) = ( - 1 ) 4 Ε ( Ζ ) , 

C o v ( r t , K t + T ) = ( - l ) 2 t + r V a r ( Z ) = ( - l ) T V a r ( Z ) . 

Fol lows f rom Def in i t ion 2 .5 , t h e n e c e s s a r y a n d sufficient c o n d i t i o n o n Ζ 
for {Yt} t o b e w e a k l y s t a t i o n a r y is t h a t E(Yt) = ( - l ) ' E ( Z ) e q u a l s a 
c o n s t a n t . T h e o n l y poss ib i l i t y is t h a t E ( Z ) = 0. 

7. (a) S ince 

7 ( 0 ) = ν&τ(Ζί-ΘΖί-1) = (1 + θ2)σ2, 

7 ( 1 ) - Cov(Zt-eZt_1,Zt-1-eZt-2) = -9a2 

7(fc) = 0 for k > 2, 

we h a v e 

p(k) 

1 k = 0, 

k= 1, θ 

0 jfc > 2. 

(b) p{\) = -j^p = 0.4 impl ies 2 0 2 + 5Θ + 2 = 0. T h e s o l u t i o n s t o t h e 
a b o v e e q u a t i o n a r e θ — —2 o r —0.5. 

θ = - 0 . 5 is m o r e p r e f e r a b l e s ince {Yt} is s t a t i o n a r y u n d e r t h i s Θ. 

(c) N o t e t h a t 

oo 

V a r ( y t ) = V a r O Z O + C ^ V a r ^ ) 

j 
oo 

= σ 2 + σ 25> 2 = CO. 
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So Yt is n o n s t a t i o n a r y . 

(d) W e h a v e 

Xt = Yt-Yt-i 

= Zt + C(Zt-i + Zt-2 + . . . ) - Zt-i - C(Zt-2 + Zt-3 + -..) 

= Zt + (C-l)Zt-!. 

T h u s Xt is a s t a t i o n a r y M A ( 1 ) m o d e l . 

(e) U s i n g t h e r e su l t of ( a ) , w e h a v e 

1 k = 0, 
c-i h - ι 

1 + ( C - 1 ) 2 ' 
0 A > 2, 

w h e r e px(k) is t h e a u t o c o r r e l a t i o n func t ion of { X t } 

8. (a) T h e g iven t i m e ser ies c a n b e e x p r e s s e d as 

(1 - 0 . 4 5 - 0 . 4 5 S 2 ) y t = (1 + Β + 0.25B2)Zt, o r 

(1 + 0 . 5 5 ) ( 1 - 0.9B)Yt = (1 + 0 . 5 f l ) ( l + 0.5B)Zt. 

T h u s t h e m o d e l is of o r d e r ( 2 , 0 , 2 ) . 

(b ) W e c a n s impl i fy t h i s e q u a t i o n by c a n c e l i n g t h e t e r m (1 + 0 . 5 5 ) o n 
b o t h s ides . T h e t i m e ser ies b e c o m e 

(1 - 0 . 9 5 ) Y t = (1 + 0.5B)Zt 

a n d t h e o r d e r is ( 1 , 0 , 1 ) . 

(c) T h i s p r o c e s s is of t h e fo rm φ(Β)Χί = 9{B)Zt. W e a p p l y t h e o r e m s 
3.1 a n d 3.2 . S ince t h e r o o t s for φ(ζ) = 0 a n d θ(ζ) = 0 a r e ly ing 
o u t s i d e t h e u n i t c i rc le [—ψ a n d - 2 , r e spec t i ve ly ) , t h i s m o d e l is 
c a u s a l a n d inve r t i b l e . 

(d ) W e h a v e 

Yt = ( 1 - 0 . 9 5 ) _ 1 ( l + 0 . 5 B ) Z t 

= 53(0.95) fc(l + 0 . 5 B ) Z t 

= (l + 0 . 9 ^ 0 . 9 J _ 1 5 J ^ + 0 . 5 ^ 0 . 9 J " 1

J 3 J j Z t 

= \ l + \AY^0S'-'LBt\Zt 

^ i=l ' 3 

= Zt + lAj2^~lzt-
3=1 
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T h e r e f o r e , φ0 = 1 a n d φ3- = Ι ^ Ο . Θ ) ^ 1 . 

(e) W e h a v e 

Zt = ( 1 + 0 . 5 S ) - 1 ( 1 - 0 . 9 5 ) Y t 

= ] T ( - 0 . 5 B ) J ' ( l - 0 . 9 B ) Y t 
j = 0 

= Cl-0.5 53(-0.5) J'_1fl J' -0.9^(-0.5)^1βΛγ ί 

^ j = i j = i ' 

V ,·=ι / J 

T h e r e f o r e , π 0 = 1 a n d π , = - 1 . 4 ( - 0 . 5 ) J ' - 1 . 

16.4 C H A P T E R 4 

1. (a) 

Z t = Yt + eZt-x 
= Yt + 9Yt-l+92Zt-2 

— • · • k e e p r e p l a c i n g Z j w i t h Yi + 9Zi-\ 
t - i 

fc=0 

A s s u m i n g Zo = 0, t h e l a s t e q u a t i o n g ives 

t - i 
Z t = £ > Y t _ f c . (16.1) 

A : = 0 

η 
T h e r e f o r e , S*(9) = Σ w h e r e e a c h Zt is e x p r e s s e d in t e r m of 

t= i 
t h e Yj's in (16 .1) . 

(b) W i t h t h e in i t i a l va lue 9t = 9Q, e q u a t i o n (4.2) of t h e t e x t b e c o m e s 

Zt(9) ^ Zt(90) + Z't(90)(9 - 90), 
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w h e r e Z't(6o) is t h e d e r i v a t i v e of Zt w i t h r e s p e c t t o 0 e v a l u a t e d a t 
0ο· T h e r e f o r e , 

S . ( 0 ) = Σζ?{θ) 
t = i 

w h e r e 

=i ^ ( Z t ( 0 o ) + Z t ' ( 0 o ) ( 0 - 0 o ) ) 2 

t = i 

= o 0 2 + 60 + c, 

£ > i ( * o ) ) 2 , 

t = l 
η 

2 ^ Z t ' ( 0 o ) ( Z i ( 0 o ) - 0 o Z t ' ( 0 o ) ) , 

t = i 

a n d c is s o m e c o n s t a n t w h i c h d o e s n o t d e p e n d o n 0. If w e a s s u m e 
t h a t a t l ea s t o n e Z t ' ( 0 o ) is n o t zero , t h e n a > 0 a n d t h e p o l y n o m i a l 
αθ2 + 60 + c is m i n i m i z e d a t 0 i = — ̂ , w h e r e ο, 6 a r e g iven in t h e 
a b o v e . 

(c) B y d i f fe ren t i a t ing b o t h s ides of t h e def in ing r e l a t i o n Yt — Zt — 
6Zt-i, we h a v e 

Z i ' (0) = Z t _ 1 ( 0 ) + 0 Z t ' _ 1 ( 0 ) . (16.2) 

S ince Z'Q{6) = 0 b y t h e s e t t i n g , u s i n g (16 .2) , w e c a n c o m p u t e Ζ[(θ) 
f rom Ζ'0{θ) = 0, Ζ'2{θ) f rom Ζ[(θ), ..., a n d al l t h e w a y t o Ζ'η{θ). 

(d) G a u s s - N e w t o n m e t h o d is u s e d for o p t i m i z a t i o n , in p a r t i c u l a r for fit-
t i n g n o n l i n e a r m o d e l s , a s d e s c r i b e d in Sec t i o n 9 .3 of M y e r s (1990) . 

2. (a) T h e d e d u c t i o n of (4.4) is c o m p l e t e , 

(b) T h e log- l ike l ihood func t ion is 

λ(φ,τ) = - | \οΕ2π - I log τ + I l o g ( l - φ2) - ±-S(4>), 

w h e r e r = σ2. Le t (φ, f) b e t h e M L E of (φ, τ ) , t h e n 

λ(φ,τ)=0, d_ 

δφ 

a n d 
d_ 

θτ 

(φ,τ)=(φ,τ) 

Χ(φ,τ) = 0. 
(φ,τ) = (φ,τ) 



CHAPTER 4 253 

T h e r e f o r e , 

2άφ 
l o g ( l - φ2) - -S'(4>) = 0, 

a n d 

2 f 

w h e r e S" = F r o m (16 .4) , we ge t 

S(4>) 

(16.3) 

(16.4) 

(16.5) 

W e r e p l a c e f w i t h in (16.3) t o o b t a i n 

1 .1. 
2 άφ 

l o g ( l - </>2) -
ψ=Φ 2 5 ( 0 ) 

= 0, 

w h i c h is e q u i v a l e n t t o 

A. 
\Ίφ - - l o g ( l - < / > 2 ) + l o g £(</»)) = 

η J αφ 
1(φ) = 0, (16.6) 

Φ=4 

w h e r e 

/(<A) = - ^ l o g ( l - 0 2 ) + l o g ^ 5 ( ^ 

For l a rge η , l(φ) ss log ( ^ 5 ( ^ ) ) , a n d ^δ(φ) is a p o l y n o m i a l of φ 
w i t h d e g r e e 2 a n d t h e coefficient for t h e φ2 t e r m is 

w h i c h is p o s i t i v e for l a r g e n . T h e r e f o r e , for l a r g e n, t h e r o o t of 
dl/άφ = 0 is u n i q u e a n d m i n i m i z e s I. B y (16 .6) , φ is a r o o t of 
dl/άφ = 0, so i t is t h e m i n i m i z e r of I. 

3 . B y t h e a s s u m p t i o n t h a t p(l) is AN (φ, (1 — φ2)/η), t h u s 

γ / 1 -Φ 

I t follows t h a t p ( l ) conve rges t o φ in p r o b a b i l i t y , so 

(16 .7) 

γ / ι - ρ ( ΐ ) 2 

1 in p r o b a b i l i t y . 
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B y S l u t s k y ' s t h e o r e m , we o b t a i n 

V n ( p ( l ) - φ) Vn(p(l) - φ) 

V7! - P ( l ) 2 V ^ 2 " \ / 1 - p ( 1 ) 2 

N ( 0 , 1 ) . 

T o c o n s t r u c t a 9 5 % conf idence i n t e rva l for φ, n o t e t h a t for l a rge n, we 
h a v e 

r ' | v ^ ( p ( l ) - c V ) | 
< 2 (0 .975) = 0 .95 , 

w h e r e z (0 .975) is t h e 9 7 . 5 % q u a n t i l e of a s t a n d a r d n o r m a l r a n d o m var i -
ab le . T h e r e f o r e , t h e se t 

Φ : 
Vn( /5(1) - φ) 

< z (0 .975) 

- z{QMh)\jl ^ 1 ) 2 , p ( l ) + 2 ( 0 . 9 7 5 ) - ^ 

is a p p r o x i m a t e l y a 9 5 % conf idence i n t e rva l for 0 . Fo r η = 100, = 
0 .638, we c a n ge t 5 = [0 .487 ,0 .789] . S ince 0.7 is in t h e 9 5 % in t e rva l , we 
a c c e p t t h e h y p o t h e s i s t h a t φ = 0 .7 . 

A l t e r n a t i v e l y , we c a n d e d u c e t h e conf idence i n t e rva l for φ d i r e c t l y f rom 
(16 .7 ) , n o t s u b s t i t u t i n g φ b y p ( l ) in t h e d e n o m i n a t o r . T h i s a p p r o a c h 
involves so lv ing a q u a d r a t i c inequa l i ty . T h e r e s u l t i n g conf idence in t e rva l 
is different f rom t h e o n e a b o v e b u t a lso i nc ludes 0 .7 . 

4 . (a) T h e g iven A R ( 2 ) p r o c e s s c a n b e e x p r e s s e d a s 

Φ(Β)Υί = Zt, 

w h e r e Φ(ζ) = 1 - φζ - φ2ζ2. T h e r o o t s of Φ(ζ) = 0 a r e 

a n d -^φ^- B y T h e o r e m 3.2 , t h e p r o c e s s is c a u s a l if | - ^ % ^ \ > 1 

a n d I - > 1, w h i c h r e d u c e t o \φ\ < ^ ψ 1 . 

(b) M u l t i p l y Yt t h r o u g h o u t b y Yt-k for & = 0 , 1 , 2 a n d t a k e e x p e c t a -
t i o n , we a r r i v e a t t h e Yu le -Wa lke r e q u a t i o n s 

1 - 0 .6870 - O .610 2 = 
0 .687 - φ - O . 6 8 7 0 2 = 0, 
0 .61 - 0 . 6 8 7 0 - φ 2 = 0. 

So lv ing t h e a b o v e e q u a t i o n s , we h a v e φ = 0 .509, σ2 = 0 .298 , 
r o u n d e d t o 3 d ig i t s af ter t h e d e c i m a l p o i n t . 
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(a) M u l t i p l y Yt t h r o u g h o u t b y Yt-k for k = 0 , 1 a n d t a k e e x p e c t a t i o n , 
we a r r i v e a t t h e Yu le -Wa lke r e q u a t i o n s 

f p ( o ) - M i ) = ι + θ2-θφ, 
\ p ( l ) - # ( 0 ) = 0. 

So lv ing t h e a b o v e e q u a t i o n s , we h a v e p (0 ) = , p ( l ) = 
Φ-θ-φθ2 

Ύ^Φ2 · 

(b) A n A R ( 1 ) m o d e l c a n b e i n t e r p r e t e d a s a n A R M A ( 1,1) m o d e l 

Yt — Yt-i — Z t - 6Zt-i, 
w i t h 0 = 0. 
S u b s t i t u t e 0 = 0 in t h e g iven t h e o r e m , t h e s t a n d a r d e r r o r of t h e 

M L E (φ) is ^ r ^ - ( l — Φ2), w h i c h is e q u a l t o φ~2 t i m e s t h e s t a n d a r d 

e r r o r of t h e M L E (φ) u s i n g A R ( 1 ) m o d e l . A s φ < 1 for c a u s a l 

A R ( 1 ) p r o c e s s , t h e s t a n d a r d e r r o r of t h e M L E (φ) is l a r g e r if w e 

overfi t t h e A R ( 1 ) m o d e l b y t h e A R M A ( l . l ) m o d e l . 

(a) B y t h e m e t h o d of c o m p l e t i n g s q u a r e , 

Ε ( Υ 3 - 6 Υ 2 ) 2 = E ( Y 3 ) 2 + o 2 E ( Y 2 ) 2 - 2 o E ( Y 2 Y 3 ) 

= ( l + 0 2 ) + 6 2 ( l + 0 2 ) - 2 6 ( - 0 ) 

- < 1 + » " > < » + i T ?>-n* -
T h e m e a n s q u a r e e r r o r is m i n i m i z e d if 6 = —j^gi = Pi, w h e r e p\ 
is t h e l ag -1 a u t o c o r r e l a t i o n func t ion of {Yt}-

(b) Fol lows d i r e c t l y f rom E x a m p l e 4 .4 . w i t h p\ = — γ^ηρ-

(c) Fol lows d i r e c t l y f rom E x a m p l e 4.4 w i t h pi = — j^gj a n d p 2 = 0. 
(d) So lv ing for φ^ in 

p(0) p ( l ) ... p(k~l) \ I 4>u \ ( \ 
p ( l ) p (0 ) . . . p ( f c - 2 ) 

. . . p ( 0 ) 

\ <Pkk ι 

\ p ( * ) j 

w i t h p (0 ) = 1, p ( l ) = - r ^ r a n d p(fc) = 0 for k > 2 . A l b e i t 
t e d i o u s , we h a v e 

0 f cf 1 — 0 2 ) 
^ = - i _ > ( w ) for fc^2-

(a) r 2 , s ince b o t h A C F a n d P A C F decay . 

(b) r 3 , s i nce A C F s h o w s c u t off a t l ag 2 a n d P A C F d e c a y s . 

(c) r l , s ince A C F d e c a y s a n d P A C F s h o w s c u t off a t l ag 2. 
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16.5 C H A P T E R 5 

1. (a) T h e key t h i n g s t o n o t i c e a b o u t t h e a i r l ine d a t a a r e : 1) t h e over-
al l t r e n d a n d t h e s e a s o n a l t r e n d a r e i n c r e a s i n g w i t h t i m e so a log 
t r a n s f o r m is neces sa ry ; 2) t h e r e is a s igni f icant s e a s o n a l c o m p o n e n t 
of l e n g t h 12 m o n t h s t h a t n e e d s t o b e a c c o u n t e d for, w i t h a r e a s o n -
ab l e m e t h o d b e i n g a p e r i o d 12 c o m p o n e n t t o a S A R I M A , 3) af ter 
r e m o v i n g t h e s e a s o n a l t r e n d , t h e d a t a a r e n ' t r ea l ly s t a t i o n a r y so 
t a k i n g l ag o n e differences i m p r o v e s m a t t e r s a lot . T h e n e x t s t e p 
is l ook ing a t t h e A C F a n d P A C F p l o t s for t h e differenced ( lags 
1 a n d 12) d a t a , wh ich s h o w a c t i v i t y a t lags 1, 12, a n d poss ib ly a 
few o t h e r p l aces . W e s h o u l d n o w t r y severa l m o d e l s , check ing t h e 
r e s i d u a l s a n d c o m p a r i n g t h e A I C s . A S A R I M A ( 0 , 1 , 1 ) ( 0 , 1 , 1 ) 1 2 
fits well , p r o d u c i n g n ice r e s i d u a l s , a s well a s a lower A I C t h a n a n y 
o t h e r S A R I M A w i t h ρ a n d q e q u a l t o 0 o r 1 for b o t h p a r t s . W e 
co u ld a lso look a t a n M A ( 1 3 ) o n t h e differenced d a t a , a n d r e t a i n 
on ly t h e m o s t s ignif icant coefficients, w h i c h m a y g ive u s a n even 
lower A I C , a l t h o u g h t h e r e s i d u a l s m a y n o t b e q u i t e a s g o o d , de -
p e n d i n g o n t h e p a r t i c u l a r m o d e l . W e select a s ou r f inal m o d e l t h e 
m o d e l w h i c h h a s t h e lowest A I C of t h o s e m o d e l s w h i c h h a v e n ice 
r e s idua l s . 

2. T h e E x c h a n g e R a t e d a t a c o n t a i n 470 o b s e r v a t i o n s of t h e week ly ex-
c h a n g e r a t e b e t w e e n t h e U . S . Do l l a r a n d t h e S t e r l i n g p o u n d for 1 9 8 0 -
1988. 

Before we p e r f o r m a t i m e ser ies a n a l y s i s o n t h e d a t a , we first look a t t h e 
t i m e ser ies p l o t , t h e A C F a n d t h e p a r t i a l A C F p l o t s of t h e r a w d a t a . 

T h e t i m e ser ies p lo t s h o w s a d o w n w a r d t r e n d f rom 1980 t o 1985 a n d a n 
u p w a r d t r e n d f rom 1985 t o 1988 . T h e r e is n o t m u c h seasona l i ty . T h e 
A C F d e c r e a s e s s lowly a n d t h e c o r r e l a t i o n s a r e h i g h l y s ignif icant for all 
of t h e first 25 l ags . T h i s s u g g e s t s t h a t t h e d a t a a r e n o t s t a t i o n a r y a n d 
t he r e fo r e n e e d t o b e differenced. 

W e p e r f o r m a l a g 1 dif ferencing o n t h e E x c h a n g e R a t e d a t a u s i n g t h e 
fol lowing SPLUS c o m m a n d : 

> d e x c h a n g e _ d i f f ( e x c h a n g e , 1 ) 

N o w , we look a t t h e t i m e ser ies p lo t , t h e acf a n d t h e pac f p lo t of t h e 
differenced t i m e ser ies . 
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Weekly Exchange Η β to between 
the U S Dollar and the Sterling Pound 

(or 1980-1988 

T I M E S E R I E S PLOT S E R L E S : E X C H A N G E 

Ser ies : exchange 

L"0 

Fig. 16.8 Time series plot, ACF and PACF of exchange rate. 

Weekly U S Dollar vs Sterling Pound Exchange Bate 
after a Lag 1 Differencing 

Ser ies : dexchange 

Lao 

Fig. 16.9 T ime series plot, A C F and P A C F of differenced da ta . 
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F r o m t h e t i m e ser ies p l o t , w e see t h a t di f ferencing t h e d a t a e l i m i n a t e s 
i t s t r e n d . T h e A C F a n d P A C F a r e w i t h i n t h e 2/^/n b o u n d a r y e x c e p t for 
lag 25 . However , t h e s a m p l e c o r r e l a t i o n a s a n e s t i m a t e of t h e u n d e r l y i n g 
c o r r e l a t i o n s t r u c t u r e c a n n o t b e t r u s t e d for l a rge lags . So , we c a n s a y 
t h a t t h e differenced ser ies s e e m s t o b e h a v e like a w h i t e - n o i s e s e q u e n c e . 

W e c o n c l u d e t h a t A P J M A ( 0 , 1 , 0 ) is a p p r o p r i a t e for t h e E x c h a n g e R a t e 
d a t a . T h i s imp l i e s t h a t t h e week ly difference of t h e e x c h a n g e r a t e follows 
a w h i t e - n o i s e s e q u e n c e , or t h e week ly e x c h a n g e r a t e follows a r a n d o m 
wa lk . 

16.6 C H A P T E R 6 

1. N o t e t h a t for a n y c o n s t a n t c, 

G ( c ) : = E ( Y - c ) 2 = E Y 2 - 2 c E ( Y ) + c 2 , 

G'{c) = -2E(Y) + 2c = 0 if c = E ( Y ) . (16.8) 

T h u s G(c) is m i n i m i z e d w h e n c = E Y . 

C o n s i d e r t h e M S E 

E ( Y - g{x)f = E [ E ( F - g(X))2\X] = E[E((Y - g(x))2\X = x)}. 

For a n y g iven X = χ g(x) = χ is a c o n s t a n t a n d c o n s e q u e n t l y , a c c o r d i n g 
t o (16 .8) , g{x) = E(Y\X = x) m i n i m i z e s t h e q u a n t i t y E{{Y-g{x))2\X = 
x). S ince t h i s is t r u e for e a c h x, it is a l so t r u e t h a t E ( Y | X ) m i n i m i z e s 
t h e M S E . 

2. (a) R e w r i t e 

Xt - μ = 0 ( X t _ i - μ) + Zt - eZt-i-

T h e n 

ΧΖ+1-μ = φ(Χη-μ) + θ0-ΘΖη, 

Χη+α-μ = Φ(ΧΖ+1-μ) + θ0, 

XZ+k-μ = Φ{ΧΖ+Η-ι-μ) + θο for h>2. 

Recurs ive ly , we g e t 

XZ+h = μ + φΗ(Χη-μ)-φΗ-1ΘΖη ίοτ h > \ . 

(b) T h u s X^+h —> M a s /i —> oo for |0| < 1. T h a t is, t h e long t e r m 
forecas t t e n d s t o t h e m e a n of t h e se r ies . 
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(c) R e w r i t e t h e A R M A (1,1) m o d e l a s 

oo 

Xt — y~]ipiZt-i, 
i=0 

w h e r e φ\ c a n b e so lved in t e r m s of θ a n d φ, see exe rc i se 8d) i n 
C h a p t e r 3 . T h u s 

fc-1 
V a r ( e t ( / i ) ) = V a r ( X „ + f t - X%+h) = a* £ φ} 

i=0 
oo 

— > σ | Σ,Ψί = V a r ( ^ t ) a s Λ - > oo. 
i=0 

3 . Be low is a func t ion p e r f o r m i n g a H o l t - W i n t e r s p r e d i c t i o n . I t m a k e s u s e 
of t h e b u i l t - i n m i n i m i z a t i o n a l g o r i t h m n l m i n b . 

h o l t w i n t _ f u n c t i o n ( y , n u m p r e d ) - [ 

y h a t c a l c _ f u n c t i o n ( a l p h a , b e t a , y ) { 
n _ l e n g t h ( y ) 
y h a t _ r e p(0 , n ) 
a h a t _ y h a t ; b h a t _ y h a t 
a h a t [2] _ y [2]; b h a t [2] _y [2] - y [1] ; 
f o r ( i i n 3 : n ) { 
a h a t [ i ] _ a l p h a * y [ i ] + ( 1 - a l p h a ) * ( a h a t [ i - 1 ] + b h a t [ i - 1 ] ) 
b h a t [ i ] _ b e t a * ( a h a t [ i ] - a h a t [ i - 1 ] ) + ( l - b e t a ) * b h a t [ i - 1 ] 
y h a t [ i ] _ a h a t [ i ] + b h a t [ i ] 
} 
r e t u r n d i s t ( y h a t = y h a t , a n = a h a t [n ] , b n = b h a t [ n ] ) ) 

y 

e r r o r c a l c _ f u n c t i o n ( p a r a , y ) { 
a l p h a _ p a r a [ l ] 
b e t a _ p a r a[2] 
n _ l e n g t h ( y ) 
t emp_ y h a t c a l c ( a l p h a , b e t a , y ) 
y h a t _ t e m p \ $ y h a t 
r e t u r n ( s u m ( ( y[3 : n ] - y h a t[3 : n])~2)) 
} 

xO < - r u n i f(2) 

temp2_ n l m i n b ( s t a r t=x0 , o b j = e r r o r c a l c , y = y ) 

a lphahat_temp2\$ p a r a m e t e r s[1] 
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betahat_temp2\$ parameters[2] 

temp3_yhatcalc(alphahat,betahat,y) 

an_temp3\$ an 

bn_temp3\$ bn 

prediction_an+bn*l:numpred 

return(list(alpha=alphahat,beta=betahat,pred=prediction)) 

} 

T h e p r e d i c t i o n r e s u l t s for t = 7 3 , . . . , 78 a r e 9 2 7 0 , 9 3 1 3 , 9 3 5 5 , 9 3 9 7 , 9 4 4 0 , 
a n d 9482 , r e spec t ive ly . T h e H o l t - W i n t e r s forecas t is wor se t h a n t h e 
fo recas t g iven b y t h e A R I M A m o d e l . T h i s shows t h a t A R I M A m o d e l 
d o e s a b e t t e r j o b in fo recas t ing ser ies w i t h s e a s o n a l t r e n d . 

4 . F i r s t , t h e d a t a a r e differenced t o m a k e t h e ser ies r e l a t ive ly s t a t i o n a r y . 
F i t t i n g t h e d a t a w i t h A R M A m o d e l s , A R M A ( 1 0 , 1 0 ) gives t h e b e s t A I C . 
T h e n forecas t w i t h t h a t A R M A ( 1 0 , 1 0 ) m o d e l a n d undi f fe rence t h e fore-
c a s t e d va lue . T h i s g ives u s 6 . 0 1 , 6 . 0 5 , 5 . 9 8 , 6 . 0 9 , 6 . 4 0 , 6 . 5 7 . T h i s forecas t 
is w o r s e t h a n t h a t in t h e e x a m p l e . T h i s s h o w s t h a t l o g a r i t h m t r a n s f o r m 
i m p r o v e s t h e m o d e l l i n g a n d fo recas t i ng p e r f o r m a n c e . 

5. F r o m t h e def in i t ion of Ps-P in Se c t i on 4 .7 , 

τι η η 
Psp{l,Yu...,Yn}Yn+h = ΟίΟ + Σα*Υ* = a° + μΣ,^ +ΣαίΧί' (16·9) 

i=l i=l i=l 

Psp{X!,...,X„}Xn+h — y^ffjXj, 
i=l 

w h e r e {o^} a n d { & } m i n i m i z e E ( F T l + i l - P s - p { 1 , y 1 Yn)Yn+h)2 a n d E ( X n + h -
Psp{x1,...,xn}Xn+h)2, r e spec t ive ly . W e w a n t t o s h o w t h a t 

η 
αο + μ ^ α ; = μ a n d on = βί for i > 1, 

s o t h a t P i - p { i ) y l i . . . ) y n } Y „ + h = μ+Ρίρ{χ1,...,χη}Χη+Η· N o w a 0 - r 7 i £ ] " = i a * = 
μ follows from (16.9) a n d t h e fact t h a t E j D

S p r l i y l i . . . i y r j Y r a + / l = E(Yn+h) — 
μ. 

Fina l ly , n o t e t h a t 

(
η ν 2 / η η. \ 2 

Yn+h-ao-^aiYi) = Ε ί X n + h - ogXi - α ρ + μ - μ ^ α Π 
1 ' ^ 1 i=l ' 

= Ε (xn+h - Σ aiXi^j • 
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T h u s { α , } is a l so t h e m i n i m i z e r of t h e q u a n t i t y 
E(Xn+h - PsP{xl x„}Xn+h)2, so cti — βί for i > 1 follows f rom t h e 
u n i q u e n e s s p r o p e r t y of l i nea r p r o j e c t i o n in t h e H i l b e r t s p a c e . 

16.7 C H A P T E R 7 

1. If k = h, /*π exp^-V* dX = f*v dX = 2π. O t h e r w i s e , 

/ e x p ^ - ^ dX = 
J — π 

e x p i(k-h)\ 
2i{k-h) 

cos(i(k - h)X) +isin(i(k — h)X) 

2i(k - h) 

= 0. 

2. ( a ) N o t e t h a t ^(h) = 7(—h) w h e n Xt is s t a t i o n a r y . L e t A; = —h, 

1 0 0 

= ^ Σ e x p ^ 7 ( - f c ) 
—k=—oo 

00 

fe=—00 

= / ( - a ) . 

(b) T h e first r e su l t follows f rom t h e fact t h a t 

/ n 

Ε ι Σ * Γ 
-ir\\2 

r=l 

Ε 

η η 

Σ x^~ irX Σ x?eipX) - E (Σ Σ x r X p ^ - r ) x 

r=l p=l 

Σ l { r - p ) e ^ x 

h=—n 

h=-n r _ p = /l) 

1 < r , s < η ι \ 
Σ 

r — ρ = h, 
V 1 < r , s < η / 

h— — n 
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W e s h o w t h e s e c o n d r e su l t b y p r o v i n g t h a t | / ( λ ) - / η ( λ ) | < δ for 
a n y δ > 0 as η oo. N o t e t h a t E L - o o l(h)e-ihX = 2 χ / ( λ ) is 
f inite, t h u s for s o m e n\, 

]T] f{h)e-ihX < - for all η > 
\h\>n 

Til. 

T h e r e su l t follows fo rm 

2 τ | / « - / „ ( λ ) | = Σ iJW-
\h\<ni 

+ Σ — l i h ) e ~ i h X + Σ li.h)e'ihX 

ni<\h\<n \h\>n 

< Σ 'i^' 
|h |<NI 

0 + δ = δ. 

h\ δ δ 
+ 2 + 2 

(c) S ince / „ ( λ ) > 0 for all i n t e g e r s η a n d / „ ( λ ) - • / ( λ ) , / ( λ ) > 0. 

(d) 

Γ f{X)eikXd6 = f e i f c A ^ V e x p - ^ S W ^ 

1 /·"· ° ° 

— O O 

— ^ ~ 7 ( & ) 2 π by exerc i se 1 

= 7(fc). 

T h e i n t e r c h a n g e of t h e i n t e g r a l a n d t h e s u m m a t i o n s ign is va l id 
a c c o r d i n g t o F u b i n i ' s T h e o r e m s ince 

/

7Γ °° . 

£ β χ ρ ' ( * - « λ

7 ( Λ ) 
• π - Λ = - ο ο 

oo 

άδ 

/
π « J 

Σ )̂<̂  
" π - h = - o o 

oo 

= 2 π ^ 7 ( Λ ) < 0 0 
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b y a s s u m p t i o n . 

F ina l ly , 

f{X)eikXdS = / / ( A ) cos(fcA)d<5 + i / / ( λ ) sin(feA)d<5 

= / f(X)cos(kX)d6, 
J —π 

s ince / ( λ ) sin(fcA) is a n o d d func t ion of λ . 

3 . (a) A s s u m e {Xt} {Yt} b e i n d e p e n d e n t a n d let μγ, μχ, μγ a n d 7 ν ( / ι ) , 
lx{h),yy{h) b e t h e m e a n a n d a u t o c o v a r i a n c e func t ion of Vt,Xt 
a n d Yt, r e spec t ive ly . S ince μγ = E ( V f ) = E(Xt + Yt) = μχ + μγ 
a n d τν(Λ) = C o v ( X t + Y t , X t + h + Yt+h) = lx{h) + jY{h). 
T h u s Vt is s t a t i o n a r y if Xt a n d Yt a r e s t a t i o n a r y . F ina l ly , 

1 0 0 

h=—oo 

1 0 0 

= 5 ~ Σ e x P _ ^ ( 7 x + 7 y ) W 
ζ π *—' 

/ ι — - oo 

oo 1 oo 

= ^ Σ exp-ihX(7x)(h)- Σ e x p - < f c A ( 7 K ) ( h ) 
h— — oo h= — oo 

= fx(X) + fy(X). 

(b) X t is a n A R ( 1 ) p r o c e s s a n d Wt is a w h i t e no i se p r o c e s s . B y E x -
a m p l e s 7.1 a n d 7.2, we h a v e 

fxW = 1 

2 π 1 - 2 a c o s ( A ) + a 2 ' 

fvW 
σ2 

2ττ 

T h u s t h e s p e c t r a l d e n s i t y of {Vt} is 

σ2 2 - 2 a c o s ( A ) + a 2 

/ v ( A ) = = / x ( A ) + / y ( A ) = 
2 π 1 - 2 Q cos(A) + a 2 ' 

4 . (a) U s i n g t h e f o r m u l a / ( ω ) 
2 π 

^ e " ' " ) ' 2 

, we h a v e 



264 ANSWERS TO SELECTED EXERCISES 

Spectral density of X Realization of X Realization of Y 

0.0 0.5 1.0 1.5 2.0 2.5 

lambda 

Spectral density of Y 

0.0 0.5 1.0 1.5 2.0 2.5 3.0 

0 10 20 30 40 SO 60 

Series: χ 
Smoothed Periodogram 

Series: y 
Smoothed Periodooram 

0.0 0.1 0.2 0.3 0.4 0.5 0.0 0.1 0.2 0.3 0.4 0 5 

bandwidth- 0.0127284 . GIWLITFLF | -4.10447 , 8.05OB )0BMxJwtd1tl- 0.0127204 . »Sl?CTBF( -4.1B447 . B.050B KFFI 

Fig. 16.10 Spectral densities, realizations and periodograms of X and Y. 

F r o m t h e p lo t , t h e s p e c t r a l d e n s i t y h a s a p e a k a t ω « 2z, i n d i c a t i n g 
a p e r i o d of 3 . 

(b) Clear ly , t h e p lo t of r e a l i z a t i o n s u g g e s t s t h a t t h e d a t a h a v e a n os-
c i l l a to ry b e h a v i o r w i t h a p e r i o d of 3 . A l so , t h e p e r i o d o g r a m h a s 
a p e a k a t a b o u t 1 /3 s u p p o r t i n g t h e p r e v i o u s conc lus ion t h a t t h e 
p e r i o d is 3 . 

(c) C a l c u l a t i n g t h e e x a c t s p e c t r a l d e n s i t y for Yt is t e d i o u s . B u t w e c a n 
u s e t h e a p p r o x i m a t i o n 

Yt = ±(xt-i + xt + o .99x t _ 2 ) + Izt+i« Yt-i + z;, 

w h e r e Z t* = \ Z t + i ~ W i V ( 0 , l / 9 ) . T h u s t h e s p e c t r a l d e n s i t y of 
{Yt} is a p p r o x i m a t e l y 

~ III 
~ 2 π 1 - e - 3 6 π 1 — c o s ( w ) ' 

A t ω = 2 π / 3 , d i r e c t c o m p u t a t i o n g ives f{oj) « 1600 a n d fy{uj) « 
0.006. T h u s t h e filter r e m o v e s t h e osc i l l a t ions of {Xt}-

(d) F r o m t h e ser ies p l o t a n d t h e p e r i o d o g r a m of { F t } , we c o n c l u d e t h a t 
t h e filter r e m o v e s t h e osc i a l l a t i ons b e h a v i o r . 
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Series: y 
Smoothed Periodogram 

1 1 1 1 

0.1 0.2 0.3 0.4 

frequency 
bandwid th . 0 . 0 0 4 3 5 8 9 , 9 5 % C. I . is ( - 2 .68553 , 3 .90889 )dB 

Fig. 16.11 Periodogram of an AR(2) process. 

— ι — 

0.5 

5. (a) 

/ ( λ ) 

1 

2ττ 

1 

1 - φλε-ίΧ - φ2ε~2ίΧ 

1 

~~ 2 π 1 - φιε~α - φ2ε~2ίΧ 1 - φχείΧ - φ2β2ίΧ 

1 1 

2 π 1 + φ\ + ΦΙ - 2φι cos(A) - 2φ2 cos(2A) + 2φχφ2 c o s ( A ) ' 

(b ) So lv ing 1 - ΟΛζ + 0.7ζ2 = 0 gives ζ = fr ± S ince \ζ\ = 

\ J Μ H > •*·' ^ e P r o c e s s is c a u s a l . 

T h e p e r i o d o g r a m s h o w s a p e a k a t f r equency ω = 0 .2 , m e a n i n g t h a t 
t h e r e is s o m e p e r i o d i c i t y in t h e d a t a . I t is c o n s i s t e n t w i t h E x a m p l e 
3 .3 , w h i c h s t a t e d t h a t a n A R ( 2 ) p r o c e s s w i t h c o m p l e x c o n j u g a t e 
p a i r s of c h a r a c t e r i s t i c r o o t s s h o w s p s e u d o p e r i o d i c b e h a v i o r . 

6. L e t Zt = Acos{Trt/3) + Bsin{nt/3) so t h a t Xt = Zt + Yt w h e r e Zt a n d 
Yt a r e i n d e p e n d e n t . B y s u m m a t i o n f o r m u l a of t r i g o n o m e t r i c func t ion , 
it is e a s y t o verify t h a t ηζ{η) = ν2 cos{nh/3) = \ν2βίΗπ^ + \ν2ε~ίΗΉ^. 
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{Yt} is a n M A ( 1 ) p r o c e s s w i t h 7 y ( 0 ) = (1 + 2 . 5 2 ) σ 2 = 7 . 2 5 σ 2 , 7 κ ( 1 ) = 
2 . 5 σ 2 a n d -yY(h) = 0 for h > 2. T h u s , 

lx{h) — ηζ{η) + ηγ{Κ) 

= + + 1 { 0 } ( / ι ) 7 . 2 5 σ 2 + 1 { 1 } ( / ι ) 2 . 5 σ

2 , 

w h e r e l ^ j ( x ) = 1 if χ e ^4 a n d \^{x) = 0 o t h e r w i s e . 

F r o m t h e d i scuss ion o n p a g e 80 , we h a v e 

Fz{\) = Σ u2/2 for - π < λ < π , 
j:\j<X 

w h e r e j = 1,2 a n d ( λ ι , λ 2 ) = ( - π / 3 , π / 3 ) . Also , 

f m - 1 V . r M , - ^ - 7 · 2 5 σ 2 + 5 g 2 c o s ( A ) 

h— — oo 

ί \ M J 7 . 2 5 σ 2 , 5<r 2 s in(A) 
^ ν ( λ ) = J fY(u)du= ^ - { λ + π) + 

2 π 

F ina l ly , t h e s p e c t r a l d i s t r i b u t i o n func t ion of {Xt} is Fx (λ) = ί ζ ( λ ) + 
Fy(\), w h i c h is i m p l i e d b y t h e r e su l t in E x e r c i s e 3 a . 

7. S p e c t r a l a n a l y s i s a r e p e r f o r m e d e a c h of t h e t i m e for t h e ser ies , t h e log-
series , t h e differenced ser ies a n d t h e differenced log-ser ies . N o p e a k is 
o b s e r v e d for al l p e r i o d o g r a m s . T h i s s h o w s t h a t t h e r e is n o p e r i o d o c i t y 
in t h e T r e a s u r y Bill d a t a a n d it is cons i s t en t w i t h t h e p r e v i o u s t i m e 
d o m a i n ana ly s i s . 

16.8 C H A P T E R 8 

1. Use t h e following codes : 

bmsim_function(n){ 

e_rnorm(n)/sqrt (n) 

s_cumsum(e) 

t_l:n/n 

returnClist(t=t,s=s)) 

} 

bml00_bmsim(100) ;bm500_bmsim(500); bml000_bmsim(1000) 

par(mfrow=c(3,1)) 

plot(bml00$t,bml00$s,type="1") 

plot(bm500$t,bm500$s,type="1") 

plot(bml000$t,bml000$s,type="l") 
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0.0 0.2 0 4 OB Ο.Β 1.0 
Dm500S! 

0.0 0.2 0.4 Ο.β O.a 1.0 
brnlOOOSt 

Fig. 16.12 Sample pa th of s tandard Brownian Motion. 

T h e r e is n o s t a n d a r d a n s w e r for t h i s q u e s t i o n . B e l o w is a S P L U S f u n c t i o n 
s i m u l a t i n g t h e α q u a n t i l e of t h e l i m i t i n g d i s t r i b u t i o n of t h e u n i t r o o t 
s t a t i s t i c s . 

urlimdist_function(n,r,alpha){ 

#n is the length of each sample path of a Brownian motion. 

#r is the number of path (repetition). 

#The greater the η and re, the better the approximation. 

stat_rep(0,r) 
t_l/n 

ford in l:r){ 

e_rnorm(n)/sqrt(n) 

W_cumsum(e) 

stat[i]_sum(W[l:(n-1)]*e[2:n])/(sum((W[l:(n-1)]~2))*t) 

> 

quantile_round(alpha*r) 

criticalvalue_sort(stat)[quantile] 

return(criticalvalue) 

} 

N o t e t h a t t h e S P L U S p r o g r a m a c c o m p l i s h e s t h e fol lowing s t e p s : 
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1 S i m u l a t e a s a m p l e p a t h w i t h l e n g t h η of a s t a n d a r d B r o w n i a n m o t i o n 
a n d o b t a i n a r e a l i z a t i o n of t h e l i m i t i n g d i s t r i b u t i o n a c c o r d i n g t o 
(8 .9) . 

2 R e p e a t 1 for r t i m e s t o o b t a i n a s a m p l e of t h e l im i t i ng d i s t r i b u t i o n . 

3 F i n d t h e a q u a n t i l e f rom t h e s i m u l a t e d s a m p l e o b t a i n e d in 2. 

16.9 C H A P T E R 9 

1. (a) T a k i n g e x p e c t a t i o n o n b o t h s ides of t h e A R C H ( l ) p roces s , we h a v e 

Ε ( σ 2 ) = α ο + α ι Ε ^ Μ σ 2 ^ ) = α 0 + α ι Ε ( σ 2 ) , 

s ince E ( e 2 _ i ) = 1 a n d Ε ( σ 2 _ ι ) = Ε ( σ 2 ) . T h u s Ε ( σ 2 ) = α 0 / ( 1 - α ι ) . 
N o w 

Ε ( σ 4 ) = Ε ( α 2 + 2 α 0 α ι σ 2 _ 1 ε 2 _ 1 + α 1 ^ _ ι < - ι ) 

= α 2 + 2 α 0 Ω ι Ε ( σ ί

2 _ 1 ) Ε ( € 2 _ 1 ) + α Ϊ Ε ί σ ^ Ε ^ ι ) 

= α 2 + | ^ + 3 α 2 Ε ( σ 4 ) , 
I — αχ 

s ince Ε ( σ ^ _ 1 ) = 3 a n d Ε ( σ ^ _ χ ) = Ε ( σ 4 ) . So lv ing gives 

Ε ( σ 4 ) - a l 

2. 

1 - α ϊ 1 - 3 a f 

(b) 

Ε ( Χ 4 ) = Ε ( σ 4 ) Ε ( ε 4 ) = 3 Ε ( σ 4 ) 

= 3 
α 0 V 1-α? 

3 

1 - α ι / l - 3 a f 

1 - α 2 

1 - 3 α 2 ' 

if α ο / ( 1 - « ι ) = 1. 

E ( « T t

a

+ J . | ^ t _ i ) = E [ E ( a 2

+ J | ^ + j _ 2 ) | ^ - i ] = a o + E ( ( 7 2

+ J _ 1 | j r ( _ 1 ) 

= 2 a 0 + E ( c T 2

+ j _ 2 | ^ _ i ) = . . . 

= jao+σ2, 

s ince σ? is J-t-i m e a s u r a b l e . 
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L e t Xt b e a G A R C H ( 2 , 3 ) m o d e l sa t i s fy ing 

σ 2 = α 0 + Σ - = ι / ^ 2 - ; + Σ 2

: 

T h e n 

o\ + (X? ~ o2t) 

aQ + β ι σ 2 . ! + / 3 2 σ 2 _ 2 + a^X2^ + a2Xf_2 + a3X?_3 

_i_ y 2 ^ . 2 

= a0 + ( α ϊ + / 3 ι ) Χ 4

2 _ ! + ( α 2 + # j ) . * 2 - 2 + a 3 ^ 2 - 3 

- / M * t 2 - l - * ? - l ) - / M * t 2 - 2 - * t 2 - 2 ) 
+*t

2 -
= α 0 + ( α ϊ + / 3 ι ) - ϊ * - ι + ( " 2 + βι)Χ2-2 + < * 3 * 2 - 3 - A ^ t - i 

w h e r e vt = Χ2 —σ2= σ 2 ( ε 2 — 1) . N o w , w e c a n ident i fy t h e e q u a t i o n of 
a n A R M A ( 3 , 2 ) m o d e l w i t h no i se vt. 

(a) If we look a t t h e p e r i o d o g r a m of t h e 3 - m o n t h T r e a s u r y Bi l l d a t a 
w e n o t i c e t h a t t h e p e a k is for f r equency ω = 0. T h i s s u g g e s t s t h a t 
t h e r e is p r o b a b l y n o p e r i o d i c a l effect in t h e d a t a . 

(b) F r o m t h e t i m e ser ies p l o t a n d t h e A C F p l o t i t is c lea r t h a t t h e ser ies 
is n o t s t a t i o n a r y . A differencing m i g h t b e a p p r o p r i a t e in t h i s ca se . 
T h e differenced ser ies looks s t a t i o n a r y b u t t h e A C F s h o w s seve ra l 
s igni f icant l ag c o r r e l a t i o n s (6 ,7 ,9 ,12 ,14 ,20 ,21 ,27) . If we s t a r t w i t h 
t h e m o s t c o m p l e x m o d e l A R M A ( 2 7 , 2 7 ) we will find t h a t t h e P o r t -
m a n t e a u t e s t s h o w s s o m e p r o b l e m s s i gna l i ng a pos s ib l e over - f i t t ing . 
W e t h e n c o n s i d e r a s i m p l e r m o d e l A R ( 2 7 ) , w h o s e d i a g n o s t i c s l ook 
m u c h b e t t e r . If w e a t t e m p t t o fu r the r s impl i fy t h e m o d e l b y c o n -
s ide r i ng a n A R ( 1 6 ) m o d e l we r u n a g a i n i n t o p r o b l e m s w i t h t h e 
r e s idua l s . W h e n we look a t t h e forecas t for t h e A R ( 2 7 ) m o d e l we 
see t h a t t h i s m o d e l d o e s a b e t t e r j o b in t h e first t h r e e m o n t h s b u t 
is m u c h worse in t h e s e c o n d ha l f of t h e fo recas t ing p e r i o d a n d we 
c o u l d s a y t h a t , overa l l , i t p e r f o r m s w o r s e t h a t t h e m o d e l in t h e 
e x a m p l e . 

(c) T h e r e s i d u a l p lo t of t h e m o d e l se lec ted in p a r t b ) s h o w s s o m e 
c l u s t e r s of l a r g e r e s i d u a l s a n d c l u s t e r s of s m a l l r e s i d u a l s . T h e s e 
c a n b e i n t e r p r e t e d a s n o n c o n s t a n t v a r i a n c e a n d w o u l d t h u s fit i n t o 
t h e a s s u m p t i o n s of G A R C H m o d e l . W e s t a r t o u r a n a l y s i s b y fitting 
a G A R C H ( 1 , 1 ) m o d e l t o t h e r e s i d u a l ser ies p l o t t e d be low . 

T h e Q Q - n o r m p l o t of t h e r e s i d u a l s f rom t h i s m o d e l is s h o w i n g 
h e a v y t a i l s . 

B y look ing a t t h e coefficients we see t h a t t h e i r s u m is v e r y close t o 
one . 



> summary(model1)\$ coef 

Value Std.Error t value Pr(>|t|) 

A 0.002039197 0.000767944 2.655398 4.109258e-03 

ARCH(l) 0.225258985 0.041142302 5.475119 3.741581e-08 

GARCH(l) 0.784415288 0.033143639 23.667145 0.000000e+00 

However , if we a t t e m p t t o fit a n I G A R C H t h i n g s b e c o m e w o r s e . 
A n o t h e r w a y t o d e a l w i t h h e a v y t a i l r e s i d u a l s is t o use a d i s t r i b u t i o n 
w i t h heav i e r t a i l s l ike t h e t - d i s t r i b u t i o n . W e d o t h i s b y us ing t h e 
c o m m a n d : 

> model.t2_garch(resid2~-l,"garch(1,1),cond.dist="t") 

T h e n u m b e r of d e g r e e s of f r eedom is a u t o m a t i c a l l y chosen b y S-
p lus . If y o u w a n t t o specify a c e r t a i n n u m b e r t h e n y o u s h o u l d u s e 
t h e p a r a m e t e r dist.par in t h e garch f unc t ion cal l . 
F r o m t h e a b o v e r e s i d u a l Q Q - p l o t we see t h a t we i m p r o v e d t h e 
m o d e l b u t t h e q u a l i t y of t h e fit is st i l l n o t v e r y g o o d . O n e c a n t r y 
different d i s t r i b u t i o n s for t h e r e s i d u a l s or , a t t e m p t a fu r the r t u n i n g 
of t h e p a r a m e t e r s w i t h t h e revise c o m m a n d . 
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R e s i d u a l Q Q p l o t f o r G A R C H w i t h ) t - d i s t 

-Ζ Ο 2 4 

Ου A. η III·· of Ι(β.3βθ3θ131ββ7037) distribution 

16.10 C H A P T E R 10 

1. ( a ) F r o m t h e e x a m p l e d o n e i n t h e b o o k , we o b s e r v e t h a t t h e u n i v a r i a t e 
se r i e s a r e n o n - s t a t i o n a r y a n d r e q u i r e a log di f ferencing o p e r a t i o n 
w h i c h gives r e a s o n a b l e s t a t i o n a r i t y . T h e A C F a n d P A C F p l o t s s u g -
ges t t o u s e A R (or A R I M A if o n e pre fe rs a m o r e c o m p l e x m o d e l ) 
m o d e l s for t h e t h r e e ser ies . Fo r m o d e l i n g t h e first v a r i a b l e , I n v e s t -
m e n t , we o p t for a n A R ( 4 ) . Fo r t h e s e c o n d va r i ab l e , I n c o m e , we 
se lec t a n A R ( 3 ) m o d e l a n d for t h e l a s t va r i ab l e , C o n s u m p t i o n , we 
c h o o s e a n A R ( 3 ) . 

(b) B y " s t a c k i n g " t h e t h r e e u n i v a r i a t e m o d e l s we o b t a i n a m u l t i v a r i -
a t e m o d e l w i t h a h i g h e r dif ferencing o r d e r t h a n t h e V A R ( 2 ) in t h e 
n o t e s . A l so , t h e coefficient m a t r i c e s , Φ*, wil l b e d i a g o n a l for t h i s 
m o d e l (s ince we d o n ' t a s s u m e a n y d e p e n d e n c i e s b e t w e e n t h e u n i -
v a r i a t e ser ies w h e n we s t a c k t h e m ) a n d n o t necessa r i ly d i a g o n a l for 
V A R ( 2 ) . 

(c) T h e fo recas t s o b t a i n e d b y u s i n g t h e s t a c k e d m o d e l a r e s imi l a r t o 
t h e o n e s o b t a i n e d w i t h V A R ( 2 ) for I n v e s t m e n t a n d C o n s u m p t i o n . 
T h e m o s t n o t a b l e fact is t h e flat fo recas t for I n c o m e , w h i c h p icks 
u p t h e level b u t d o e s n ' t c a p t u r e a n y vola t i l i ty . O v e r a l l , t h e fo recas t 
s e e m s s i m i l a r t o t h e o n e i n Sec t i on 1.4, a l t h o u g h t h i s m o d e l d o e s n ' t 
a c c o u n t for ser ies i n t e r a c t i o n . 

2. (a) W e h a v e t o s h o w t h a t (Ι-ΦΒ)(Ι+ΦΒ) = I. If w e o p e n p a r e n t h e s e s 
we o b t a i n : I2 + Φ Β - Φ Β - Φ2 Β2 = I b e c a u s e Φ 2 = 0. 

(b) T h e fol lowing r e s u l t o n p .20 of G r a y b i l l (1976) is t r u e in g e n e r a l 
(A, B, C a n d D a r e m a t r i c e s w i t h a p p r o p r i a t e m a t c h i n g d i m e n -
s ions , D is a n i nve r t i b l e m a t r i x ) : 

= \D\ {A-BD^Cl. \M\ 
A Β 
C D 
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I n ou r case , Μ = Ι4-Φζ,Α = Ι2-Φχζ,Β = -Φ2ζ,0 = -I2z,D = 
D~l = Ι2. B y a p p l y i n g t h e a b o v e r e s u l t , c o u p l e d w i t h t h e fact t h a t 
t h e d e t e r m i n a n t of a p r o d u c t of s q u a r e m a t r i c e s is t h e p r o d u c t of 
t h e i n d i v i d u a l d e t e r m i n a n t s , we o b t a i n t h e des i r ed r e s u l t . 

3 . ( a ) T o s h o w t h a t t h e p r o c e s s is s t a b l e we n e e d t o look a t t h e r o o t s of 
t h e r eve r se c h a r a c t e r i s t i c p o l y n o m i a l det(.Z~3 — Φι ζ — Φ2ζ2) = 0. W e 
e n d u p w i t h a q u i n t i c e q u a t i o n t h a t c a n b e so lved n u m e r i c a l l y b y 
u s ing a p a c k a g e like M a t l a b (or, in S P L U S b y us ing t h e c o m m a n d 
polyroots). T h e r o o t s a r e - 5 . 5 8 , 1.45 - 1.19i, 1.45 + 1.19i, 2 .89 , 
1.09. W e see t h a t al l t h e r o o t s a r e o u t s i d e t h e u n i t circle, so we 
c o n c l u d e t h a t we h a v e s t ab i l i ty . 

(b) T h e m e a n v e c t o r is g iven b y μ = E[Xt] = (Ie — Φ ) - 1 ! / , w h e r e 

T h e c a l c u l a t i o n will g ive μ = ( 6 . 8 7 , 1 4 . 3 7 , 3 0 . 9 3 ) ' . 

(c) D e n o t e t h e p r o c e s s b y Xt a n d p u t Xt = (Xt,Xt-i)'- T h e n t h e 
V A R ( l ) m o d e l is: 

1. (a) I n r eg res s ion p r o b l e m s , o u r i n t e r e s t is t o e s t i m a t e t h e u n k n o w n 
s lope b w i t h t h e o b s e r v e d d a t a {yt}- T h u s t h i s r eg ress ion m o d e l 
c a n b e e x p r e s s e d in s t a t e s p a c e fo rm 

Xt = ίν + Φ Χ ί - ι +Zt. 

16.11 C H A P T E R 11 

Y t = G t X t + W t , { W t } ~ WN(0, Rt) 

w i t h 

Y t = y t , Gt — zt, X.t=b, W t =wt, a n d Rt = a 1 . 

(b ) T h e l e a s t s q u a r e e s t i m a t e bn is f o u n d b y m i n i m i z i n g t h e s u m of 
s q u a r e e r r o r Σ™=1(νί — bzt)2 w . r . t . b. B y d i f fe ren t ia t ion , it c a n b e 
s h o w n t h a t 
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T h u s 

Ση — ι 9 τ~^η—ί . 
i=l zi Σί=1 ViZi + VnZn 

Ση — 1 2 / 

i= l Zi I ί Ι Vnzn bn-\ + 

2 

° n - l — =ς?ϊ ο θ η - l + 

Zn 

with = ΣΓ=ι* 2 · 

t>n-l + v^n " 2 (2/n ~ 2 n & n - l ) , 

(c) I n t e r m s of s t a t e s p a c e form, we h a v e 

Gji — z n , 
2 

Ω „ = E[(b-bn^)2} = V a r ( 6 „ _ 1 ) = Σ 

V n _ 1
 Y 2 ' 

Δ „ = G A G ; + ft = + σ 2 . 
Σ ί = ι 

T h e s e c o n d row follows f rom a s t a n d a r d r e su l t in l i nea r r eg re s s ion . 
F r o m T h e o r e m 1 1 . 2 , w i t h P t ( X t ) = bn a n d P t - i ( X t ) = &n-i> w e 

h a v e 

σ 2 / * 2 σ 2 
- ι 

. 2 
bn = bn-1 + _t 2 ^ n 2 + σ (yn - 2„&„- l ) 

Z^i=l z i \2_,t=l z i / 

= bn-i + „ n ™—2~{yn — 2 „ 6 n _ i ) , 
2 - , i= l Zi 

w h i c h is t h e s a m e a s t h e r e su l t in ( b ) . 

(d) N o t e t h a t yn is i n d e p e n d e n t of 6 „ _ i . T a k i n g v a r i a n c e o n b o t h s ides 
in t h e r e s u l t of b ) , we h a v e 

V a r ( 6 N ) = ( l - u r i i 2 „ ) 2 V a r ( S „ _ 1 ) + X 2 V a r ( 2 / „ ) 

= p ^ ( l - ^ * n ) V a r ( b n _ 1 ) + * " σ 2 

^i=l Zi (Ei=l zi) 
V " - 1 ζ 2 ζ 2 V " - 1 z 2 

= ^ r M - ( l - ^ n z n ) V a r ( 6 N _ 1 ) + ; J : I = \ ' V a r ( S n _ 1 ) 

= ( l - Z L - n ^ V a r ^ n - i ) ί ξ ί ^ Ι + ^ 
V n

 » 2 1 - 2 

= ( 1 - A " n 0 n ) V a r ( 6 „ _ i ) . 
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B y T h e o r e m 11.2 w i t h Ω „ | „ = E[(b — bn)2} = Var(&„) , we h a v e 

- 1 

Var(fSn) = 

= V a r ( 6 n _ i ) - = ^ ^ V a r ( 6 „ _ i ) 

= (1 - Knzn)Va.i{bn-i), 

w h i c h is c o n s i s t e n t w i t h t h e r eg res s ion r e su l t . 

2 . (a) T o s h o w t h a t Yt is a n A R I M A ( 0 , 1 , 1 ) p r o c e s s , w e look a t t h e a u -
t o c o r r e l a t i o n of t h e first difference ser ies . D i r e c t c a l c u l a t i o n s h o w s 
t h a t 7 (0) = 2 σ 2

ν + σγ,η{\) = —σ^ a n d z e r o for al l h ighe r or -
d e r a u t o c o r r e l a t i o n s . T h i s impl ies t h a t t h e first difference ser ies 
is M A ( 1 ) a n d t h u s we c a n find a p r o c e s s Zt ~ W N ( 0 , σ2) a n d a 
p a r a m e t e r Θ s u c h t h a t t h e r e q u i r e d r e l a t i o n b e sat isf ied. 

(b) T o find θ a n d σ2 in t e r m s of t h e k n o w n v a r i a n c e s we e q u a t e t h e 
v a r i a n c e a n d first a u t o c o r r e l a t i o n of Vt-i + Wt — Wt-\ w i t h t h o s e 
c a l c u l a t e d a b o v e a n d we o b t a i n a s y s t e m of t w o e q u a t i o n s w i t h 
t w o u n k n o w n s , w h i c h c a n b e r e d u c e d t o so lv ing a q u a d r a t i c w i t h 
k n o w n coefficients. 

(c) T h e n u m e r i c a l c a l c u l a t i o n l e ads t o θ = - 0 . 2 3 or - 4 . 2 6 a n d σ2 = 
34.12 o r 1.875. 

(d) T h e s i m u l a t i o n c l ea r ly i n d i c a t e s t h e A R I M A ( 0 , 1 , 1 ) s t r u c t u r e . H o w -
ever , we h a v e a h a r d t i m e d i s t i n g u i s h i n g b e t w e e n t h e t w o ser ies . 
T h e t w o p a i r s of p a r a m e t e r s c a l c u l a t e d in p a r t (c) g e n e r a t e v e r y 
s imi la r o u t c o m e s . 

3 . (a) W e ident i fy as follows: 

(b) T o find φι a n d φι w e n e e d t o look a t t h e se r ies e x p a n s i o n be low: 

F = 

G= ( - 0 2 , - 6 » i , 0 o ) , a n d f i = a 2

v = 0 . 

1 -θιζ-θ2ζ2 

1 - Φ\ζ 
= (1-θ1ζ-θ2ζ2)(1 + φιζ + φ2ζ2 + ---) 

= 1 + (φι-θι)ζ + (ΦΙ -θιφι -θ2)ζ2 + - •• 

w h e r e h i g h e r o r d e r t e r m s h a v e b e e n o m i t t e d . T h e n we o b t a i n t h a t 
φι a n d φ2 a r e t h e coefficients of t h e first t w o t e r m s of t h e ser ies 
g iven a b o v e . 
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(c) S a m e a s ( b ) . 

(d) W e find 

F = ( o £ ) ' g=m> 
a n d t h e r e q u i r e d r e l a t i o n s h i p is e a s y t o e s t ab l i sh . 

(e) I n l ight of ( d ) , d i r e c t c a l c u l a t i o n s h o w s t h a t we m u s t h a v e φι = 0 
a n d Φ2 = —θι. S u b s t i t u t i n g t h i s in t h e p r i o r c a l c u l a t i o n s will l e ad 
t o t h e des i r ed r e su l t . 

(f) T h e s e c o n d r e p r e s e n t a t i o n involves lower d i m e n s i o n a l m a t r i c e s a n d 
is easy t o u p d a t e . 

16.12 C H A P T E R 12 

1. R e a d e r s m a y refer t o C h a p t e r 9 o r E x e r c i s e 9.4 for t h e t e c h n i q u e of 
p e r f o r m i n g u n i v a r i a t e G A R C H a n a l y s i s . 

2. W e m a y u s e t h e fol lowing S P L U S c o m m a n d s t o fit v a r i o u s m u l t i v a r i a t e 
G A R C H m o d e l s for t h e differenced log t r a n s f o r m e d ser ies . 

x_read.table("C://forex.dat", header=T) 

x_rts(cbind(x$UK, x$GERMANY, x$CANADA, x$JAPAN), 

start=c(1973,29),freq=52) x_diff(log(x)) 

fitl_mgarch(x~-arma(l,l),~dvec(l,l),trace=F) 

#Vector-Diagonal model 

fit2_mgarch(x~-l,"dvec(l,1),trace=F) 

fit3_mgarch(x~-arma(l,1),~bekk(l,l),trace=F) 

#BEKK model 

f it4_mgarch(x"-1,"bekk(1,1),trace=F) 

fit5_mgarch(x~-arma(l,1),~ccc.g(l,l),trace=F) 

#Constant-Correlation model 

fit6_mgarch(x~-l,"ccc.g(l,1),trace=F) 

T h e g o o d n e s s of fit of t h e m o d e l s c a n b e s t u d i e d by, for e x a m p l e : 

summary(fit1) 

pairs (residuals (f it 1, standardized)) 

plot(fitl) 

3. T h e fitting for m u l t i v a r i a t e G A R C H p r o c e s s in al l cases in b ) a r e r e a s o n -
a b l y g o o d . I n p a r t i c u l a r , a c o n s t a n t m e a n c o n s t a n t c o r r e l a t i o n m o d e l 
(fit6) s e e m s t o g ive t h e b e s t r e s i d u a l s p l o t s . S ince m u l t i v a r i a t e G A R C H 
m o d e l i n g p r o v i d e s m o r e d e g r e e s of f r eedom in d e s c r i b i n g t h e d y n a m i c s of 
t h e c o v a r i a n c e m a t r i x , it se rves a s a n ice a l t e r n a t i v e for t h e s ing le - fac tor 
A R C H m o d e l g iven in D i e b o l d a n d Ner love (1989). 
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16.13 C H A P T E R 13 

1. (a) W e c a n w r i t e Xt2 = Σ ^ ι ®%Zt-% 2 w i t h Φο = 1, Φ, = 0 for i > 1. 

S ince ΣΖο φ* = 1 Φ °> xt2 is / ( 0 ) . 

is 1(0) b y p a r t a ) , Xt\ is 1(1). 

(c) I t follows d i r e c t l y f rom E x e r i c s e 2. 

2. Le t At =ΣΖοΨ&-ί b e J(O)- W r i t e A A t = EZo^iZt-i w i t h ψ0 = 
φο a n d φί = φί — φϊ-ι for i > 1. I t is e a s y t o see t h a t ΣΖοΨί = 

12i=o Ψ* ~ ΣίΞ:0 Φί =0- T h u s overd i f fe renc ing g ives a s t a t i o n a r y p r o c e s s 
w i t h Σί^ο = 0- A s a r e su l t , Afc(JC t + i t ) will b e t h e s u m of a n 7 (0 ) 
p r o c e s s a n d a n d over-di f ferenced p r o c e s s 2~2t=o Ψί^ΐ-ί w i t h Σί^ο V'* = 0· 
T h u s Ak(Xt + Yt) is J ( 0 ) a n d (Xt + Yt) is 1(d). 

3 . Since ( 0 , 0 , l ) ' X t = Xt3 = Z i 3 is s t a t i o n a r y , i t is a l so a c o i n t e g r a t i n g 
vec to r . 

4 . (a) R e a r r a n g i n g t e r m s , we h a v e 

(b) S ince 

(1 - 0.5B)Xtl 0 . 5 X t - i , 2 + Zti (16.10) 

a n d 

(1 - 0 . 7 5 B ) X t 2 0 . 2 5 X t _ i , i + Z a . (16.11) 

T h u s 

(1 - 0 . 7 5 5 ) ( 1 -0.5B)Xn 

0.5(1 - 0 . 7 5 B ) X t - i , 2 + (1 - 0 . 7 5 £ ) Z n 

0.5 χ 0 . 2 5 X t _ 2 , i + 0 . 5 Z t _ i l 2 + Ztl - 0 . 7 5 Z t _ i , i 

a n d 

(1 - 1 . 2 5 5 + 0 . 2 5 B 2 ) X t i = 0 . 5 Z t _ i , 2 + Z n - 0 . 7 5 Z t _ i , i 

Xn = (1 - 1 . 2 5 5 + 0 . 2 5 5 2 ) _ 1 ( 0 . 5 Z t _ i , a + Z t l - 0 . 7 5 Z t _ u ) . 

B y t h e s imi la r a p p r o a c h , we a lso h a v e 

(1 - 0 . 5 B ) ( 1 - 0 . 7 5 B ) X t 2 

= 0 .25(1 - 0 . 5 f l ) X t - i , i + (1 - 0 . 5 B ) Z t 2 

= 0.25 χ 0 . 5 X t - 2 , 2 + 0 . 2 5 Z t _ i , i + Z t 2 - 0.5Zt-i,2 
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a n d 

(1 - 1 .25B + Q.2bB2)Xt2 = 0 . 2 5 Z t _ i , i + Z t 2 - 0 . 5 Z t _ i , 2 

Xa = (1 - 1.25Ϊ3 + 0 . 2 5 i 9 2 ) - 1 ( 0 . 2 5 Z t _ i , i + Z t 2 - 0 . 5 Z t _ i , 2 ) . 

(b ) B y d i r e c t c a l c u l a t i o n s , (16.10)—(16.11) g ive 

Xti — Xt2 = 0 . 2 5 ( X t - i , i — Xt-ifl) + Zti — Zt2, 

a n d ( 1 6 . 1 0 ) + 2 x ( 1 6 . 1 1 ) g ive 

(c) F r o m (b ) , Xt\ —Xt2 is a s t a t i o n a r y A R ( 1 ) p r o c e s s a n d Xt\ +2Xt2 is 
1(1). T h u s Xti — Xt2 is s t a t i o n a r y b u t Xt\ + 2Xt2 is n o n s t a t i o n a r y . 
A l s o , t h e r o o t of 1 - 1.25z + 0 . 2 5 z 2 = 0 a r e ζ = 1,4, so t h e p r o c e s s e s 
Xti a n d Xt2 a r e 7(1) n o n s t a t i o n a r y . 

(d) R e p e a t (a) t o (c) w i t h 1/4 r e p l a c e d b y — 1 / 4 . I t c a n b e s h o w n t h a t 
Xti — Xt2 is s t a t i o n a r y , Xt\ a n d Xt2 a r e s t i l l 1(1) n o n s t a t i o n a r y . 

Xti + 2Xt2 = Xt-ι,ι + 2Xt-i,2 + Zti + 2 Z i 2 . 

16.14 C H A P T E R 14 

1. (a) 

η 1 (Xj-μ)2 

e 2° - 2 i ( ^ 2 ) = π 

(b) C o n d i t i o n a l d i s t r i b u t i o n 

oc L(a2)p(a2) 

oc 

oc 

T h e p o s t e r i o r is IG(a +%,β+± Σ?=ι(*ί ~ V?)-
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2. (a) N o r m a l w i t h k n o w n v a r i a n c e : 

1 (*-?) 2 1 

γ 2 π σ ν 2 π σ 
e = -T=-e ( χ ~ μ ) ^ 

(b) N o r m a l w i t h k n o w n m e a n : 

e 2o-2 = e

 x j ^ + x 7 i . 
\/27τσ %/2πσ 

(c) Po i s son : 

j " ! ι·} 

(d) B i n o m i a l : 

„ C r p x ( l - ρ ) ^ - χ ^ = n c r e x l o g p + ( n - x ) 1 ° s ( 1 - i ' ) . 

3 . S u p p o s e t h a t 

ΗΘ) = 9L(x)hL(9)exp [Σ^,<(*)^.<(β)" 

P(0 ) = 9Ρ{μ)ηρ{θ)β\ρ \^ίρ<ί(μ)ψρ<ί(θ) . 

T h e n , 

ττ(0) OC ffL(a:)Ai(i9)exp [ ^ ^ W i . i W ] 9 ρ ( μ ) Μ * ) « Φ [^ΡΛ^ΦΡΜ 

<x (Pi (a : )s P (M))(AL(i9)Ap(i9))exp [ ^ ^ ( x ) ^ , ^ ) + ίρΑ{μ)ψρ4{θ) 

( μ - μ ι ) 2 ( μ - μ ? ) 2 ( χ - μ ) 2 

6. (a) L e t ρ ( μ ) oc 2°'i + Be 2°i a n d Ζ,(μ) oc C e - ^ - . 

( χ - μ ) 2 / ( " - " t ) 2 ( μ - μ ? ) 2 \ 

π(μ) cx Ce~^~ \Ae + Be 2 " i 

( χ - μ ) 2 - (" -"JJI ( χ - μ ) 2 ^ ( μ ~ ^ ) 2 

1 , 1 

+ 5 ' C e x p | - I ( l + ^ f M , , γ 

I 
H e n c e , t h i s is a m i x t u r e of t w o n o r m a l s . 

7* + ^ 
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(b ) Le t ρ(μ) oc Σ?=ι A i e 

( » - μ ) 2 

"ϊ a n d oc C e ~ ^ ^ . 

π(μ) α C e ~ ^ - ^ , A i e "* 

Κ r , 2 

Σ ^ Ρ { - 1 ( ^ ^ ) ( , - | 1 | ) 

H e n c e , t h i s is a m i x t u r e of n o r m a l s . 

7. E v a l u a t i n g = m i n j l , w e h a v e 

1 — — 0 1 
2 — — 1 1 
3 - - 1 /3 1/2 
4 2 / 3 2 / 3 1 

A s P{i,j) = p(i,j)ciij for al l i φ j , we h a v e 

Ρ = 

(— 0 0 1/3 \ 
0 — 1/3 1 /3 
0 1/6 — 1/4 

V 1/6 
1/6 1/4 — ) 

/ 2 / 3 0 0 1 /3 
0 1 /3 1/3 1 /3 
0 1/6 7 / 1 2 1/4 

V 1/6 
1/6 1/4 5 / 1 2 j 

T h e t r a n s i t i o n m a t r i x c a n b e verified b y check ing t h e e q u a t i o n π Ρ = π. 



280 ANSWERS TO SELECTED EXERCISES 

16.15 C H A P T E R 15 

1. (a) 

(b) 

(c) 

£> = Y,(Xi-x)/s 
4=1 i= l 

= (y,Xi-nx)/S 
M=l ' 

= (nX - nX)/S = 0 . 

£ z 2 = ΣΜ-χγ/ίΡ 
4=1 

( n - 1 ) S 2 / S 2 = η - 1. 
i = l i = l 

?2 /o2 

1 n 

z = - V z , = o 
4=1 

1 " 

w = - V Wi = ο 
4=1 

2=1 

7 1 ' - • 1 4=1 

i 2 = Yfr-Wi)2 

4=1 

i= l i= l i= l 

= ( η - 1) + ( n - 1) - 2 ( n - l ) r 

= 2 ( n - l ) ( l - r ) . 

3 . T a k e B a n k of C h i n a ( 3 9 8 8 . H K ) a n d S i n o L a n d ( 0 0 8 3 . H K ) for P a i r s 
T r a d i n g . P a i r s F o r m a t i o n P e r i o d = 1 / 1 / 2 0 0 7 t o 2 / 7 / 2 0 0 7 . P a r i s T r a d -
ing P e r i o d = 3 / 7 / 2 0 0 7 t o 1 / 1 / 2 0 0 8 . N u m b e r of O p e n = 3 , N u m b e r of 
C lose = 2. N e t P ro f i t = $ - 0 . 0 9 3 8 . 
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4 . T a k e B a n k of C h i n a ( 3 9 8 8 . H K ) a n d S ino L a n d ( 0 0 8 3 . H K ) for C o i n t e -
g r a t i o n P a i r s T r a d i n g . P a i r s F o r m a t i o n P e r i o d = 1 / 1 / 2 0 0 7 t o 2 / 7 / 2 0 0 7 . 
P a r i s T r a d i n g P e r i o d = 3 / 7 / 2 0 0 7 t o 1 / 1 / 2 0 0 8 . W e i g h t o n B a n k of C h i n a 
= 1, W e i g h t o n S ino L a n d = 0 .1163 . N u m b e r of O p e n = 4 , N u m b e r of 
C lose = 3 . N e t Inves t = $0 , N e t P ro f i t = $0 .3402 . 
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Signal-to-noise ratio, 145 
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Simulations, 102 
Single-factor model , 162 
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Spectral analysis, 83 

spectral density function, 84 
spectral distribution function, 84 
spectral representation theorems, 84 
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Square-root transformation, 98 
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Standard Brownian motion, 100 
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Stationary distribution, 204 
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trend stationary, 99 
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Statistical arbitrage, 223 
Stochastic process, 15 
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Structural model , 145 
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Term-structure models , 79 
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Time-domain, 39 
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